
Error Models & the Quantum Error Correction
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Conditions

Set of errors }Ei } obtained from e. g .

S(p)= § Eiptit

Amplitude - damping CT - o )

Eo=±( it off )I + tz ( t.FI )Z

E
, =D 6-

Phase - damping
Eo= (

'

ofp ) ; E
,

= fofp ) ( → equivalent

.nl?pPchnaaheu:
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Together form typical single . qubit error

model :

T
, ,Tz

- tk
, - tltz

t - file pole
P " ( Feith pnettf

Let's look at Some bosouic error models .
.

.
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Bosons [ a ,atJ=I �3�

Quadrature operators f=tz( atta ) and F - in ( at . a )

[ E. F) =iI

in = Ata
1

. Photon loss ( & Photon Gain )

2 . Photon loss + Kerr nonlinearity
3. Shift error basis

t . 0¥ = - i[H ,p ] + Ccp ) H=w( atattz )

afp )= Kap at - { K }ata ,p } loss rate

⇒

state?IEepEe+ Ee=¥rfkfe÷€yj¥kt
I
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Exercise IT ( not easy ) : can you derive this closed

form expression with these hee } .

Small Jet , from Lindblad equation pt ) = e

"

( plo) )

= It at ( pla )
files

= St ( plo) )
to = I - tzktn

E , = fee a
} E0+Eo + EFE,

= I + okxtj
'

)

2 . H - watat ¥ @taj ← Kerr nonlinearity , by itself
11 a Systematic error for

Hk which one can

compensate . . . .

But combine with photon loss
. . .

#
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leads to dephasiny

e-
'

'

Hkt aeitlkt = eiktlz
a

eiktata
"

Don't know when loss happens ,
don't know how

much extra rotation expciktata ) → dephasiny
"

At lowest order in kt and Kt one has

to = I - itlkt - tzktata ' '
evolve & lose no

photon "

E
,

= TEI a
" tote photon

"

I
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Error basis for bosonic mode : displacements .

cp ,

DK ) =exp( Lat - aka ) xee

#DH ) lvac

)=1&1=ikM
' :{ En In >

4 '

Coherent state .

Translation in phase - space

Any operator on a bosonic mode

E=fd2x c ( d ) DK )

c (f) = ¥TrE Dtp ) ( see e.g. Cahill / Glauser
1969 )

I
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Bosom 'c equivalent of depolarizing toy model

Gaussian shift I displacement error model :

a a

Slp ) : Jdufdv Pq,
(a) p ( u , jiulstiuoipeiup

. ive

6g
- a - is

-

Pgplu ) : normal distribution with variance Gp2

and similarly Pgalv )

I
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Comments

=

µ
.

apply random DK ) , then
P channel , then D( . d )

° Displacement twirling possible ( but regulate

asymptotic , DK ) for a → as )

° Photon loss
. small

-

rotation explibata ) has

expansion in terms of smalldisplacements ?

• Photon loss followed by amplification

= Gaussian displacement
a→T6'atfibt

channel

( see Albert et al .

arxiv . org 1700.05014
I



Quantum Error Correcting Conditions
�9�

Given p supported on a code space C : f
and S ( f ) = §.

Ei f Eit → error set

Ei=hEyEy

There exists a ( trace . preserving ) reversal map
R

such that R ( Kf ) ) & f
if and only if

ti ,j Petit Ej Pc = xi ; Pc ( * )

Pc = projector onto code space Pc = § Ik ) ( El
.

xi ;
Hermifiaa
matrix

( El # ) Ik ) = ( El Eitej It )= dijorek .

I
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Exercise I : let U+&U= D= diagonal

and Fm= §Ujm Ej ,
show that error

set }Fm } satisfies QEC condition , when }Eig
+

does and Pc Fn Fm Pc = Dmn Pc
t
diagonal .

Proof of QEC conditions in book Nielsen & Chuang .

.let'sdo it

Somebosonicexamples

I
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error set E , } I

, a } Italian :

15 ) = 14=2 ) 251 atalo ) = Cilatali ) ✓

IT )=fI ( Imo > + 1n=a ) )
{

C Elatali ) =o ✓

✓ Also : Lola 15 ) = ( Tlali )=o

✓ Lola Ii ) = ( Tlalo )=o

But really to - I - Kata ,
E. = of 'a . . .

aid to leads to distortion ( 51 Eot to II ) - ( T/EotEo Ii )

=

0474514+4215
)

ythi#sT|
- CT Kata )2li , ]

binomial["detTo
orxiv.org : ipos . og.az

to . in this order

4 I
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Two - mode Version ( Chuang , Leung,

Yamamoto ( 996 ! )

15 )= ¥ (1407+104) ) E= { expl - £ ( ii. + ni )j ) ,

lfia , , Tyiaz }
Ii )= 122 )

Code meet the QEC condition !

since exp ( - tz ( ni th , )j ) 15 ) = exptzz ) 15 )

, ,
Ii ) = exp C- zj ) IT )

no distortion ! @

I
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Cat code ( 4 . legged ) @R ( p )
@

15 ) x 1Mt t a) + lid ) + tid )

Ii ) d 1Mt 1- a ) - lid ) - 1- id )
# < g)

orthogonal ! ( use ( xlp )= e
- Hill 'ked*P )

E= }I ,
a }

Photon Parity operator e×p( iiata )
-

+ ' even Pants

\
- 1 odd party

Verify that e

itata
(a) =| . & ) ⇒

a , .li , even pants

expciitkata ) 157=15 ) photon # is 0 mod 4
.

eepcilthata ) 1 I ) =
- Ii )

, , . ,  "
2 mod 4 .

= E = logical Z
.

I



@QEC conditions

a to ) has parity 3 model

alt )
, , , ,

T mod 4
"

AMAZING!

< olali ) = Lila Ii )=o ✓ /
( 51 a IT ) = ( 51 at IT )=o ✓ smallest

( I Iata 1 i ) =o ✓ 1212=2.34

but what asout

solatalo
'

) }
cilatali , ) ' ' ' µ  '

-

larpd ?
→ yes ,

but I #I - Ehn
-

7 I
At SWEET SPOT | tana

'

.
- taahsi

-

we meet all QEC

conditions for }I ,
a }



@
Can you verify sweet spot , using

that normalization of States is

to )=
H )+t2 ) + lid ) + tid )

_YVZ ( ( oslixt cos x2 )

Ii )=
It )t to ) - lid ) - 1. is )

_YTZC Cash 'd - (05×2)

I



Effect of being at sweet spot : @

Sylp ) = Eoptot
+ El PE ,

+

to = I - Ei

or E
,

= if
'

a

lifetime \•
different T : different

time to corrections .

aY!iEto¥It¥¥⇒±÷tIsit÷¥te
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Measuring photon parity

P is unitary with ± , eigeuvalues
th tD projective measurement of P
It ) -1-0+1

-

( e. s . Pauli ) .

Use controlled - exp ( Iitala ) → 11>41 at a

interaction .

But not fault - tolerant I.
Qusit decay during IOPI files ]%t &< ±

.

=) measuring eejen value of say pk= ei "¥42=E
with some probafililj →bad

#



Existence of faultless recovery R @
does not imply existence of faulted
which leads to a qusit which is better

than the most basic bosonic code 15 )=lh=o )

IT ) = In =L )

which uses no quantum error Correction
,

Fancy Overhead . efficient Codes can be

useless
. . . for stasilizer codes

, recovery

can be simple , fault . tolerant construction ,

exist
, indudiy some easy logical gates . . . .

T I


