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Prob. 6 Time-Varying Fields, Maxwell Equations, Conservation Laws 261 \ >
The derivation of the pic M Il equations from a statistical-mechanical point n. (; )
of view has long been the subject of research for a school of Dutch physicists. Their

conclusion$ are contained in two comprehensive books,
de Groot,
de Groot and Suttorp.
A treatment of the energy, momentum and Maxwell stress tensor of electromagnetic
fields somewhat at variance with these suthors and Brevik (op. cit.) is given by
Penfield and Haus. :

For the reader who wishes to explore the detailed q h of
dielectri and pic field equations in matter, the following are

suggested:
S. L. Adler, Phys. Rev. 126, 413 (1962),

-
. 2 sy . T
B. D. Josephson, Phys. Reo. 152, 21 (1966), Ver k"]@ \ *\3 s nF) - n (v
G. D. Mahan, Phys. Reo. 13, 983 (1967), - |y = Z_° (2-“') dr =
Symmetry properties of electromagnetic fields under reflection and rotation are discussed Sec 3 1 ~v! \
by AN c C g
Argence and Kahan.
The subject of magnetic les has an ive literature. We have already cited the

review by Amaldi, and the papers by Carrigan and Goidhaber, as well as the
fundamental papers of Dirac. The televance of monopoles to particle physics is
discussed by
J. Schwinger, Science 168, 757 (1969).
Some experimental searches are described in
Hart et al., Phys. Rey, 184, 1393 (1969),
Fleischer, Price and Woods, Phys. Rev. 184, 1398 (1969),
Alvarez et al., Science 167, 701 (1970).
The mathematical topics in this ch pter center d the wave equation. The initial-
value problem in one, two, three, and more dimensions is discussed by
Morse and Feshbach, pp. 843-847,
and, in more mathematical detail, by
Hadamard.

— ContAcCtr RePuLSion)

PROBLEMS

6.1  (a) Show that for a system of
energy in the magnetic field is

el [ o[ ., 30X ¥x)
: west: [¢ x[x L
where J(x) is the current density.

f current-carrying elements in empty space the total

DIMNAR
@ STILL , VorTex Loops AvC NOT OR y

CurpensT LooPS : Tuey ARE QUALTIZED !

of r circuits carrying currents I, I,,..., L.
show that the energy can be expressed as

W-%g Ll.‘+"il ';M.,Ll'

" Exhibit integral expressions for the self-inducrances (L)) and the mutual inductances

%Jo!?'- (TP)ey = 27w A LI T A

6.2 A two-wire transmission line consists of a pair of n'onpermeable parallel wires of
radii a and b separated by a distance d>q+b. A current flows down one wire and back

ok Swront sudernelions fobeeon currend ooy
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Magnetic field fluctuations: F(t,q,L) ~ <b(q)b(-q)> vs.q
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0.80
= 0,66%
gth

‘@ ToTtreper fwaven sl WCLBIUY vaLDUED &y
ET)~IT~T|"; y=145+0.05 (30)

The numerical value of the exponent 7 has been extracted
from the systems with the largest critical regions, i.e.
Figs. 3, 4, and 5. The system shown in Fig. 6 does not
allow a very precise value for 7 to be obtained, although
the qualitative aspects of the results are clearly precisely
the same as those for the 3DXY-model and the FG-
approximation of the GL-model with Ty r = 1.0. This
implies that the typical vortex-loop perimeter diverges
Se when T is approached from below, using Eq. 29, as

Lo(T) ~ T - T|,

[l e Y S |

\;‘H«—‘M-
;
i

]
}
|
| 0.2 0.25 0.3

pr =

(1)

such that Lo(T) is a power of the correlation length ¢
. T of the 3DXY model. It is natural, within the formula-
™, 1 tion of the problem given in Section IIF, to associate the
proliferation of unbound vortex-loops with a vortex-loop
susceptibility, or equivalently a susceptibility for the ¢-
field of Section IIF. The field ¢ has a correlation length
exponent which should be v = 2/3 since it is in the same
usiversality class as the GL theory. The standard scaling
relation between v and v is given by

0.65 £0.03, T,

Np =14
demonstrates anomalous dimension of magnetic field fluctuations

P. 08sson awd S.Teited
confirms primary prediction of Herbut and Tesanovic

€ is the only length scale of magnetic field *

o
——

Vey=2/3

s
+

TC

€~ IT—TCI_V Where v is consistent with inverted 3D XY behavior

fluctuations, i.e. &~ A the magnetic penetration len

demonstrates tha

v
* Scaling collapse of L F(t,2rn/L,L) vs. LY
determines: x=1, v

* Scaling collpse of  §F(t,q,L) vs. q§

*F(@Q~q at T

Conclusions

S, with Tyyr = 0.3, and
/kpT).

of the properties of thermally
1ow focus on the vortex-loop
- as a function of vortex-loop
iperatures. These are shown
 re clearly well approximated
[ e~s(Mip/kaT g4 o)) tempera-
€(T) is the only temperature-
rin all plots. The effective
* of vortex loops is finite be-
2 Tc. The physical picture
1s follows. Below 75, e(T) is
ith scale for the vortex loops,
o} is dominated by an expo-

~»

T=(2-n4) v (32)

where 1, is the anomalous dimension of the ¢-field. Us-
ing our estimate vy = 1.45 % 0.05 with v = 2/3 gives

LRI ¥ 5 =

7% = —0.1850.07 jn close agreement with Previous renor-
malization group calculations®?.

At and below T, the order field < ¥'(r) > develops an
expectation value, and explicitly breaks the global U(1)
symmetry of the GL-theory. In contrast to the order
field picture, in a description using only topological exci-
tations, the global U (1) symmetry is hidden. There does
not appear to be any symmetry operation involving the
phase of a local field, that will leave the effective action
Eq. 13 or vortex Hamiltonian Eq. 14 invariant. There-
fore, there is also no obvious local quantity that develops
an expectation value in the non-symmetric phase. Nev-
ertheless, it is possible to define a global quantity that

. implicitly probes the breaking of the global U/ (1) symme-

try, namely Oy. Let N, denote the number of “vortex

Hove, Nguqes & Sedée [ T22 (99
N%v\a&v\ y Suddg y Prepeivt ("ﬁj

2
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SOLUTION FOR A SINGLE VORTEX

Caroli, de Gennes and Matricon (1964) solved the above problem
for a single isolated vortex with order parameter of the form

A(R) = A(R)e*,

by matching the wave-functions in two asymptotic regions. They
found a set of discrete bound states in the core labeled by the angular
momentum quantum number p with low lying energy levels of the
form:

The corresponding wave-functions are peaked near pkg! and de-

cay as ~ e~R/¢ gutside the core.
. ]

VORTEX CORE IN A D-WAVE

SUPERCONDUCTOR.
In d-wave superconductors, such as high-T, cuprates: the order

parameter has a nontrivial dependence on the relative coordinate

of the Cooper pair: it vanishes along the four nodes on the Fermi
surface.

Correspondingly, there exist low-lying excitations near the nodes
even in the uniform case. What happens to the bound states that
would ezist in the core of a conventional s-wave vortez?
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In the vortex state ¢(r) is nof a pure gauge, however,

Bogoliubov-de Gennes Hamiltonian A~ A N h AMILTONIA &} ( £ 2y =) ¢
. " = i d .
He A A= \sz— ,}?_ i
Ar 7 EAE\A,‘A(F)= l)%\a}}«-
with H, = (p - eA/c)?/2m — e and A the pairing operator with ‘ *-1 ‘ X K
pairing function of the form - % -
A(r) = Age®®, D @ z R (__.N 3&(:)
The phase ¢(r) acts as an “gauge field” coupled to quasiparticles. ' My
b
!

—> VxVgr)=2miy6(r—R:) < '
and correspond to a “spiked” magnetic field concentrated at vortex ' ¢( ) - ‘)\AQCQ 04 a (1‘ ) oa
cores which on average ezactly cancels the applied field B. ’ ¥Mt'w %QU %Q
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Figure 1: Two sublattices A and B of the square (a) and triangular
(b) vortex lattice.
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We still have considerable freedom to choose #4(r) and ¢p(r),
subject to the constraint

e  4(r) + dp(r) = §(x).

This corresponds to “trading” the spiked field between electron and
hole sectors of H’.

We require that:

® $4(r) and @p(r) contain no additionial singularities beyond
those already present in #(r)

® Transformation U is single valued
® The effective field Bjg = ~™¢(V x v¥) vanishes on average

It o o
®e
.o. ....A
o ® o o®®
* o
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Note that with this choice U is single valued and

— Bi= —Lne—(V X vh) =0.
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Figure 7: Comparison of the low energy part of the quasiparticle den-
sity of states for an d-wave superconductor with square arrangement
of vortices with the DOS obtained from the Doppler-shift-only ap-

proximation. Plotted on arbitrary scale, the energy is in units of t.
The parameters are p =0, ap = & = 4.
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