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These lecture notes are the basis of the presentation with the same title
that will take place in the Summer School 'Nonequilibrium Statistical Me-
chanics: Fundamental Problems and Applications’ at Boulder, USA, in July
2009. The reader will not find new results here and I am in debt with a set
of authors who have contributed to the subjects presented here in the last
years. I am particularly in debt with the PhD thesis of Leonie Canet (down-
loadable from http://lpm2c.grenoble.cnrs.fr /spip.php?article353) and with
the lecture notes of B. Delamotte ‘An introduction to the nonperturbative
renormalization group’ [1]. The textbook of M. Le Bellac [2] was always
around the table while I was writing these notes as can be seen in the first
chapter. I have learnt most of what I know in field theoretical treatment of
reaction-diffusion systems from many discussions with L. Canet, H. Chaté
and B. Delamotte. The lectures of U. Tduber (that can be downloaded from
http://www.phys.vt.edu/ tauber/) have also been very useful. In summary:
these notes are not original, almost all the good things the reader can find
here have been explained in a better way elsewhere, and I be mainly the
author of many mistakes that will certainly appear. However, I hope that in
some parts, as in the motivation of the Derivative Expansion, a pedagogical
progress to most part of the literature has been achieved. Moreover, in the
third chapter I have tried to explain carefully some calculations made some
time ago and never written in detail in the literature. I must acknowledge F'.
Benitez and L. Canet for reading a previous version of this manuscript and
suggesting many improvements. L. Quintana and A. Rubini helped a lot to
make this text closer to real English. I must acknowledge also the support
of the uruguayan program PEDECIBA.
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Chapter 1

Introduction to the
Non-Perturbative
Renormalization Group

This first chapter is a quick introduction to the Non-Perturbative Renormal-
ization Group (NPRG). We will present the sort of problem this technique
tries to address in and out of equilibrium. For the sake of simplicity, we
will leave the out-of-equilibrium examples for the third chapter and focus on
using the equilibrium Ginzburg-Landau model. In particular, the Ginzburg
criterion for the validity of perturbative calculations is presented. Finally,
the NPRG is introduced and its general properties shown.

1.1 Some examples of physical problems out-
of-equilibrium

The goal of these notes is to present the Non-perturbative Renormalization
Group (NPRG) and its applications in nonequilibrium statistical mechanics.
As in many areas of theoretical physics, the technique is involved. This
makes very difficult to learn while trying to approach the different physical
problems it would be applied to. This is the reason why a significant part of
these lectures use examples in equilibrium phenomena. The technical aspects
are simpler in this case and it is easier to acquire a physical intuition of the
methods employed before addressing the nonequilibrium examples.

However, it is important to start by describing some examples of physical
problems that one may be interested in analyzing and of the kind of quantities
to be calculated.
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1.1.1 Reaction-diffusion problems

Suppose we consider a reaction-diffusion problem where some molecules of
type A can diffuse with a diffusion coefficient D and can experiment reactions
of the type

A—2A withrate o
A — nothing with rate u
2A — nothing with rate A (1.1)

This reaction-diffusion problem is included within a large family of phenom-
ena included in the 'Directed Percolation’ universality class [3, 4]. If you
change the values of the reaction rates this system experiments a second
order phase transition between two very different scenarios.

In order to have a rough estimate to what happens in such a phenomena
one can consider a mean field approrimation and describe it in terms of a
uniform average concentration of particles n(t) whose evolution in time is the
mean field evolution equation:

om(t) = (o — p)n(t) — 2An(t)? (1.2)
If the initial value of n(t) is ng, the solution takes the form

N7 At
t) = . 1.3
n(t) P p—— (1.3)

where n, = A/(2)\) and A = 0 — pu. The behavior of the solution depends
on the sign of A:

o If A > 0, there are two stationary solutions n(t) = 0 and n(t)
ns. For any non-zero initial condition, the concentration tends to n.
exponentially when ¢ > AL,

o If A < 0, there is only one stationary solution n(t) = 0 and the con-
centration tends to it exponentially when ¢ > A~L

e At A = 0 a second order phase transition takes place and n(t) tends
to zero at large times but only algebraically:

n(t)

no

= - ].-4

In fact, Monte Carlo simulations of the full reaction-diffusion problem,
without mean field approrimation, show that this second-order phase transi-
tion takes place [3]. Typical evolutions in a d = 1 system are shown in the
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timet

P<Pc P=Pc P>Pc

Figure 1.1: In this simulation [3] all the rates D, p, o and A are fixed in
terms of a single probability p of connexion of lattice sites. The first line
corresponds to a one dimensional lattice uniformly occupied initially with
three different values of p: one below, one above and one just at the critical
value. The second line is the same but the lattice is only occupied in a single
site initially.

figure 1.1. The n(z,t) = 0 state is called an ’absorbing state’. If there are
no particles at all the reactions (1.1) can not generate them. In that phase,
not only the expected value of the number of particles tends to zero at large
times: all fluctuations in the system disappear and the number of particles
itself goes to zero. On the other hand, the phase with a non-zero concentra-
tion in its final state is called an ’active phase’. The average concentration
tends to a non-zero value, but the value of the concentration in a given point
continues to fluctuate along time.

The goal of Renormalization Group methods is to go beyond mean-field
approximations in a controlled way. For the moment, we will consider only
properties with large characteristic times and distances. For those particular
kind of properties of the system, one can exploit phenomenological stochastic
equations that take into account the diffusion from one point to another and
the existence of microscopic fluctuations in the local concentration. This
establishes a separation between modes that evolve slowly with time that
will be described with a local mesoscopic variable n(t, ¥), and microscopic
'rapid’ fluctuations that will be treated as a 'noise’. This can be done with
a non-linear Langevin equation:

om(t,¥) = DV?n(t, %) + (o — u)n(t, ©) — 2xn*(t, ©) + ((t, 7) (1.5)
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where ((t, Z) represents the effect of the noise’.

In order to complete the modeling associated to this Langevin equation
it is necessary to specify the form of the noise. Considering the separation of
scales and that the noise is supposed to rapidly fluctuate independently from
one position to another, one can invoke the Central Limit Theorem in order
to argue that the noise should be well described by a centered Gaussian noise
with local correlation:

(€@, 7)) =0 (€t 2)¢(t, ) = 20(t, D)o(t - )8V (& — ') (1.6)

However, there is an important property of this reaction-diffusion problem
that can not be neglected for a correct description of the system even at long
times and distances intervals: the state n(¢,Z) = 0 is an absorbing state.
This means that fluctuations of the system must be suppressed locally if
n(t, ) is small. We will then suppose that

I(t, %) = yn(t, ) (1.7)

The resulting Langevin equation takes into account, at least phenomeno-
logically, the main properties of the Directed-Percolation universality class.
One can solve (at least in principle) this equation by Monte Carlo methods
3, 4]. However we will try to acquire a better comprehension of its behavior
by developing approximate semi-analytical methods in order to extract its
main properties.

The basic ideas mentioned before can be generalized to any reaction-
diffusion system, with one or more species of molecules. We will see, more-
over, that one can justify from first principles this kind of Langevin equations
directly from the reaction-diffusion set of reactions.

1.1.2 The Kardar-Parisi-Zhang equation

The methods that will be presented can also be successfully used when ap-
plied to other non-linear Langevin equations that do not originate in reaction-
diffusion processes. One example of that is the application to the Kardar-
Parisi-Zhang (KPZ) equation [5]. It describes (for example) the interfaces
growth between two different media, but it also applies to many other sys-
tems including the noisy Burgers equation of fluid dynamics [6]. Suppose an
interface between two medias characterized by a height h(Z, ) as in figure 1.2.
In this analysis the 'turning back’ effects, as in the figure 1.3, are neglected.
Now, suppose a generic relaxational evolution equation of the type:

Oh(Z,t) = vVh(Z,t) + x(VRh(Z, 1)) + ((F, 1). (1.8)
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h(x,t)

X

Figure 1.2: Evolution of the height h(t, #) of an interface

h(x,t) h(x,1)

L | S

YES NO

Figure 1.3: Type of interface included and not included in the analysis

Here ((Z,t) is the noise term of the equation and the term proportional to
v describes the effect of a surface tension. It is important to stress that the
deterministic part of the equation depends only on differences of the field.
Now, suppose that x(Vh) varies slowly:

Oihd;h + ... (1.9)

x(u=Vh) =x(0) + Vx|,_o- VA + =
i

Neglecting the dots terms and supposing that the dynamics is isotropic:

x(u=Vh) =x(0)+ Vx|, Vh+ %(Vh)2 +.... (1.10)

Now, if one performs the change of variables h(Z,t) = h(x — Vx|,_,t,t) —
x(0)t, one arrives to the KPZ equation [5]:

O(T,t) = vV2R(T,t) + %(Vh(f, 1)% + ((,1). (1.11)
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Again, the form of the noise must be specified. However, one can prove that
in this system, the behavior at large distances and large times is extremely
universal. Most of the details of the deterministic parts and/or the shape of
the noise have no impact on the macroscopic behavior of the surface. Then
the simplest form of the noise can be taken: Gaussian and white with:

(C(z,t)) =0, C(Z, 1)@, 1)) =2D6D (& — &)o(t —t') (1.12)

1.1.3 What kind of objects will be analyzed?

As mentioned, we will be interested in the analysis of the behavior of these
out-of-equilibrium systems at long times and at large intervals of distances.
It is important to analyze the kind of aspects that will be addressed and
compared to experiments and other techniques.

First of all, we will concentrate on quantities that are averages on the
noise. One could study the behavior of the system for a particular realization
of the noise, but here we will concentrate only on quantities that have been
averaged on the noise. This kind of quantities are much simpler and much
more universal. For example, when the mean on the noise is performed
the system tends to depend much less on initial conditions at long times.
Moreover, the symmetries of the dynamics are realized on means but are not
present on a given particular realization of the noise.

Second, only large distance and long time behavior will be analyzed.
Again, in general, this considerably reduces the dependence on initial con-
ditions. The characteristic distances and times are, in most cases, of the
same order of magnitude as in the microscopic rules of evolution. However,
in some cases the characteristic times and distances are much larger. In such
cases, the phenomenon of universality takes place for quantities dominated
by these macroscopic scales. The corresponding regime is called the critical
regime. Most part of the analysis to be presented here will refer to the criti-
cal regime of some models, but some aspects of the non-critical regimes will
be also analyzed. It is important to realize that for non critical properties
it is necessary to control not only the macroscopic behavior but also to be
able to relate it to the detailed microscopic behavior of the system. This
is a much harder task, but some examples of successful applications of the
NPRG to that class of problems will be shown. In those cases, we will keep
our focus on the large distance and long time behavior even when studying
non-universal properties.

Some concrete examples that apply both for reaction-diffusion problems
(then ¢ = n) or in other Langevin equations (for KPZ, ¢ = h) are the
following;:
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e The mean value of the field ¢,

(p(t, 7)), (1.13)

is an extremely important quantity. In the reaction-diffusion problem
(1.1) it allows for the determination of the phase diagram of the model.
If (p(t, 7)) = 0 the system is in the absorbing phase and if {(p(¢, %)) > 0,
the system is in its active phase. It is important to observe that the
shape of the phase diagram is not universal and depends on the precise
knowledge of the microscopic form of the theory.

Close to the second order phase transition, approached from the active
phase one can define a (universal) critical exponent from it:

{(t, @) ~ | — pe” (1.14)

Here the rate p has been used as a control parameter, but the other
rates can be used as well.

e The correlation function:
G(thfl;tQ?fQ) - <80(t17fl)90(t27f2)> (115)

plays a very important role in the analysis of the system, particularly
near a second order phase transition. It allows the definition of some
critical exponents. One defines also more general correlation functions
that are the mean value of products of more than two fields.

e The response function is other important object in this out-of-equilibrium
systems. Suppose that one adds a ’source’ term j(¢, Z) in the Langevin
equation for Directed Percolation:

din(t, @) = DV2n(t,Z) + (o — p)n(t, ) — 22n2(t, 7) + C(t, 7) — j(t, 7).
(1.16)

The response function is defined as

(p(t, T))

—— . (1.17)
0J (t/a I’) 7=0

X(th 517 t27 f?) —

As before, it allows the definition of some critical exponents, that a
priory are not independent of the previous ones. In some cases, the
response function is related by a fluctuation-dissipation theorem to the
correlation function, but in many out-of-equilibrium systems they are
independent quantities.
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In the critical regime, one can consider, for example, the response func-
tion averaged on time, whose behavior at large times ¢ is:

, o 6_‘f_g|/fL

This defines the critical exponent 7. The spatial correlation length &
diverges in the critical point:

EL o~ — pe| ™ (1.19)

In the same way, the space average of the response function defines a
correlation time & that diverges near the critical point as

&~ (£0)° (1.20)

This relation defines a specific out-of-equilibrium exponent.

1.2 The Janssen-De Dominicis-Martin-Siggia-
Rose procedure

In this subsection we present a formalism that simplifies considerably the
analysis for the calculation of mean values on the noise. It was elaborated
by Martin-Siggia-Rose [7], Janssen [8] and De Dominicis [9]. Consider the
Langevin equation:

Orp(t, ) = Flel(t, 7) + Cle](t, 7) (1.21)
with (¢, ) a centered Gaussian noise with
€t,z)=0 (Ct,Z)C(t, &) =208(t — )6 D& — ) (1.22)

where I' may depend on ¢ and may also be a differential operator.
Let’s call P[(] the (non-normalized) probability distribution of the noise.
For example, for a Gaussian white noise of variance 2I'(¢, Z) it is (see exercise

1): S
P[C] x exp ( — }l/ddxdtgr((;:;))) (1.23)

Then the mean value on the noise of a certain quantity is

(1.24)
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where O|p¢] is the quantity O[y] evaluated on the particular solution of the
Langevin equation, ¢ that corresponds to a given realization of the noise
¢(t,%). The sum in (1.24) over all field configurations may be ambiguous.
In order to make it precise one can imagine that the system is discretized in
time and space. We will use continuous notations along this manuscript but
it should be kept in mind that if any ambiguity takes place it is convenient to
consider a discretized version of the model (for example, in a regular lattice).

It is convenient to re-write this expression in a way similar to mean-
values of equilibrium statistical mechanics. In order to do so, consider the
numerator of the previous expression:

N = ng =3 Y Ollp Ha( 7) = o(t, 7))

t,%) ¢(t,@) p(t,2Z)

oczzo Ha(ath FlPl(,7) - (. 3)  (1.25)

¢(t,Z) o(t,Z) (t,%)

Here, we should add the following comment: The last relation is only valid
if the determinant of the transformation from ¢ to dyp(t, ) — Flpl(t, T) —
C[¢](t, Z) is a constant. This may or may not be the case depending on the
precise definition of the temporal derivative in a discrete form. It can be
shown that if a forward derivative is chosen when discretizing (It6 prescrip-
tion) then the determinant is a constant for any Langevin equation. Here
we will suppose that such a discretization has been chosen in order to give a
precise meaning to the Langevin equation.
The delta functions, may be re-written via Fourier transformations:

N3 S S OllPlexp {—i / dt / aa3 (Oup(t, )~ Flel (1, H)—C(1 D)) }

() (t7) $(1.7)
(1.26)

The sum over the noise is now a Gaussian sum that can be performed exactly:
Noc 3 3 Olglexp (- Sl 4l) (1.27)
o(t,T) 3(t,F)

with
Sle.dl = [ dar{on(e.2)50.2) + ig (Aot 7) - FlA®.D) ) (129)
Repeating the same procedure for the denominator one concludes that

Ega(t,j‘) Zcﬁ(t,f) O] exp < — S, @])
(Olp)) = - (1.29)
Do(t7) Dp(tz) EXP ( — Slp, @])
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S will be called the ’action’ associated with the Langevin equation.

As an example, one can consider the action for the Langevin equation
associated to the reactions 1.1 in the class of universality of the Directed
Percolation. In this case:

Sorlp. ) = [ dladt{ia(t.2)(0 - DV - (0 - ) e(t.D
NG, D) (L, B) + 2933, D)ot :E))} (1.30)

It is convenient to re-scale the fields in order to have the same coefficient in
the two trilinear terms: ¢ — %gp and ¢ — ﬂaﬁ. Moreover, the action is

usually expressed in terms of the purely imaginary field ¢ = i@, obtaining:

Spp e, @] = / d'zdt{p(t,7)(0, ~ DV~ (0 - ) (1, 7)
+ 2/ (Bt D)t D) - B D7)} (131)

With fields normalized this way, the Directed-Percolation action presents the
‘rapidity symmetry’:

o(t, T) — —p(—t,7), o(t, T) — —p(—t,T). (1.32)

An expression of the type (1.29) is to be compared to the standard expres-
sion for mean values in standard Boltzmann equilibrium. If the configuration
variable in that case is a field ¢ then, the mean value of a quantity O is

> e Ol exp (= M)
ng(f) exp ( - H[@])
(here the factor (kgT)~! has been re-absorbed in the definition of the effective

Hamiltonian H).
The expressions (1.31) and (1.33) are very similar. The differences are:

{Olg])

(1.33)

e The sum must be done in (1.29) in twice the variables (¢ and ¢) than
in (1.33) (only ¢).

e The variables in (1.29) depend on position and time and in (1.33) de-
pend only on the position.

e The functional S is complex and the effective Hamiltonian H is real.
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This similarity allows us to exploit standard techniques from equilibrium
statistical mechanics. In fact, for simplicity, we will analyze equilibrium as
examples first. It is important to emphasize that going from the equilibrium
Boltzmann distribution sum to the non-equilibrium case is not difficult. We
will come back to non-equilibrium problems in the third chapter.

Before considering equilibrium examples, let’s comment that Doi and
Peliti have proved a more rigorous way to construct mean values with the
form (1.29) directly from a reaction-diffusion problem without having to
model it with a Langevin equation [10, 11]. For example, one can prove
rigorously that mean values in the discretized form of the reaction-diffusion
problem (1.1) associated with the Directed Percolation can be calculated
with the action

sl = [ dtade{(t.7)(3 - DV - (0 - w)o(t,)

+ V2oA(p(t, )P (1 7) — B2 Dl 7)) + APt Dp(t, 7)) }
(1.34)

Details can be found in e.g. [] Here the fields ¢ and @ are conjugated complex
fields. In contrast, in the J.D.M.S.R procedure these fields are independent,
@ is real and ¢ is purely imaginary. If some deformation of contour in the
complex plane of the fields allowed us to ignore this point, one observe that
the two actions (1.31) and (1.34) have a very similar structure. The only
differences are that in the action (1.31) the quartic term is absent and that
the value of the coupling is not fixed in terms of the reaction-diffusion rates.
This is important for non-universal problems, but for universal quantities as
critical exponents one can expect that the obtained values do not depend
on the precise form of the action but only in its symmetries. So, in the cal-
culation of universal properties, one can consider both actions as essentially
equivalent.

1.3 Some examples of physical problems in
equilibrium

It is simpler to present the Non-Perturbative Renormalization Group in the
context of equilibrium statistical mechanics. As explained in the previous
section, the generalization to out-of-equilibrium problems is relatively simple
but in order to not superimpose difficulties, the equilibrium case will be pre-
sented first. More specifically, we will consider the Ginzburg-Landau model
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T>Tc T<Tc

Figure 1.4: On the left: the potential for rq > 0 < T > T.. On the right:
the potential for ro <0< T < T,.

for the uni-axial ferromagnetic-paramagnetic transition that has an effective
Hamiltonian:

) r u .
H = /dd —(V(2))? + 50902(.%) + 4—(!)304(:17)} (1.35)

The potential of this model is presented in the figure 1.4. In mean-field it
presents a second order phase transition at ry = 0.

The kind of objects that can be easily calculated for this model are similar
to those that appear in the solution of reaction-diffusion equations or non
linear Langevin equations:

e The mean value of the field ¢:

{p(7)) (1.36)

represents the magnetization of the model. An important point is to
know if the symmetry ¢ — —¢ is spontaneously broken or not in this
model. If (p(Z)) = 0 the system is the symmetric/paramagnetic phase
and if (o(Z)) > 0, the system is in its broken/ferromagnetic phase and
a spontaneous magnetization is present.

As in the out of equilibrium case, one can define the universal critical
exponent 3 from it.

e The correlation function:

(p(T1)p(2)) (1.37)
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also plays an important role in the analysis of the system. Moreover,
in the equilibrium situation, the correlation function is identical to the
response function. Critical exponents can be defined in the same way
as before, but there is no time dependence and so the z exponent makes
no sense.

All the mean values of products of fields can be expressed in term of func-
tionals. As a first example, consider the partition function of the Ginzburg-
Landau model in presence of an external magnetic field (or source):

Z1J] = / D(7) exp(—H+ / d%J(f)ap(f)) (1.38)

WJ] =log Z[J] is (proportional to) the Helmholtz free-energy of this mag-
netic system. Here the notation | Dy(Z) has been introduced. It represents
a sum over all field configurations, as discussed before. From W[.J] one can
obtain the various correlation functions by taking derivatives of W with re-
spect to J. For example, one can calculate the magnetization in presence of
the external magnetic field:

ow
r) = r)) ;= 1.
6@ = (@) = 33 (1.39)
One can also calculate the 2-point correlation function:
N 52w oW oW
(p(@)p(¥)) = + (1.40)

0J(Z)0J(y) = 6J(T) 6] (Y)

and so on.

It is sometimes convenient to express the free-energy as a function of
the magnetization ¢(Z) instead of J(Z). To do so, one performs a Legendre
transform, obtaining the Gibbs free-energy I'[¢]:

mm:/ﬁw@w@—wm (1.41)

In the previous expression J(Z) is chosen so that the magnetization takes the
value ¢(x).

1.4 The Landau/mean-field approximation

Before considering sophisticated techniques in order to address non-perturbative
issues in out-of-equilibrium systems, it is convenient to analyze the Ginzburg-
Landau model in the mean-field approximation, and the perturbative correc-
tions to it. This will help us to acquire an intuition of the meaning of the
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mean-field approximation and its limitations. We will first calculate the
Gibbs-free energy in the mean field approximation.

Consider the mean field or Landau approximation, which neglects fluctu-
ations of the field around its mean value. In order to do so, one can suppose
that in the partition function (1.38) the configuration with maximum prob-
ability dominates the sum:

210 = [ Do@ e (= Hiel + [ dei(@e(a@)
lm%ﬁuexp(——Tﬂ@m]+l/}ﬁxJ@ﬂ¢mCﬁ) (1.42)

where ©,,,(Z)[J] minimizes the argument of the exponential:

= J(Z) (1.43)
This gives the Helmholtz free-energy in the mean-field approximation:
WJ] = log Z[J] "% —H[p,] + /ddxj(f)wm(f) (1.44)

The mean-field approximation expresses itself more transparently in terms of
the Gibbs free-energy. In order to calculate it, it is necessary to first calculate
the magnetization (mean value of ¢) in this approximation:

-\ 6W[J] Landau 5H[90m] 6(707'1[']] — — 590771[‘]]
o0 =Sy = [ G e+ [ S
Fapdew o (7) (1.45)

This is reasonable: if only one configuration contributes to the sum, it is to
be expected that the mean value of the field is the value of this particular
configuration. The Gibbs free-energy can be deduced directly:

4] = / 0] (2)6(F) — WT) 2 (g (1.46)

In words: the mean-field or Landau approximation corresponds to replace
the Gibbs free-energy functional for the effective Hamiltonian.

After deriving this general expression, it is convenient to apply it in some
simple particular cases. For example one can evaluate the Gibbs free-energy
in a constant background magnetization ¢(z) = ¢. In that case

I[g] =VV(9) (1.47)
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where V is the space volume and V' (¢) is called the effective potential. In the
mean field approximation, the effective potential is identical to the potential
appearing in the effective Hamiltonian.

From the effective potential one can extract a lot of physical information.
For example, taking the first derivative one can extract the relation between
the magnetization ¢ and the external magnetic field J:

ov

’=%

= rod+ gqs?’ (1.48)

In particular, when J — 0 one can analyze the existence of a spontaneous
magnetization. If ro > 0,  — 0 when J — 0. On the other hand, when
r <0, ¢ — +1/—6r9/uy (depending on the sign of .J). The system presents
a second order phase transition at ro = 0. It is reasonable to expect that
parameters appearing in the Ginzburg-Landau effective Hamiltonian (ry and
1) depend smoothly on the external control parameters as the temperature.
One then sees that in mean field approximation, ro(7") ~ 7o(T — Ty) where
Tj is the mean-field critical temperature. In particular, one realizes that the
mean-field 3 critical exponent is 1/2.

One can also extract from the effective potential the expression for the
susceptibility x at zero external magnetic field (supposing that we are in the
symmetric phase, then ¢ = 0):

L) To (1.49)

X _8_¢J=0_

The second derivative of the effective potential is nothing but the inverse of
the susceptibility. From this expression one sees that the v critical exponent
(given by x ~ |T"— T,|77) is 1 in the mean-field approximation.

From the mean-field expression of the Gibbs free-energy, one can also
extract correlation functions (that for equilibrium problems are proportional
to response functions). For example, the two-point correlation function can
be obtained by

o 8WLT] SWJ] W J]
G(Z,9) = (p(T)e(¥)) = 57797 + 57(7) 3

(1.50)

It is convenient to define the connected 2-point correlation function by sub-
tracting the product of the expectation values of the fields:

G2, ) = (D)) — (o@D = ot (L51)
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Now, observe that in that case

G, g) = 20

~6J(D)

(as mentioned before, in this system the correlation function and the response

function are the same). But
@z _ o 0@ _ 0J(%) 6¢(%) _ 0*I'[¢] o
59 (i — ) [ - [l Gz
(1.53)

Ay 0¢(2) 6J(y)
One concludes that the 2-point function is the inverse in the operatorial sense
of the second derivative of the Gibbs free-energy.
The 'matrix’ of second derivatives of the Gibbs-energy in a constant back-
ground field is

(1.52)

DO(Eg) O g) = (V2 4mo+ G0 D@E -7 (154)

It can be 'diagonalized’ by Fourier-transforming, giving the eigenvalues ¢* +
ro + %gb? One concludes that in Landau approximation, and for ¢ = 0,

— —» Landau
Ge(Z,9) ~~ /

By performing the Fourier transform, one deduces (see exercise 2) that for
T > Ty, £ ~ /1o in mean-field approximation, corresponding to v = 1/2.
Moreover, one deduces that the anomalous dimension is  ~ 0 in the mean-
field approximation.

dlq i@
(27T)d q2 + 79

(1.55)

1.5 The Ginzburg-Landau model at one loop

We are particularly interested in cases where the mean-field approximation
is not a good approximation. In order to know in which situations the mean-
field is a good approximation and in which one it is not, the simplest proce-
dure is to apply the Ginzburg criterion: one calculates the first corrections to
the mean-field approximation and compares the correction to the supposed
dominant term. Only if the corrections are small compared to the supposed
dominant term, one can reasonably trust the mean-field expression. So, let’s
calculate the first correction to the Landau approximation. This can be done
by separating in the sum (1.38) the field ¢ in ¢, and a (supposed ’small’)
fluctuation © = ¢ — -

210) = [ Dp@)exp (= Hipm + 21+ [ d'ad(@)(on(@ + 2(2))) (150)



1.5. THE GINZBURG-LANDAU MODEL AT ONE LOOP 21

Given the fact that we are supposing that the fluctuations are small, one can
expand the effective Hamiltonian in ¢:

Hipn 91 =Higul+ [ #o T08|

vy e [ (;(;7;[¢](g)

Replacing in the expression for the partition function:

P(T)

Q(XD)o(y) +...  (L1.57)

o=pm[J]

2 exp (= Higa) + [ a3 (@) (@)
/ Dp(x exp / d®x / dy 6231 o7

The remaining integral is a Gaussian integral. Gaussian integrals can be
calculated analytically, giving the expression (see exercise 1):

H@)ED))
(1.58)

P=pm|J]

/H (dzy) exp ——Zx aga;) = (20)N?(det(A)) /2 (1.59)

where the a;; are the components of the matrix A that is supposed to be

_Hle] : )
DD |y, 1 can be seen as a big ma

trix. It is important to recall that one can always imagine that the system
has been put on a periodic lattice and that the indices ¥ and ¢ take their
values in a finite set of values. In that case, the integrals are just discrete
sums. The determinant can be written in a convenient way by exploiting the
expression (see exercise 3)

positive definite. The expression

log det(A) = Trlog(A) (1.60)

where the trace of the logarithm of the matrix is nothing but the sum of eigen-
values of the matrix A. One arrives then to the Helmholtz free-energy with
first correction to the Landau approximation (‘one-loop approximation’):

0*Hlp]

5o @00 ey OV

00 1
WlJ] e —Hlpp] + /ddIJ(f)gom(f) — §Tr log

Please note that an unimportant additive constant (coming from the (27)"/2)
has been removed in order to obtain a friendlier expression.
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As before, the result is much simpler if it is expressed in terms of the Gibbs
free-energy. In order to obtain it, one must keep in mind that including these
corrections, the mean value of ¢ is no longer ¢,,. The correct mean value
will be ¢ = ¢,, + A¢, where the correction A¢ is supposed to be of ’one-
loop’ order. Performing the Legendre transform of the one-loop expression
for W[J] gives:

1 82 H ]
100 /dde Ad(Z) + Hlom] + =Trlog ————— 1.62
Now,
IH[p] .
H¢—ngm+/dda: L AG(T) + . .. 1.63
6] = Hlgn) S|, Ao (163)
where the dots are of 'two-loop order’. One concludes that at one-loop order,
1 52H[¢]
00 = Hlp| + Trlo —_— 1.64

where in the last expression ¢, has been replaced by ¢ because, by doing
so, the error introduced in those terms is of two-loop order.

From this expression, one can extract, for example, the behavior of the
effective potential at one-loop order. Evaluating, in a constant background
field, and exploiting the form of the second derivative of the effective Hamil-
tonian obtained in the previous section, one concludes that the effective po-
tential takes the form at one-loop,

1 d
Vip) = %Ong + %& + 3 / (;lﬁcid log (q2 + 1o+ %qfﬂ) (1.65)
In absence of some sort of cut-off this integral is divergent because high
momenta contributions are not bounded (ultraviolet divergence). As it was
pointed out before, one can always imagine to be considering the discretized
version of the model where there is a natural momentum cut-off of the order
of A = 1/a where a is the lattice space. We will suppose that such a regulator
exists even if not specifying it explicitly for notation simplicity. Moreover,
we will show now that in some cases the system can have low momentum
divergences, called infrared divergences. These divergences are much more
difficult to treat and they will be at the heart of our concerns here.

At this order, the expression for the relation between the magnetization
and the external magnetic field becomes:

oV Uo
J= a¢_To¢+ 2%+ cb/

i +UO¢2 (1.66)
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and the susceptibility,

L0

U d’q 1

0 — -

2 (2m)? g2 + 19

(1.67)

r

J=0

One observes that the terms that came from the one-loop correction to the
mean field approximation are suppressed by a factor of the coupling constant
ug. This property is true also at higher orders of the expansion around
the mean field approximation: each new term includes higher powers of wu.
The second order phase transition takes place at the temperature where the
magnetic susceptibility diverges. Then r(T = T.) = x (T = T.) = 0.
At first sight this is problematic, because at that temperature rq must be
negative in order to compensate the second term of the r.h.s. expression, but
then the integrand has a pole and is not well defined. This is an artifact of
the approximation, because we can safely replace in the second term of the
expression o by 7 because the correction would be of order u?:

oJ U dig 1

_ Y7 — — 1.68
' 99,9 T @2m)*¢* +r (1.68)
Evaluating then at T'=T,:
0= ro(T T)+u0/ d% 1 (1.69)
=T = c e _ .
’ 2 J (2m)?q?
Performing the subtraction of these two expressions one arrives to
R R e (170
r=r —ro(I'=1,) — —r .
’ ’ 2 ) @2m)i¢*(¢® +7)

Two different cases arise:

e If d > 4 the integral is dominated by the ultraviolet range of wave-
numbers but is regular when T ~ T.. If the integral is cut-off at ¢ ~ A,
one has T'=T,,

r=1o(T) —ro(T = T,) — CugrA®* (1.71)

where C' is a numerical constant. In this case, the correction to the
mean-field expression is regular and is small as long as upA?™* < 1.
The critical exponents (as 7y) are the same as their mean-field approx-
imation, at least in a finite neighborhood of ug = 0.
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e If d < 4, the ultraviolet range of wave-numbers is sub-leading (one
can safely take the limit A — o0), but the integral is dominated (and
divergent) when 7" — T, (or, equivalently » — 0). In that case,

r=ry—ro(T=1T.) - 7’C,U07“(d*4)/2 (1.72)

where C' is another numerical constant. It is clear that the mean field
approximation can only be a good approximation as long as uor(@=4/? «
1. In particular, the critical regime r ~ 0 can not be approached by a
direct expansion around the mean-field.

Before considering a strategy to avoid this difficulty of the perturbative
expansion near a second order phase transition, it is important to recognize
the origin of this difficulty. The reason is that all wave-numbers contribute
significantly to the loop corrections to the mean field if the system approaches
a critical regime. It is difficult to control an approximation when many
degrees of freedom with very different typical wave-number scales interact
in a significant way. All momentum from the microscopic A~! scale to the
macroscopic 7~ /2 = ¢ scale contributes more or less in the same way in the
one-loop correction to mean-field approximations. The problem is, of course,
magnified when the microscopic coupling ug is 'large’. However, even at
‘small’” microscopic couplings many systems show large correlations between
many degrees of freedom that require more sophisticated techniques than
mean-field or perturbative approaches.

1.6 The Non-Perturbative Renormalization Group
equation

The NPRG is the modern version of the Wilsonian Renormalization Group
(13, 14, 15, 16, 17, 18]. It is conceptually very similar to it but it is tech-
nically much simpler and efficient [19, 20, 21, 22, 23, 24]. The main idea of
these approaches is to treat each shell of wave-numbers in one step. That is,
the Renormalization Group (RG) abandons the idea of trying to formulate
approximation schemes, that are valid from microscopic wave-number scales
as the inverse lattice spacing in a ferromagnetic system, to the macroscopic
sizes of the crystal. Instead, the RG is based on the construction of a family
of effective theories with a variable scale and in each step the RG employs
an effective theory for a given scale in order to construct the effective theory
of the next scale. Of course, in the rare cases of interacting systems where
exact solutions are available, the RG is normally useless. The RG purpose is
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to give a good background for the formulation of precise and robust approx-
imations. This is why in these notes the expression 'Exact Renormalization
Group’ is employed only once, even if it is an expression frequently used
in the literature. Another expression employed for the same techniques is
"Functional Renormalization Group’.

We will present an heuristic introduction to the ideas of the RG and
more particularly of the NPRG, without proving the main equation of the
NPRG. The reader who wants a detailed proof is encouraged to read the
appendix. The lecture notes of B. Delamotte [1] and the review of J. Berges,
N. Tetradis and C. Wetterich [25] and references therein are certainly a good
complement.

The goal of Wilsonian RG and of NPRG is to avoid expressions like (1.68)
where modes with all scales of wave-numbers contribute at the same time.
In order to do so, the NPRG strategy includes two main points:

e The first one is to introduce a 'regulator’ that filters modes with low
wave-numbers from the sums contributing to the free-energy. Only
modes with wave numbers higher than a certain parameter k£ will be
included in the corresponding Gibbs free-energy what will be noted
I'cl¢]. When k — 0, all modes are included and I'y[¢] becomes the
standard non-regulated Gibbs free-energy. On the other hand, when k
becomes of the order of the microscopic scale A, no modes at all are
included and Landau approximation becomes essentially exact I'y[¢] ~

Hlg].

e The second one, is to obtain an equation giving the dependence of 'y
with & that is more or less local in wave-numbers. One will look for an
equation for OxI'y, where integrals of the type (1.68) appear but only
modes with wave-numbers in a small shell around k contribute. The
expressions will be finite in the ultraviolet and in the infrared and the
construction of approximations will be much easier. The equation must
be local in another sense: we will look for an equation where 0,1y, can
be calculated in terms of I'y, but do not require the knowledge of 'y
for other values of k'

There are other points to be added to these ones from the practical point of
view. One needs reasonably simple equations in order to be able to perform
concrete calculations. In particular, we want to exploit all the information
we know in an exact way (as the presence of symmetries) in order to simplify
calculations and motivate better approximations. So we will try, whenever
it is possible, to have a simple equation that respects all the symmetries of
the model.
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The simplest way to filter the low wave-numbers modes from the contri-
butions to a partition function is to add a quadratic term to the effective
Hamiltonian. One will require of this quadratic term to not affect the modes
with wave-numbers higher than k£ and to bring the correlation length of
modes with wave-length smaller than % to a value of the order of k~. The
corresponding extra term in the Hamiltonian will look like

A = 5 [ e DR (1.73)

In order to satisfy the properties mentioned before, we will require that

Zk? if <k

2
(') { 0 rapidly if ¢ =k (1.74)

The factor Zj, varies slowly with k£ and will be explained in detail below.
Moreover it is necessary that Ry(q¢®) tends to infinity if & — oo at fixed q.

From the Hamiltonian H + AHy, a regulated Helmholtz free-energy Wy[J]
can be calculated. From it one can perform a (modified) Legendre transform
in order to obtain a regulated Gibbs free-energy:

MMI/ﬁw@W@—MMFAMM (1.75)

The subtraction of the last term is essential so that I'y tend to H[¢] when
k — oo. In that limit the Landau approximation is well justified because
all modes have a very short correlation length. According to the Ginzburg
criterion of validity of the Landau approximation, the Landau approximation
becomes asymptotically exact. In this limit, the standard Legendre transform
of Wi[J] goes to H + AHy. Given the fact than we want a definition of T’
that goes to H in that limit, one must subtract the last term.

It is shown in the Appendix that this definition of I'y gives an exact RG
equation satisfying all the properties required before. Here, we will arrive to
it by an heuristic argument based in a one-loop analysis. In order to do so,
let’s suppose that in a certain regime, the one-loop approximation for the
regulated Gibbs free-energy is well justified. One deduces that

ulg] = H6] + 5 Trlog (HO[6] + R (1.76)

where H® is the matrix of second derivatives of H.
Now, one can calculate from it the derivative with respect to k:

OiTuld) = S Tr (M + Bi) o) (1.77)
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This expression has good news and bad news. The good news is that thanks
to the regulator Ry, the equation is dominated by a small shell of momenta
q ~ k. The reason for that is, first, that 0, Ry(¢*) goes to zero very rapidly
when ¢ > k and, second, the term Rj added to H? ensures that the con-
tributions coming from ¢ < k are suppressed. The bad news is that one
observes that in (1.77), the derivative of I'y with respect to k is not ex-
pressed here in terms of I'y, but in terms of H ~ lim;_.I'x. This is not
in the spirit of the NPRG as expressed before where, in order to be able to
construct robust approximations, one wants to analyze a single scale at each
time.

Fortunately, at one-loop order, one can avoid the bad news, by replacing
H by I'y, in the r.h.s. of (1.77). In fact the difference would induce a correction
of 2-loop orders. The corresponding equation

0u0ulo) = L (0BT + B '(o]) (1.78)

has all the good properties we were looking for and is called the Wetterich
equation [22]. Now, magic happens: this equation turns out to be ezact!
Even if we have motivated the equation by looking for an equation with very
convenient properties and a one-loop argument, one can prove that it is an
exact expression. The corresponding proof can be found in the Appendix.

In the next chapter, this equation is put at work. We will show that a very
simple approximation scheme is able, at leading order, to reproduce almost
all the critical properties of Ginzburg-Landau models in any dimension with
reasonable precision. We will show, moreover, that going beyond the leading
order one can systematically improve the precision of the predictions and
results seem to converge to the well-established results in any case where
they exist in any dimension. Even more, the same approximations allow us
to treat notoriously non-perturbative problems as the convexity properties
of the effective potential in the broken phase.

In the last chapter, these techniques are generalized for nonequilibrium
systems. It will be shown that the NPRG is also able to analyze successfully
that type of systems. In particular, universal and non-universal properties of
some models in the Directed Percolation universality class will be calculated
quantitatively. In some cases these results go beyond those obtained at any
order of perturbation theory.
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1.7 Appendix: Proof of the NPRG equation

Here we prove the NPRG equation without any approximation. Consider
the expression for the regulated Helmholtz free-energy:

exp(WilJ]) = /D(p(a_:’) exp ( —H — AH + / d‘%J(f)gp(f)) (1.79)
One can take the derivative with respect to k, obtaining:

7)0J(=q) 6J(q) 6J(=q)
) (1.80)
Now, consider I'y[¢] the standard Legendre transform of Wy[J], and take the
derivative with respect to k at fized ¢ on it:

OWil]] = —(OAH,) s = — / (§d§ OFrla >{(5J(

aulell = [ d's0nd @)oo(@) ~ [ %o @)s - amilal,

A (181)

Now, it has been shown in (1.53) that the 'matrices’ W,gQ) and f,(f) = F,@%—Rk
are inverses, one deduces that

obilo) = 3 [ o {(ff + &) rows-a) (s

Subtracting AH,, from T’y one deduces finally,

OuTilg] = % / <;ld) O Ri(g )(pgu}zk);@ (1.83)

1.8 Exercises

1) Prove that

N
1 )
/ H(dxk.) exp(_§ Z x;Aijr; + Z ;i)
k=1 ij '
= (27T)N/2(det —1/2 exp Z ]z zg]] (184)

Deduce that

JTIL () exp(—5 32, i Aia;)a

(1) = TTIN (dag) exp(—2 > i TidijTj)

=0 (1.85)
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and
N 1
L (dxy) exp(—3 ) . wi A )T,
(@1Tm) = IH’HN( 1) exp( 22174 ST (A (1.86)
J Iz (dae) exp(—3 32,5 wiAijz;)
Consider the Ginzburg-Landau model with N scalar fields ¢; with

O(N) symmetry:

2

= [da{3 3 Vel Ve@ + 23 @ + 5 (L) |

(1.87)
Generalize the expressions for the Gibbs free-energy in the Landau and
in the one-loop order for this model. Deduce the expression for the
2-point function in this model in the symmetric phase without external
magnetic field in mean-field approximation. Extract from it the critical
exponents 1 and v.

Show that for a positive definite symmetric matrix A,

log det(A) = Trlog(A) (1.88)

Consider the action (1.34) for the reaction-diffusion process (1.1). De-
duce from it the mean-field exponents 7, v, and z in that model.
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