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Linearized gap equation and gap symmetry
Eigenvalue equation

(k) = —NO)V; 2 (k")) g s
kgT, = 1.14¢,e~ />

—Xdu (k) =—N(0) >V 71w g0 ps

Solutions classified according to
the irreducible representations of symmetry group

representation degenerate solutions for A = IN (O)VF
I 1pf‘m (k)
example m=1,...,dimp
angular momentum d" (]_C’)
I'm

[

Generalized gap functions

Even parity, spin singlet:

. 0 k)| ., -
A= - =i0’yY(k
; (—w(k) . ) i (k)

Scalar wave function: Ip(/;) with zp(—l?)=1p(l€) Az = ()|

. (~d.+id, d
A = X y z
a4 do+id,

%

Odd parity, spin triplet: ) = ic?(lz) c00’

Vector wave function: c_z;(l_c.) with 3(—/;)=—c?(l;) |AL% = |d(k)?

Symmetry operations
Symmetries of normal phase: G= G, x G x K x U)

orbital rotation spin rotation  time reversal  gauge

symmetry operation
orbital rotation go C ks = C Ro Is Ro orbital rotation
spin rotation gscl}'s — Es/: DSS/CES, l") _ eié.é/z
time reversal K Cg, = Z(—iay)sslc_ P
o
U(1) gauge (i)CEs = €i¢/2C_Es, A=A+ %64)

presence of strong spin-orbit coupling — spin and lattice rotation go together



Symmetry operations

Symmetries of normal phase: G= G, x G x K x Uf1)

symmetry operation spin singlet

orbital rotation gow(l&') = @D(ROE) Jod(k) = cf( 0_‘)

spin rotation

time reversal Kw(lg) =" (E) K _Z%) = ka(];;)
inversion f@b(E) = @b(lg) I _’(_’) = — _ZE)
Dy(k) = ey(k) | @d(F) = ed(k)

U(1) gauge

presence of
spin and lattice rotation go together

spin triplet pairing: gc?(%) = I%ﬁ(i?j) identical 3D rotations { R
R

s

Order parameter
relevant order parameter in represenation 1" with highest T, (instability)

) , {wI‘m }
m) restrict to set (vector space basis) =
{dFm }

111(’2) = and]l“m(];) CZZE) = anJFm(E)

order parameter T = N (7, ') complex

conventional pairing / SC phase

trivial representation ' m=—b
non-degenerate

eg.: =0
unconventional pairing / SC phase

other representations 1" ==
degeneracy > 1

eg: [>0

Symmetry operations
G, x G, x K x U7

Symmetries of normal phase: G= G, s
symmetry operation spin singlet spin triplet
orbital rotation go¢(E) = w(ROE) o _ZE) — _‘( Ao_')
spin rotation gsw(g) = ’Q/J(E) Js _ZE) = RSCZ(]Z)
time reversal ]A('w(lg) =" (_’) K _ZE) = J;k(lg)
inversion f@b(lg) = w(E) I _KE) = — _ZE)
U(1) gauge dY(k) = Py(k) | ddk) = ed(k)
U(1)-gauge superconductivity
Possible broken symmetries: Ort_;ital rot_ation crystal s_tructure
Spin rotation magnetism
Time reversal magnetism

Order parameter
relevant order parameter in represenation 1" with highest T, (instability)

m) restrict to set (vector space basis) =
{dFm }

1/)(]5) = anﬁjl“m(lz) (f(E) = Z nmJFm(E)

order parameter T = N (7, T')  complex

order parameters describe spontaneous symmetry breaking
== Ginzburg-Landau theory




Ginzburg-Landau theory for teneral order parameters

order parameters belong to irreducible representations
of the normal state symmetry group

Y(k) = nmthrm (k)

free energy functional as a scalar function of 77, {

Landau’ s recipe:

transform according
to the representation

Fn )= [driaym,+ Db, om0,

my ..y

* 1 /= =2
+ E EKmlmznlnz(Dnlnml) (Dnﬂmz)"'g(VXA) ]

my iy 1y oy

invariant under all symmetry operations of rotations, time reversal and U(1)-gauge

a=a(T-T), b,K

mm'nn'

real constants, D=V + ,'2_’3;1 gradient:
fic gauge-invariance

Ginzburg-Landau theory of conventional superconductor
trivial representation (k) = n(7, T)tbo (k)

Invariant under all
GL free energy functional: symmetry operations

, V x A
Fln, A] = /d3r S

al)=d(T-T) ahK>0 B=V+i§—eA B=VxA
C

aln|? + bln|* + K|Dn|* +

variational GL equations for inhomogeneous order parameter:

° {a + 2b|77|2 _ KD'z} n=0 spatial structures

vortices, domain walls, boundary ...

° ﬁ > B’ — 4_7Tj’ magnetic properties —> London equation
c
supercurrent .J = i *(Dn) — n(Dn)* V2B=AB A7’= 327r62K|77|2
p = ohi { n) —n(Dn } = 2

Ginzburg-Landau theory of conventional superconductor
trivial representation (k) = n(7, T)1bo (k)

Invariant under all
- - VxA
3 2 4 2
Fln. )= [ |alnl? +blal* + K\ DnP + ~o-

al=a(T-T) dpbK>0 B=§+ih—eﬁ B=VxA
C

uniform phase:

2 ¢(T=T) |y
Fl w, (D) = ==
T<T, T

¢ spontaneously chosen phase T,
(6%
| _ |
] 7=l

broken U(1) gauge symmetry

eia

SPECIICIEXampIE:

SUPErconductorwith
(etragenalicrystal stricture



Example of a tetragonal crystal with spin orbit coupling

Point group: D, 4 one-dim., 1 two-dim. representation

Character table for D,

r{e ¢ 2, 2, 2,

D, contains inversion

== even and odd
representations E 2 -2 0 0 0

Ginzburg-Landau free energy functionals:

1-dimensional representations: w(l?) =n wO(IE) , Zi(l;) =7 210(15)

_ 1 - o like
Fln, A = /dsr [aln|2 +bln|* + K|Dnf? + g(v X A)z} conventional SC

2-dimensional represenations:  y=nap, +ny, , d=n.d, +nd

y
= A b * *
Pl A) = [ @ [d? bt + 3 {5 + 22} + bl
+K1(|Dz"7::|2 + IDynylz) + K2(|Dz'rfy|2 + |D‘y"7:v|2) + K3(|D,n¢|2 + | Dymyl)

-,

1 =
+ {Ka(Donz)*(Dymy) + Ks{(Dzmy)*(Dyni) + c.c.} + S?(V X A)2

Example of a tetragonal crystal with spin orbit coupling

4 one-dim., 1 two-dim. representation

Point group: Dy, even (g) / odd (u) parity
r v(k) r d()
A, 1 Ay, Xk, + Jk,
A Kk, (k2 - k) A, Yk, = Xk,
Byg ki-k By, xk, - yk,
By k.k, By, Yk, + Xk,
E, | kR | E | k) (k)
Conventional: A, Unconventional: everything else

only one representation is relevant for the superconducting phase transition

Possible homogeneous superconducting phases

Higher-dimensional order parameters are interesting 7 = (7, 7y)

- A ) b *
P A = [ [l + i+ {2+ 27} + o P

phase (k) d(k) broken symmetry

A | ktik)k, 2k, %ik,) U@,k

(ke £ ky)k,  2(k.tky) | UQL), Dy — Dap

(o Kk, kyk: kg, 2ky | U(1), Dap — Do

x —— magnetism

b, — D,, —— crystal deformation

Degeneracy: 2
domain formation possible



Phases

il
2

“axial symmetric” £
A-phase: (k) =nk.(k, +ik ), nk(k -ik)

magnetic ~—_

time reversal

B-phase: W(lg) = nkz(kx + ky), nkz<kx - ky)

nematic ~_C —

C-phase: I,U(/;) =nkk, nkk,
nematic NS

Weak-coupling condensation energy:

less nodes — more stable

= Y NRYA P -
Biona = =5 (No(K)IAE )7 s m=) A-phase more stable than B/C-phase

Volovik-Gor'kov classification

e orbital angular momentum: EE = zhd,’j(E){E x V E}dv(E)

<EE> ¢ # 0 "ferromagnetic”  (chiral)
e.g.(dy2 —y2 T id,;y) -wave

( EE>E =0 ‘"antiferromagnetic”
e.g. (dwz_yz + 28) -wave

® spin: _’E = zﬁcf"(/z) X J(E)

non-unitary states, e.g. A,-phase of superfluid 3He
in a magnetic field

analogous Volovik-Gor'kov classification

Anisotropy

B- and C-phase violated crystal symmetry: tetragonal — orthorhombic

==) spontaneous crystal deformation Tiny !
Diamagnetic screening:  supercurrents j=—c—
Ju = 8re [Kys Dante + Kon} Doy + KsnDymy + Kan Dy + c.c.|

Jy = 8me [Kln;Dyny + Kony Dyne + Kan, Dane + Kanp Dony + c.c.]

Jz = 8mweKs{n;D.n. +m; D1y + c.c.}

tensorial London equation: V2B =AB  Important for vortex lattice structure!
X A0 0 i X2 A2 0 A7 00
Aa=] 0 X2 o0 Ag= ( X2 oA oo ) Ae=| 0 X% o
0 0 X? 0 0 A2 0 0 X?
— _
——
tetragonal orthorhombic

Volovik-Gor'kov classification

e orbital angular momentum: f =

ihd; (k){k x V}d, (k)

Ferromagnetic or chiral phase A:
For pairing state within representation T°

decomposition of I' ® I includes pseudovector representation

e.g.: chiral p-wave d(k) = 5(ky + iky) in E,

E,®E, = Ay, ea By, ® By,

m,

T Iayi o uy monrdg

analogous Volovik-Gor'kov classification




Orbital angular momentum and magnetic moment
chiral p-wave phase:  d(k) = no2(ky £ iky) = 21 - k

with 7 = (12, My) = Mo(1, £i)

orbital angular momentum:

- kz(kw + Zky) — .
L =Inol*n | —iks(ke Fik,) | wmp (L) || 2
+(k2 + k2)

(Lz)z o< (i x 7)

electron charge: (I_:) o M magnetic moment

Intrinsic magnetism Sr,RuO,
T T T
uSR zero-field relaxation oo By iy P |
2 [N
depolarization in Okt e ¥ o
Biler random internal field: o = ‘-\"_{‘"‘ 7
!
PKT Kubo-Toyabe . : A } }
7 ;i\ i 1
i\\‘. l ZF
0.05 — i!“_.____i T
polarization of spin of trapped muon oo | I

1 2
Temperature (K}
Luke, Uemura et al (1998)

2 d . o Superconductivity generates
Okr? : 2 moment of field distribution magnetism (0.1 - 1 Gauss)

P, (1) = %[1 +2(1- 03,1 Jexp(-07,1°12)]

U, Th,Bes, RegZr, PrOs,Sb,

other SC showing intrinsic magnetism: UPt, SIPHAS, ..

Effective magnetic moment

Cooper pairs with angular momentum L, = +1

— " n\
— magnetic moment of superconductor M ZNB—9 77

d = 3(ky + ik,) = 2ke®® conserved "charge":
. 7 7o Lig —
T rotaton d —d X e Lz N, / 2
transformations: U(1)gauge J—» o?x e.iqg N: electron charge
Volovik
Moment anomalous electromagnetism
z
pR ¢ B T
M ~ Pz j
D) he J
1 ''''''' = l ) q X&X
-M > e, = E
i~ E(E X %)
Goryo & Ishikawa

Volovik & Yakovenko

Surface states - spontaneous supercurrents for chiral phase
surface scattering detrimental interference effects:

E,: d}(E) = Zk, / specular scattering {:m - ;km
dy(Fy=2k, |1,
. . . —x z — —dg destructive
d =y F)dw + nydy _;/ -+ ; constructive
‘T] | Supercurrent:  j = _cﬁ 24 5
n Y JA 5| 15
0 . gl £
(nva/y) = 770(17@) ) 1‘:; 181
| | , B, V84
UM
X \/
P —
suface & coherence length 15 A Screening length

“extension of Cooper pairs” London penetration depth



IEstsHiorthe palrnglsymmety.

02 - wave pairing
Internal phase structure
(k) = Ao(k2 — k2)

0

node

JT

different phase in different directions

Cy (k) = - (k) = e™ (k)

Gap structure  |Az] = [¥(k)]

kz _ nodes

=R}
>k,

K,

4 line nodes on basically
cylindrical Fermi surface

Example of a tetragonal crystal with spin orbit coupling

4 one-dim., 1 two-dim. representation

Point group: Dy, even (g) / odd (u) parity
r u(k) r (k)
Ay 1 A, Xk, + Yk,
An, ke (k2 - k) A, yk, — xk,
By, K-k B, Xk, = yk,
Byy Kk, B, Sk, + 3k,
E, {k ek k. } E, {ak.2k,} {33k}

cuprate high-T, superconductor: B1g ¢ Bi, ( ]4;) = k'i — ]{;32/

Low-temperature properties

London penetration depth
8C0 + B
YBa,Cu,0,
600 |
Hardy et al. "
< 400 | ®
L
LI
0.2
200 m
e
0 mef? = . .
0 20 40 60 80

Temperature (K)

T T |

powerlaws in other quantities depending on gal
quantity line nodes poi
specific heat
c(m T2 |_—
Lond trati ‘7'3/
ondon penetration
depth  A(T) T ( ) o
NMR 177, P/
1/-,-1 10
heat conductivity T2 o
K(T)
107
high-temperature superconductors o

I ONVR 1T, YBaCu0, el

i Martindale et al. L]

4
30 100
Temperature (K)

with line nodes in the gap




Probing the phase structure

Phase probed by interference
using Josephson effect

Y=yl e B y,= |y, e

Supercurrent between SC1 and SC2

due to phase coherent Cooper pair tunneling

J=J, sin(f- a)

\

Current determined by phase difference

SQUID (Superconducting QUantum
Interference Device)

1 magnetic
flux
J
E—
2 Aharonov-Bohm effect
for Cooper pairs
Jo
-2n - 0 +7 +2n

2nd/D,

Probing the phase structure

Phase probed by interference
using Josephson effect

Y=yl e W p,= |yl eF

Supercurrent between SC1 and SC2

due to phase coherent Cooper pair tunneling

J=J,sin(f- o)
N

Current determined by phase difference

SQUID (Superconducting QUantum
Interference Device)
Conventional SC

-2n -7 0 +TT +2n

Wollman, van Harlingen et al. (1993), Brawner & Ott (1994), Mathai et al. (1995), Iguchi & Wen (1995)

Probing the phase structure

Phase probed by interference
using Josephson effect

Y=yl e W y,= |y, e

Supercurrent between SC1 and SC2

due to phase coherent Cooper pair tunneling

J=J, sin(f- o)

N

Current determined by phase difference

Superconducting loops

Single-piece loop

Single valued order parameter
W |@|ew  ¢->¢+2un

i e =
]och(A—Zqu) ds =0

e )

® = ®n  ninteger

unit-flux: cI)O =hc/2e

SQUID (Superconducting QUantum
Interference Device)
Conventional SC

— o

0 —
00
e
-2n - 0 +7T +2n
2nd/D,

Segmented loop

R

v il
Nl BYY)
0

. P, -
A-—Ve|-ds =) A¢,
95( = ¢) 5 E 9
odd number of d=>P n+l
n-shifts Ag, T2
half-integer flux quantization

note: smallest flux  |®] = /2



Tsuei-Kirtley frustrated loops

Tri-cristall-configuration

N~ =

s

L

Tsuei, Kirtley et al. (1995)

Superconducting loop @ = 60 um

YBa,Cu,0;, T,=92K

even number of s-shifts

i

unfrustrated loops

no signal

magnetic field

SQUID-scanning-microscope

Tsuei-Kirtley frustrated loops

Tri-cristall-configuration

+°

o

Tsuei, Kirtley et al. (1995)

Superconducting loop @ = 60 um

YBa,Cu,0; T,=92K

odd number of s-shifts

i

frustrated loop

spontenous current and magnetic flux

D2

\

TT

SQUID-scanning-microscope



