
Lecture 2 

Hopping magnetoresistance   

1. Asymptotic behavior  of the impurity wave function  in  magnetic field  

3. Interference effects in hopping magnetoresistance  

4. Spin-orbit effects  in hopping magnetoresistance 

5. Interplay of interference and orbital effects in hopping magnetoresistance  

2. Anomalous tunneling in  magnetic field  

Topics: 



magnetic length 

weak field 

Schrödinger equation in cylindrical coordinates  
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strong  field 

VRH regime 

cigar-shaped wave function  
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“activation energy” 
grows with field 



overlap integral between 

AA 

Anomalous tunneling: 
Tunnel decay of the donor 
wave function across the 

magnetic field  slows down 
due to the under-barrier 

scattering  
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in calculating only this sequence should be retained 

returns of tunneling electron 
are exponentially “costly” 



n-th term 

relevant domains of integration do not overlap 

in calculating only this sequence should be retained 
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Exponential decay of the wave functions away from the center of the Landau level 



magnetic length much smaller than the correlation energy 

poles of denominator  



decay length  
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AA    due to interference of  two counterpropagating paths: 

no coherent backscattering in the hopping regime 
Scatterers  with energies  outside the Mott energy strip 

In disordered metals negative magnetoresistance  is 
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Contributions of different tunneling paths  
to the net  amplitude have random signs 

Interference of real directed  
amplitudes +  log-averaging in the 

hopping regime cause negative 
magnetoresistance 

 



Random energy 
denominators 

Aharonov-Bohm phases 

negative magnetoresistance 

All multiple-scattering paths 
have the same length 

take two values 
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 where virtual amplitudes almost cancel each other  
are most sensitive to a weak magnetic field  
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Contributions to hopping conductivity from disorder configurations  
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“Phase volume” of configurations sensitive to magnetic field  B

Bis proportional  to linear NMR 



Single-scattering 
        paths 

 Linear NMR  at 
    small fields       

With orbital effect taken        
           into account        

linear  NMR is due to the paths for which direct  
and scattered amplitudes cancel each other   

 slope is  1−∝T



VRH

)0( =HR increases  

increases r NMR increases  

increases  )0( =HR

anisotropy increases 



strongly localized 





AA 

 With SO scattering  the hopping       
        amplitude is an operator 

 interference parameter 

 strength of SO scattering 

     SO scattering turns linear NMR  into quadratic 

 tunneling probability 

in a weak magnetic field:  

distribution function 

In the presence of spin-orbit scattering 

Major contribution to the integral comes 
from small zero-field amplitudes 

 



 SO coupling in the bare Hamiltonian instead of SO scattering 

normal to the 2D plane 

with the help of identity 

the commutator is equal to 

SO magnetic field 
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SO anomaly 

is independent of disorder  Position of anomaly   

for Dresselhaus mechanism    
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transmission of barrier  as a function of y

saddle-point potential between two lakes 

tunnel matrix element between two lakes 

electron gas breaks up into lakes 
each lake accommodating  many electrons 



In a zero magnetic field 
suppression due to mismatch of momenta 

exponential growth 

In a weak magnetic field 

and 

acquire the gauge phase factors 
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exponential fall off 



Small- field expansion: in a smooth potential  

while the temperature dependence is weak  
h
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TB 0.20 = TB 294.01 =

Fit to 

 A.A. Bykov,  D.V. Nomokonov, A.K. Bakarov, O. Estibals, J.C. Portal   
Pis’ma JETP  78, 36 (2003). 

Transport through a closed ring 

mreff µ13.0= sVcm ⋅⋅= /104 25µ

212106.1 −⋅= cmns



weak-field negative-hopping   
magnetoresistance due to  
interference of tunneling paths  

positive magnetoresistance due to  
orbital shrinkage of the donor  
wave functions  

feature  

V. L. Nguen, B. Z. Spivak, and B. I. Shklovskii, 
JETP  Lett. 43, 44 (1986). 

VRH  

-doped GaAs   δ



Fitting to Mott’s law 

feature becomes more pronounced  
with decreasing temperature  



Localization radius is inferred  
from fitting to Mott’s law   

3 times net drop of resistance 

MBE-grown heterostructure   AsGaGaAs/Al x1x −

feature evolved into a deep minimum 



AsGaGaAs/Al x1x −

resistivity insensitive to temperature- 
signature of criticality 

MBE-grown heterostructure   

two delocalization transitions 
are resolved within 

resistance minimum 

measurements at  T=80mK 

in field domain betweeen two 
transitions Hall resistivity is 

quantized  
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-doped GaAs   δ
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gated structure   
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LH BB 2≈

HBLB



heterostructure  AsGaGaAs/Al 0.70.3

two delocalization transitions 
survive at high temperatures 

LH BB 4≈

HBLB



Topological term-Shubnikov oscillations 

instead of  the Dingle factor 
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A. M. M. Pruisken and I. S. Burmistrov, 
Ann. Phys. (N.Y.) 316, 285 (2005). 



AsGaGaAs/Al x1x − MBE-grown heterostructure   
density vs. magnetic field 
phase diagram is inferred 

from the peaks in 
diagonal 

conductance at 
temperature 
T=25mK 



LH BB 2≈hole gas in                  strained quantum well   Ge/SiGe H
c

L
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energy scale for high-field transition is larger 



Topological term-Shubnikov oscillations 

instead of  the Dingle factor 
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hole gas in                  strained quantum well   Ge/SiGe

HBLB

LH BB 4≈

transition sequence 

01230 →→→→
is resolved 

experimentally, levitation is not strong 



high-field transitions 

low-field transitions 



with initial conditions 
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fixed  point 

at any field when classical  
non-diagonal conductivity 
assumes the value 2/1+= nxyσ
quantum effects lead to discrete  
delocalized state  
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return probability 
rotation angle 

 same for unitary and orthogonal classes 

uξξ = uξξ =

-tail of the lowest Landau level    

quantum Hall phase      

Anderson insulator      
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with orbital action of magnetic field, NMR is much stronger 
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