
Stabilizer Codes
0

Codespace is ti eigeuspace of Abelian group of

unitary operators = stalilizer

Measuriy eijenvalue, of these uuitaiies is the way to

recovery . . .

• n qudits ,
D= prime . ( e.g. qubits d=2 )

• n oscillators
,

d→b

d=z sterilizer group is subgroup of Pauli group
.

dprime , , , , , , , , , , generalized Pauli group

d- as
a group of displacements\ , '  ' 11  ' \

±
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Pauli group Pn = ( it
,

Z
,

... ,Zn
,

X , , ... Xn >

( Al ,
A , . . ) =

Take Abelian subgroup Sepn
smtfyteaY.IE#_

such that
- I ¢ §

Codespace = { 14 ) I VSES Sly ) =H ) }
Other elements In Pn play role of

logical operators and errors !
aiaiettfaxzoits

'

j=o . . . d- I

II
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Element PE Pn characterized by a zu . bit string

ii.
Cui ,uT )

p(i)= X
"

z
" " "

a X
" '

z
" " 2

.  . . .
X

" "

Z
"

"

( up to

jtsu
a phase )

Pli ) PCJ ) - tl ) PIT ) Pli )

sympleckc inner product ( j
,

pz)/°I ) ( 4¥ ) =
TTSI

1-I ° )
=ui.u, -5.52

:
mod z arithmetic"

Paulis commute or auticommute
"

Now n oscillators . ... bitstriyu → I EJR
"

Zz → R

IT
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For x quit

×
"

'z" 2

× "z "
=

u ,
.no Xu 'z" x "z

"uzvio ×
" '

×
"

z
"

2-
"

= XYX" 'Z" Z
" 2

/

|
- ×4×

" ' zkzuz
ut

,

- X
"zhxulzui" i " "

u.n.MIxuiznxmzmPluIPluy.cyhi4eyuihpwgpcugtX4ZhXhzmnqnsits-eiiei@jiiCeiF5.e

's
" "ey×" 2

. . C-y
" is]
II



Define XC a ) .

-

exp ( if a F) =D ( Fia )
�4�

Z ( b ) - exp ( ilfnbq ) =D ( int
' b ) aibtR[

2- ( b ) X (a) = exp ( iztab ) Xla ) -2lb )

they commute when as is integer

More feuemny , # reason

Dkhhix"pYIa±a@

exp (A) exp (B) = exp ( B ) exp (A)

exp ( [ A ,B ] )
when [ AB ) & I

exercise I : Show this

#
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Multiple oscillators : I - ( ii. The RJ

PCT ) = Xlui ) Z ( until a X( uz ) Z ( unh ) a . . . . Xluu )Z( uzu )

( upto a phase )

iztutsu
PCT ) PIJ ) =ePCJ ) PCT )

again S - ( III ) PK)andP(J)commute|
when Etsu =

omodt
- ⇒

Stabilizer group when TTSI = o ( no modular structure )

→ continuous - voriasle stesilizer codes : oscillator . versions

of stabilizer codes ,
e. g g. quit & torie code

NOT
"

INTERESTING " IT



by
"

not interesting
"

we mean that if
5*+0

the noise model is small errors for each oscillator
,

i.e.

small displacements , one can show that logical error model

is only squeezed as compared TO basic error model
.

Cv version of then codes was introduced to deal with

different error model : large shifts on at most T

Ostillator Or erase t oscillator
,

but what is

physical motivation behind such model

...
...

IT



From 5eeI+h@

Z ( b ) X (a) = exp ( iztab ) Xla ) Z ( b )

we have

Xtla ) Z + ( b ) = exp C- izitas ) ZYB)XYA ) Xtla) = Xta )
2. t (b ) : Z 1- b )

Xla ) Z ( b ) = exp ( . izitas ) Z ( b ) X (a)

Siyle oscillator :

Ptwlpli ) : Xlui ) Zluz ) X(v , )ZK ) =
ei "T " 2 "

X ( y ) Xlu , )Z(u ) HUD

iztfzv,
- mud

pH ) P (e)e

Product of phases for n oscillators → syuplechz product .

II



Example ! single . oscillator GKP code
�6�

Sp : exp ( izf '

f ) = X( Vz ) Spsq : Spsq

Sq= exp ( izof ' g) = Z ( oi )

Stabilizer group generated by Spt
, Sp

, Sq ,
Sgt .

( Hou do we know dimension of code space
?

* * ( K )

} also commute
,

e. g. a. Fi → I has to be

Z ( VIH ) Integer for

§ is omod ,
sp = + 1

for Sq .
. + , II



Stabilizer codes are nice
�7�

example

qo.ae#E
" "

"

sina.EE?IExiE..@.en*meca@#
stabilizers khecks

Centralizer of SinPn= Ccs ) = } P ) Kses

Other : do not commute with
[ P 's )=o }

errors some SES

II



GKP code : what is in ( ( s ) ?
@

X # = exp ( if 'F ) =Fp
'

= X XE - EX

×2-Ltzkexplift g) = Fd = E expl - it 45,0 )

= - 1
.

By definition 15 ) is Eto ) : IT ) < p ,

X Ii )= Ii ) Eli )= . IT )
se

T qusit encoded µFG)
Code States are invariant under phase space

translations Sp and Sq →
"

grid States
' '

II



What errors can stalihier codes correct
?

�9�

Qusit stabiliser codes : what Pauli errors

meet the QEC conditions ?

distance of code d : min IPI IPI Weight of
PECCS )/s Pauli  = # qusits

on which it acts

nohttivially
Code can correct all Pauli errors of

d- I

weight t=⇐ ] ,
i. e error set E= }E , ,EL . . . Ek }

where each Ei has IEII It

why ? I Eitej / < d for errors in E
.

Hence Eitcj - es II

/ \
anti . commute with at least t element

E Pn in s



@
Eittj E S Eittj Pc = Pc

Pc Eit Ej Pc = Pc ✓

FSES Eitej s = - s tit Ej
, #Lijoek

Consider 2 El Eitej Ik ) be

= ill Eittjslk )
✓

= - ( Elect Ej It ) = o

"

Correct up to half the distance
"

for any
I ,E

( Basically E needs to be such that no Eittj is

a logical )

II



How to do reversal / correction ?
@

E= he , ,Ez . . }
Project onto error . space , Ci with protectors

Is : s Ei II ) = - Eisle )= . tile ,
Pi × Eipctit

Error . space , Ci characterized by ecjhvalue , ±t

of generators of stalikzer . ¢
Thus : measure eigenvalues of error syndrome

generators of stasiliw .

- DP -

Paul ; P
, e.g.1+710-0+1

-

p=XX××etI '



Oscillator codes . . .

@
what displacement errors meet the QEC

conditions ?

Any set E =3 Pla
, ) ,

Plni ) . . . )
sit Fi ,j Pta . ) PCE ;) ¢ ( (5) /s . Lupto

phases )
Only difference with qusit case : iztutsu

PCT ) PIJ ) =e PCJ ) PCT )

¥phase instead of +1.0;
Ptt ) C- S - does not change syndrome

FSES: split , ) =/ Phi , )s → will change eifenvake of s .

Measure eigenvalues of generators of S
#



GKP code : generators are Sp , Spt , Sq and Sgt @

X # = exp ( iff ) = Fp
'

= X any Xlu ) with u< ztrz

2- Ltd : exp lift g) = Fd = E and

2- ( u ) with u< ztz

Measure eijenvalue of some U is correctable

= Phase estimation
"

At most half a logical
.

-

.
shift "

.

LE -

,

Oscillator

[sµ
- i If oscillator is in eifenstate Ho )

It ) - • -0+1
.

i. e . Spklokeiblys)

then P± = tz ( t± cos G)

does not yet determine G.
. . repeat

£ ??

I



@
Requires Controlled . displacement between qusit

and Oscillator → displacement + Controlled -

rotation

R( - ZTK ) = exp ( i % ata Z )

rotate the
Derive this . . . Z = II direction of

µ displacement

£%(. 412 ) Pfidk ) RCt 7/2 )Rttlz )

= D ( xlz ) Rttk ) ~ .Pkk )¥f.F7
ZI RC th ) Dfidk ) R ( -412 ) RC 412 ) 2=-1 2=1

=D ( -212 ) RL 4/2 ) -D• Dl - 212 ) IT



Approximate GKP code States
150

kspacing =sp

How to make or describe . . .

#



Eigeustate of Sp = e

"

2015and @

Sq . ei2oF'
I

?

Squeezed vacuum state is already approximate
eejeustafe of

- r Sq .

Squeezing parameter A - e < P

A2= 41912 .

¥5 |- ( a )

#9✓acT= 42 squeezing in dB

=
"

log , . @stir )
Isq . vac ) a) dq e 144112

- aiken
#one peah . . .

how to create
multiple peaks . . . e II



Apply
4in ,¥_

t.SI#gj4ont
repeatedly

@

a- post - select on +

Hout 7= LI ( It Sp ) Kin ) # 4in

,
.

- . .

-
,

•
-t.tl#ttnIfiton+1+7 -

1 -0
t

,

2 to
,Monti = ¥ ( spiktsp " 2 ) 14in ) k¥

Eta;¥iIiI
,

.IE?lYEesptmonmiiit#

#



tliihmauu et al .
last week ( arxiv.org 1007.010 ]D

@
: creation of States in motional state of Cation

107 117

Comments : • no need for post . selection
- ( Weigand ( Terhal )

° procedure is not fault -

-

tolerant II



@
Fault . tolerant error Correction : Some  options

° stasilizer checks / generators act on few

qusits ,
code is large : toric code

-

D-
x

×¥a±x u.EE.tt#xX • -0+1 -

• for Stabilizer codes where stabilizer

S = ( S
,

Cx ) . . Smk ) , San ,
( z 1 . .

se÷Use only Pauli X use only Pauli Z .

= CSS stabilizer codes

II



so - called Sfeane

@
one can use

error . Correction

4L = -4 157 and IT ) are logical ancillas
.

0L= to ) CNOT is logical CNOT
,

for

qusit C Ss code such gate

is sal

transversal :

- HI



ZIE =¥I .FI#.i=IEE
@

€ - # - x

x -1
-

= 1-
×

Z errors X errors

[
,

2 errors ]

.
measure all quits in X . basis

and Construct lijhualues
of

x. checks ( like Xxxx )
→Correct Z . errors



But caution
. . .

@

Xerror ,

J T
Zemob

Need good aucillas !* " the QEC back action problem
"

- .

Z X no

/ )
, ] reuqealiy

Z ... -27 logical
Information

Els )=l5 ) ✓ XH
'

) .

- II ) ✓
#



Same idea can be applied to GKP code

@

data

Oscillator

ancilla
oscillator

( Ignore noisy channels N and X
'

) ⇒ homodyue
measurement

-
Squeezing

off

CNOT - • -

C in optics
\

€ - E
( Ahf "% )

c not : qtarget → qcmtro , + start ; p control → Pcontrol - Ptayet



@
Conclusion :

• QEC still has to prove its worth In

practice

• Bosonic codes ( combined with qubit codes )

an interesting avenue for exploration
( superconducfiy quite ,

ion - trap quits )

I


