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LAWS OF FLOW IN ROUGH PIPES

By J. Nikuradse

INTRODUCTION

Numerous recent investigations (references 1, 2, 3, 4, and 5)
have greatly increased our knowledge of turbulent flow in smooth tubes,
channels, and along plates so that there are now available satisfactory
data on velocity distribution, on the laws controlling resistance, on
impact, and on mixing length. The data cover the turbulent behavior of
these flow problems. The logical development would now indicate a
study of the laws governing turbulent flow of fluids in rough tubes,
channels, and along rough plane surfaces. A study of these problems,
because of their frequent occurrence in practice, is more important
than the study of flow along smooth surfaces and is also of great
interest as an extension of our physical knowledge of turbulent flow.

Turbulent flow of water in rough tubes has been studied during the
last century by many investigators of whom the most outstanding will be
briefly mentioned here. H. Darcy (reference 6) made comprehensive and
very careful tests on 21 pipes of cast iron, lead, wrought iron,
asphalt-covered cast iron, and glass. With the exception of the glass
all pipes were 100 meters long and 1.2 to 50 centimeters in diameter.

He noted that the discharge was dependent upon the type of surface as
well as upon the diameter of the pipe and the slope. If his results

are expressed in the present notation and the resistance factor A 1is
considered dependent upon the Reynolds number Re, then it is found that

according to his measurements X\, for a given relative roughness %,

varies only slightly with the Reynolds number (x 1is the average depth

<|A

of roughness and r 1is the radius of the pipe; Reynolds number Re =T

in which T 1is the average velocity, d 1s the pipe diameter, and v
is the kinematic viscosity). The friction factor decreases with an
increasing Reynolds number and the rate of decrease becomes slower for
greater relative roughness. For certain roughnesses his data indicsate
that the friction factor A is independent of the Reynolds number.

*"Strgmungsgesetze in rauhen Rohren." VDI-Forschungsheft 361,
Beilage zu "Forschung auf dem Gebiete des Ingenieurwesens" Ausgabe B
Band 4, July/August 1933.
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For a constant Reynolds number, A increases markedly for an increasing
relative roughness. H. Bazin (reference 7), a follower of Darcy, car-
ried on the work and derived from his own and Darcy's test data an
empirical formula in which the discharge is dependent upon the slope
and diameter of the pipe. This formula was used in practice until
recent times.

R. v. Mises (reference 8) in 1914 did a very valuable piece of
work, treating all of the then-known test results from the viewpoint of
similarity. He obtained, chiefly from the observations of Darcy and
Bazin with circular pipes, the following formula for the friction fac-
tor A in terms of the Reynolds number and the relative roughness:

A = 0.002k +yK 4 &3
'  \Re
This formula for values of Reynolds numbers near the critical, that is,
for small values, assumes the following form:

A= (o.ooel; +J5_><1 - 1000) + Q3 [ 1000 8
r Re VRe Re  Re

in which k 1is the

absolute roughness was first used by v. Mises. Proof of similarity

for flow through rough pipes was furnished in 1911 by T. E. Stanton
(reference 9). He studied pipes of two diameters into whose inner sur-
faces two intersecting threads had been cut. 1In order to obtain
geometrically similar depths of roughness he varied the pitch and depth
of the threads in direct proportion to the diameter of the pipe. He
compared for the same pipe the largest and smallest Reynolds number
obtainable with his apparatus and then the velocity distributions for
various pipe diameters. Perfect agreement in the dimensionless velocity
profiles was found for the first case, but a small discrepancy appeared
in the immediate vicinity of the walls for the second case. Stanton
thereby proved the similarity of flow through rough tubes.

e Ry

The term "relative roughness" for the ratio

More recently L. Schiller (reference 10) made further observations
regarding the variation of the friction factor A with the Reynolds
number and with the type of surface. His tests were made with drawn
brass pipes. He obtained rough surfaces in the same manner as Stanton
by using threads of various depths and inclinations on the inside of
the test pipes. The pipe diameters ranged from 8 to 21 millimeters. His
observations indicate that the critical Reynolds number is independent of
the type of wall surface. He further determined that for greatly
roughened surfaces the quadratic law of frictlon is effective as soon
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as turbulence sets in. In the case of less severely roughened surfaces
he observed a slow increase of the friction factor with the Reynolds
number, Schiller was not able to determine whether this increase goes
over into the quadratic law of friction for high Reynolds numbers, since
the Gottingen test apparatus at that time was limited to about Re = 107,
His results also indicate that for a fixed value of Reynolds number the
friction factor M\ increases with an increasing roughness.

L. Hopf (reference 11) made some tests at about the ssme time as
Schiller to determine the function A = f(Re %). He performed system-

atic experiments on rectangular channels of various depths with differ-
ent roughnesses (wire mesh, zinc plates having saw-toothed type surfaces,
and two types of corrugated plate). A rectangular section was selected
in order to determine the effect of the hydraulic radius (hydraulic
radius r' = area of section divided by wetted perimeter) on the varia-
tion in depth of section for a constant type of wall surface. At Hopf's
suggestion these tests were extended by K. Fromm (reference 12). On

the basis of his own and Fromm's tests and of the other available test
data, Hopf concluded that there are two fundamental types of roughness
involved in turbulent flow in rough pipes. These two types, which he
terms surface roughness and surface corrugation, follow different laws

of similarity. A surface roughness, according to Hopf, is characterized
by the fact that the loss of head is independent of the Reynolds number
and dependent only upon the type of wall surface in accordance with the
quadratic law of friction. He considers surface corrugation to exist
when the friction factor as well as the Reynolds number depends upon

the type of wall surface in such & manner that, if plotted logarithmically,
the curves for A as a function of the Reynolds number for various wall
surfaces lie parallel to a smooth curve. If a 1s the average depth of
roughness and b 1is the average distance between two projections from

the surface, then surface corrugation exists for small values of %

and surface roughness exists for large values of %.

A summary of the tests of Hopf, Fromm, Darcy, Bazin and others is
given in figures 1 and 2, the first illustrating surface roughness and
the second surface corrugation. Hopf derived for the friction factor A
within the range of surface roughness the following empirical formula:

A= b ox 10_2(:_')0.311;

in which r' 1is the hydraulic radius of the channel <r' = %?; F = area
of cross-section; U = wetted perimeter). This formula applies to iron
pipes, cement, checkered plates and wire mesh. In the case of surface
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corrugation he gives the formuls

A = Aok

in which XA, 1s the friction factor for a smooth surface and & 1s a
proportionality factor which has a value between 1.5 and 2 for wooden
pipes and between 1.2 and 1.5 for asphalted iron pipes.

The variation of the velocity distribution with the type of wall
surface is also important, as well as the law of resistance. Observa-
tions on this problem were made by Darcy, Bazin, and Stanton (reference 9).
The necessary data, however, on temperature of the fluid, type of wall
surface, and loss of head are lacking. In more recent times such obser-
vations have been made by Fritsch (reference 13) at the suggestion of
Von Kermen, using the same type of apparatus as that of Hopf and Fromm.
The channel had a length of 200 centimeters, width of 15 centimeters
and depth varying from 1.0 to 3.5 centimeters. A two-dimensional condi-
tion of flow existed, therefore, along the short axis of symmetry. He
investigated the velocity distribution for the following types of wall
surface:

1. smooth

2. corrugated (wavy)

3. rough

I. (floors, glass plates with light corrugations)

4. rough

II. (ribbed glass)

5. toothed (termed saw-toothed by Fromm)

Fritsch found that for the same depth of channel the velocity distri-
bution (except for e layer adJacent to the walls) is congruent for all
of these types of surfaces if the loss of head is the same.

Tests in a channel with extremely coarse roughness were made by
Treer, (references 14 and 15) in which he observed the resistance as
well as the velocity distribution. From these tests and from those of
other investigators, he found that the velocity distribution depends
only upon the shearing stress, whether this is due to variation in

roughness or in the Reynolds number.

The numerous and in part very painstaking tests which are available
at the present time cover many types of roughness, but all lie within a
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very small range of Reynolds number. The purpose of the present 1inves-
tigation is to study the effect of coarse and fine roughnesses for all
Reynolds numbers and to determine the laws which are indicated. It was,

therefore, necessary to consider a definite relative roughness % for

a wide range of Reynolds number and to determine whether for this con-

stant =, that is, for geometrical similarity, the value X = f(Re) 1is
the samé curve for pipes of different diameter. There was also the

question whether for the same % the velocity distributions are similar

and vary with the Reynolds number, and whether for a varying % the

velocity distributions are similar as stated by V. KérmAn.

I wish here to express my sincere gratitude to my immediate
superior, Professor Dr. L. Prandtl, who has at all times aided me by
his valuable advice.

I. EXPERIMENT

1. Description of Test Apparatus

The apparatus shown in figure 3 was used in making the tests. The
same apparatus was employed in the investigation of velocities for tur-
bulent flow in smooth pipes. The detailed description of the apparatus
and measuring devices has been presented in Forschungsheft 356 of the
VDI. Only a brief review will be given here. Water was pumped by means
of a centrifugal pump kp, driven by an electric motor em, from the
supply canal vk, into the water tank wk, then through the test pipe vr
and into the supply canal vk. This arrangement was employed in the
investigation with medium and large values of Reynolds number. An over-
flow was used in obtaining observations for small values of Reynolds
number. The water flowed through the supply line zl, into the open
water tank wk, and a vertical pipe str, connected with the tank, con-
ducted the overflowing water over the trap and down through the overflow
pipe fr. The flow in the test pipe could be throttled to any desired
degree. A constant high pressure in the water tank wk was required
in order to attain the highest values of Reynolds number. Observations
were made on:

1. loss of head

2. velocity distribution in the stream immediately after leaving
the test pipe
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3. discharge quantity
L. temperature of the water

Three hooked tubes with lateral apertures were used to measure the
loss of head. These tubes are described in detail in section I,3. The
velocity distribution was determined by means of a pitot tube with
0.2 millimeter inside diameter, mounted in the velocity-measuring
device gm, and adjustable both horizontally and vertically. The dis-
charge for Reynolds numbers up to 3 X 102 was measured in a tank mb
on the basis of depth and time. Larger discharges were computed by
integrating the velocity distribution curve. Temperature readings were
taken at the outlet of the velocity-measuring device gm. The test
pipes were drawn brass pipes of circular section whose dimensions are
given in table 1. The diameters of the pipe were determined from the
weight of the water which could be contained in the pipe with closed
ends and from the length of the pipe.

2. Fabrication and Determination of Roughness

Similitude requires that if mechanically similar flow is to take
place in two pipes they must have a geometrically similar form and must
have similar wall surfaces. The first requirement is met by the use of
a circular section. The second requirement is satisfied by maintaining
a constant ratio of the pipe radius r to the depth k of projections.
It was essential, therefore, that the materials producing the roughness
should be similar. Professor D. Thoma's precedent of using sand for
this purpose was adopted.

Grains of uniform size are required to produce uniform roughness
throughout the pipe. Ordinary building sand was sifted. In order to
obtain an average grain size of 0.8 millimeter diameter, for example,
sieves were employed having openings of 0.82- and 0.78-millimeter
diameter. A Zeiss thickness gage was used to obtain the actual average
grain size by taking actual measurements of the diameter of several
hundred grains. These sand grains were spread on a flat plate. The
diameters of the individual grains were then measured with the Zeiss
thickness gage (having an accuracy of 0.001 mm) by sliding the plate.

For the case cited the arithmetical average was found to be 0.8 millimeter.

A micro-photograph of uniform size (0.8-mm diameter) grains as
reproduced in figure 4 furnishes some information regarding grain form.
Preliminary tests had indicated the manner in which the pipes could be
roughened with sand. The pipe placed in a vertical position and with
the lower end closed was filled with a very thin Japanese lacquer and
then emptied. After about 30 minutes, which is a period sufficient for
the drying of the lacquer on the pipe surface to the "tacky" state,
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the pipe was filled with sand of a certain size. The sand was then
allowed to flow out at the bottom. The preliminary tests showed that
the drying which now follows is of great importance for durability. A
drying period of two to three weeks 1s required, depending upon the
amount of moisture in the air. A uniform draft in the pipe, due to an
electric bulb placed at the lower end, helped to obtain even drying.
After this drying, the pipe was refilled with lacquer and again emptied,
in order to obtain a better adherence of the grains. There followed
another drying period of three to four weeks. At each end of the pipe,
a length of about 10 centimeters was cut off in order to prevent any
possible decrease in the end sections. After the treatment Just described
the pipes were ready to be measured.

One 6f the conditions cited above indicates that different grain
sizes must be used for pipes of different diameter if the ratio %,

wh.ch is the gage for similarity of wall surface, is to remain constant.
Geometrical similarity of the wall surface requires that the form of
the individual grains shall be unchanged and also that the projection
of the roughening, which has hydrodynamical effects, shall remain con-
stant. Figure 4 shows that voids exist between the grains. The hydro-
dynamically effective amount of projection k 1is equal to the grain
size. In order to determine whether the previously observed diameter
of grains is actually effective, a flat plate was coated with thin
Japanese lacquer (the necessary degree of thinness was determined by
preliminary tests) and roughened in accordance with the described
procedure. The projJection of the grains above the surface was measured
in the manner already described and it was found that, for a definite
degree of thinness of the lacquer, this average projection agreed with
the original measurements of the grains.

3., Measurement of Static Pressure Gradient

Measurement of static pressure gradient during flow in smooth pipes
is usually made by piezometer holes in the walls of the pipe. Marked
errors result, however, if loss of head in rough pipes is determined
in this same manner. These are due to the fact that the vortices which
result from flow around the projections produce pressure or suction,
depending on the position of the aperture. For this reason the hooked
tube was adopted for observing the static pressure gradient. This tube
had a rectangular bend as shown in figure 5 and was mounted in the test
pipe so that the free leg was parallel to the direction of flow.
Lateral openings only were bored in this free leg. The outside diame-
ter d of the tube was 2 millimeters. Other features of the tube are
in agreement with the specifications (reference 16) set up for the
Prandtl pitot static tube (staurohr)., The free leg was placed at a
distance from the wall equal to 1/2 the radius of the test pipe. The
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connecting leg was bent at an angle of about 60° in the plane of the
free leg 1n order that the position of the free leg might always be
indicated. The bent tube was fastened in the test pipe by means of a
stuffing box.

Variation of the pressure readings in a hooked tube with veriations
in the position of the tube relative to the direction of flow is shown

in figure 61. This figure indicates that correct readings are obtained
only if the direction of the free leg deviates not more than 7.50 from
the direction of flow., The introductlion of the hooked tube into the

test pipe results in an increase of pressure drop due to the resistance
to the tube., The resistance of the two hooked tubes used in measuring
must be deducted from the observed pressure drop Py - pp. The resist-

eance of the tube must therefore be known. This value was found by
measuring the pressure drop h 1in a smooth pipe in terms of the dis-
charge at a constant temperature, first by using wall plezometer orifices
and then by measuring the pressure drop h + a 1in terms of the discharge
at the same temperature by means of a hooked tube. The increment a for
equal discharges 1s the reslstance of the hooked tubes. The correction
curve for this resistance is given in figure T.

It should be noted that changes in direction of the tube result
both in an error in the pressure reading and in an increese in the
resistance due to the tube. If the corrected pressure drop P - P, is

divided by the observation length 1, (distance between the holes in the
side of the hooked tubes), there 1s obtained the static pressure
gradient,

L. Preliminary Tests

A mixture of sieved sand and white lacquer in a definite proportion
was used to fill a pipe closed at the bottom, in the manner of Professor
D. Thoma (reference 17). The mixture was then allowed to flow out at
the bottom. After a drying period of about two to three weeks, prelim-
inary tests answered the question whether the hydrodynamically effective
projection of the roughening remained constant. The pressure drop was
measured at hourly intervals for a glven Reynolds number for which the

lThis figure is taken from the work of H., Kumbruch, cited herein
as reference 16.
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average velocity u was about 20 meters per second. It was observed
that within a few days the pressure slope developed a pronounced
increase. A marked washing off of the lacquer was indicated at the
same time by deposits on the bottom of the supply channel. Another
objectionable feature was the partial washing out of the sand. The
increase in the pressure gradient is accounted for by the increase in
projection of roughness due to the washing off of the lacquer. There-
fore, the method of fastening the sand had to be changed in order to
insure the required condition of the surface during the test procedure.
The projection k of the roughness had to remain constant during the
tests and the distribution of the sand grains on the wall surfaces had
to remain unchanged.

Adhesion between sand grains was prevented by using a very thin
lacquer. This lacquer formed a direct coating on the wall and also a
covering on the grains no thicker than the penetration of these grains
into the lacquer coating of the wall. The original form and size of
the grains remained unchanged. A determining factor in this problem
was the degree of thickness of the lacquer which was varied by the
addition of turpentine until the original grain size remained unchanged.
Tests made with pipes without lacquer reccating showed that the sand
would wash out. The recoating with lacquer was, therefore, adopted.

If only a short period of drying was used for both coats, the lacquer
was washed off. If the first drying was short and the second long,
then all of the lacquer was also washed off. If the first drying
period were long and the second short, there would also be some loss

of sand. A constant condition of roughness could be obtained only when
each lacquer coating was dried from three to four weeks. The accuracy
of observations made with the hooked tube was checked by connecting the
tube through a manometer to a wall piezometer orifice at the same sec-
tion of the pipe. Both connections should show the same pressure in a
smooth pipe, that is, the manometer reading must be zero. Hooked tubes
checked in this manner were used for taking principal observations.

Finally, a determination of the approach length g wa.s made.

Velocity distributions were observed for the largest relative roughness

ratio ko1, The velocity at various distances y from the surface

r 15
was determined for Reynolds numbers of Re = 20 X 103, 70 X 103, and
150 x lO3 at various distances from the entrance g. This was effected
by cutting off portions of the test pipe. Tests show that changes in
the approach length have small effect on the Reynolds number. The

approach length is somewhat shorter than that for smooth pipes, % ~ Lo

(fig. 8). The approach length g = 50 was used as for smooth pipes.
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II. EVALUATION OF TEST RESULTS

1. Law of Resistance

The resistance factor A for flow in the pipes is expressed by
the formula:

(1)

g5
Qilp

in which %ﬁ is E?e pressure drop per unit of length, @ is the diam-
q

eter, and =p %?, the dynamic pressure of the average flow

velocity W and p 1is the density. An extensive test program with a
range of Re = 600 to Re = 10° for the Reynolds number was carried out,
and the relationship of the resistance factor to the Reynolds number
was studied for pipes of various roughnesses. Six different degrees of

relative roughness were used, with the relative roughness % determined

by the ratio of the average projection k to the radius r of the pipe.

In evaluating the test data it seemed advisable to use instead of

the relative roughness %, its reciprocal i. Figure 9 shows to a

logarithmic scale the relation of the resistance factor to the Reynolds

number for the reciprocal values i of the six relative roughnesses

tested and for a smooth pipe (see tables 2 to 7). The bottom curve is
for the smooth pipe. If the curve for A = f(Re) is studied for a
given relative roughness, then it must be considered in three portions
or ranges.

Within the first range, that of low Reynolds numbers, the rough-
ness had no effect on the resistance, and for all values of E the

curve A = f(Re) coincides with the curve for the smooth pipe. This
range includes all laminar flow and some turbulent flow. The portion

of turbulent flow included increases as the relative roughness decreases.
As long as laminar flow exists, the resistance factor may be expressed
as:

A= — (2)
This is represented in figure 9 by a straight line of slope 1:1. Within

the first portion of turbulent flow in smooth pipes for a Reynolds num-
ber up to about Re = 10° the Blasius Resistance Law (reference 18) hol~”
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0.316 (3)

This is represented in the figure by a straight line of slope 1:4. The
critical Reynolds number for all degrees of relative roughness occurs at
about the same position as for the smooth pipe, that is, between 2160
and 2500.

Within the second range, which will be termed the transition range,
the influence of the roughness becomes noticeable in an increasing
degree; the resistance factor A increases with an increasing Reynolds
number. This transition range is particularly characterized by the fact
that the resistance factor depends upon the Reynolds number as well as
upon the relative roughness.

Within the third range the resistance factor 1s independent of the
Reynolds number and the curves A = f{Re) Dbecome parallel to the hori-
zontal axis. This is the range within which the quadratic law of
resistance obtains.

) The three ranges of the curves A = f(Re) may be physically inter-
preted as follows. In the first range the thickness © of the laminar
boundary layer, which is known to decrease with an increasing Reynolds
number, is still larger than the average projection (8 > k). Therefore
energy losses due to roughness are no greater than those for the smooth

pipe.

In the second range the thickness of the boundary layer is of the
same magnitude as the average projection (8 ~ k). Individual projections
extend through the boundary layer and cause vortices which produce an
additional loss of energy. As the Reynolds number increases, an
increasing number of projections pass through the laminar boundary layer
because of the reduction in its thickness. The additional energy loss
than becomes greater as the Reynolds number increases. This is expressed
by the rise of the curves X = f(Re) within this range.

Finally, in the third range the thickness of the boundary layer
has become so small that all projections extend through it. The energy
loss due to the vortices has now attained a constant value and an
increase in the Reynolds number no longer increases the resistance.

The relationships within the third range are very simple. Here the
resistance factor is independent of the Reynolds number and depends only
upcon the relative roughness. This dependency may be expressed by the
formula

A = L (&)

/ r\2
Kl.?h + 2 log E)
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In order to check this formula experimentally the value %% was plotted

in figure 10 against log % and it was found that through these points

there could be passed a line

L i mio210gl (5)

{X k

The entire field of Reynolds numbers investigated was covered by plot-

Vyk
against log ——- This term is particularly

1 r
ting the term —= - 2 log =
v k

suitable dimensionally since it has characteristic values for conditions

along the surface. The more convenient value log Re Jﬁ:- log E might

vtk, as may be seen from the following considera-

be used instead of 1log

tion. From the formula for the resistance factor

x = 3P br_ 1
x 72 (1)
the relationship between the shearing stress T, &and the friction
factor ) may be obtained. In accordance with the requirements of
equilibrium for a fluid cylinder of length dx and radius r,

d 2
2ano = aﬁ nr

or from equation (1)

2
2% (6e)
or
VX = 2.83 % (6p)
u

—
in which v, =¢%? is the friction velocity. There results

V*r
Re (A = 5.66 —

and
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. v,k
log(Re VA) - log i = log(5.66 -ﬁ—) (7a)
or
v*k T
log —— = const + log(Re yA) - log T (7p)
From equation (5) there is obtained:
T N o N (58)
B k P

1 T
It is evident then that the magnitude of (vf - 2 log E) is

constant within the region of the quadratic law of resistance but
within the other regions is varisble depending on the Reynolds number.
T
k
the abscissa instead of log(Re yA) as was done for the smooth pipe.
Equation (5a) may now be written in the form

The preceding explains why the value log(ReVX) - log was used as

= - 2 log = = fllog —-— (8)
x ®x &
There occurs here, as the determining factor, the dimensionless term
_ Yuk
Y

which is to be expected from the viewpoint of dimenslonal analysis.
The relationship

1 T Vk)
= - 21 = =f{1 X
og = ( og v

VA

as determined experimentally is shown in figure 11 (see tables 2 to T)
for five degrees of relative roughness. The sixth degree of relative
roughness was not included because in that the assumption of geometrical
similarity probably did not exist. It is evident that a smooth curve
may be passed through all the plotted points.

The range I in which the resistance is unaffected by the roughness
and in which all pipes have a behavior similar to that of a smooth pipe
is expressed in this diagram (fig. 11) by the equation
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1 r Vyk
- 2 log ¢ = 0.8 + 2 log &= (9)

in which the value of a function f is determined by equation 8. The
fact that the test points lie below this range is due to the influence
of viscosity which is still present for these small Reynolds numbers.
This indicates that the law expressed in equation 3 is not exactly ful-
filled. The transition range, range II, is represented in figure 11 by
a curve which at first rises, then has a constant value, and finally
drops. The curves to be used in later computations will be approximated
by three straight lines not shown (references 19 and 20) in figure 11.
The range covered by the quadratic law of resistance, range III, in

v,k
this diagram lies above log —%— = 1.83 and corresponds to equation (5a).

These lines may be expressed by equations of the form

1 by vyk

—_ - = I, ik

7 2 log - et b log ¥ (10)
vk

in which the constants a and b vary with —%7 in the following
manner:

1

. k v,k
_ -2 1log L =1.18 + 1.13 log %= for 0.55 < log -*= < 0.8
7x g 3 log y 55 = log - = >

v,k
= 2,14 for 0.85 < log -~ <1.15

v*k Vak
= 2.81 - 0.588 log — for 1.15 < log v < 1.83

It is clear that for each straight line
A = 1 5 (11)
(a + b log X%E + 2 log %)

2. Velocity Distribution

Observations on velocity distributions were made for pipes with
diameters of 2.5 centimeters, 5 centimeters, and 10 centimeters, with

Reynolds numbers between lOLL and 10 (see tables 8 to 13). Since the
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velocity distributions were symmetrical, only one-half the curve had
to be considered in the evaluation of test data. A dimenslonless
equation of the form

_ f(z) (12)

u
U T

was selected to show the variation of the wvelocity distribution with the
value %. In this equation U is the maximum velocity, and u 1is the
velocity at any point y distant from the wall in a pipe of radius r.
This relationship is shown in figure 12 for a smooth pipe and for such
velocity distributions at various degrees of relative roughness as lie
within the region of the quadratic law of resistance. This figure indi-
cates that as the relative roughness increases, the velocity distribu-
tion assumes a more pointed form. Our earlier tests with the smooth
pipe have shown, however, that as the Reynolds number increases the
velocity distribution assumes a more blunt form.

A very simple law for the velocity distribution in rough pipes is

obtained from the following plotting. The dimenslonless velocity %L
*

is shown in figure 13 plotted against %. The term vy 1is the "friction
T

velocity," v, = ?? as previously introduced. This figure indicates

that in the regions away from the wall the velocity distributions are

similar. If, in accordance with Von Kermsn, the plotting is for
U -u

7 = f(%), the similar curves merge to form a single curve (fig. 17).
*

The velocity distributions for the different degrees of relative rough-

ness also merge to almost a single curve if the dimensionless term S

Vx
is plotted against log %. It may be seen that all the observed points

agree very well with the straight line, only however for those velocity
distributions which come within the region of the quadratic law of
resistance (fig. 14). This line has the equation

L g - L
v 8.48 + 5.75 log - A + B log v (13)

Following the method of Prandtl (reference 21) in obtaining a universal
law of velocity distribution in smooth pipes there is used here a

v
dimensionless distance from the wall 1 =y 7} to obtain the universal

equation for velocity distribution
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= =9 =5.5+5.75 log 7 (14)

Vi

If the relationship ¢ = f(log i) 1s now plotted for rough pipes, fig-
ures 15(a) to 15(f) are obtained, which in every case yield a straight
line for the dimensionless velocity. Each figure corresponds to a

definite relative roughness and to the several Reynolds numbers recorded,
figure 15(a) corresponds to the smallest roughness E = 507, figure 15(b)
to the next to smallest, etc. There is furthermore shown on every fig-
ure the velocity distribution in the smooth pipe as given by equation 1k.
The observation points lying on this straight line were obtained not in
a smooth pipe but in a rough pipe at such a small Reynolds number that
the influence of the roughness is not noticeable. These straight lines
for a given relative roughness shift with an increasing Reynolds number
to a position parallel to that of the straight line for the smooth pipe.
A careful study of the individual test points shows that those near the
wall (small values of log n) as well as those near the axis (large values
of log n) lie slightly above the line.

The term A as indicated by equation (13) has a constant value in
the region of the quadratic law of resistance. In the transition

regions I and II, however, A depends upon the Reynolds number Re = E%E

and on the relative roughness % in such a manner that A essentially

depends only on the product Re Ji'k

'; in accordance with equation (7a).

From equation (6b)
v
YA = 2.83 %
a
so that
Kk V*k
Re VX_; = 5.66 'S

There may then be obtained an expression of the form

A=2 _5.7510g ¥ = f(log L*k) (15)
Vy k v
In order to determine the magnitude of A for each velocity distribution

curve, the term $L - 5.75 log % was obtained from figures 15(a) to 15(e)
*

for every test point of each velocity curve and was plotted as a function

of %. From the plotted result the value of A was determined for the
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velocity curve under consideration. Particular care must be used in

this determination at medium distances from the wall, since, on the one

hand, the value of y cannot be accurately obtained for points near the

wall, and furthermore the viscosity has a noticeable influence here, and

on the other hand, a regular deviation always occurs for points near the

axis. The value of A as found in this manner for all velocity curves

v

was then plotted as a function of log —%— (see fig. 16). The form

of curve A as a function of log ik g5 very similar to the curve for
v,k

the resistance law obtailned by plotting &: - 2 log % against log f§—

from equation (8).

Analytical proof of this relationship may be obtained by the same
method as that used for the smooth pipe (references 5 and 21). In
accordance with equation (13)

o J
v - A+ B log § (16a)

or, if this equation is written for the pipe axis, that is, u =U, y = r:

U r
5 =A+ Blog (16b)
*
U -u N .
From the equation - v = f - there may be obtalned by integration
*
the term
U-T-p (178)
Vx
_ 2
If v is plotted as a function of (¥> s, the result will be
*
B =3.75
Then, from equation (17a)
U=1u+ Bvy (17v)

and from equation (6b) the relationship between the coefficient of
resistance and the average velocity u 1is found from

T - 2\-{;3 v, (18)
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Substituting equation (18) into equation (17b) and dividing by Vg

£:2.83+B
' s
and then from equation (16b)
2.83 r
———= = A+ Blog—-p (19a)
I Sk
or with B = 5.75
2.83 ( T )
—( - (5.75 log == - B] = A (191)
Jx k

The desired relationship between the velocity distribution and the law
of resistance is given in equations (15) and (19b). Tt may be expressed
in the following form

u 2.83 r v,k
v 5.75 log % "5 (5.75 log ¢ - B> = f<108 7‘}-) (20)

Figure 16 contains in addition to the values of A computed from the
velocity distributions by equation (15), the computed values obtained
from the law of resistance by equation (19b). The agreement between the
values of A determined by these two methods is satisfactory.

By the same method as in figure 11, the curve A may be represented
v
as a function of lcg f3—. Within the range of the law of resistance

where the effect of viscosity is not yet present the law for smooth
pipes applies, that s,

vk v, k
0 < log V-C—go.f;f} A =5.5+5.75 log —% (21a)

The transition region from the law of resistance of the smooth pipe to
the quadratic law of resistance of the rough pipe may be divided into
three zones:

<
o

k
I. 0.55 < log —3— <0.85 A =6.59 + 3.5 log v—*v‘— (21b)
k
II. 0.85§10g1*5—§1.15 A =9.58 (21c)
v,k v,k
III. 1.15 < log —%— <1.83 A=11.5 - 1.62 log %~ (21d)
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and within the zone of the quadratic law of resistance:
VK
log v >1.83 A = 8.48 (218)

These expressions describe with sufficient accuracy the laws of velocity
distribution and of resistance for pipes with walls roughened in the
manner here considered.

Finally, it will be shown briefly that the Von Kermén (reference 2)
equation for the wvelocity distribution

U;uz-égn(l-va—.g%vl—.g] (22)

*

derived analytically on the basis of his hypothesis of similarity,
agrees with the experimental data. The term « 1is a universal constant
obtained from the velocity distribution. In figure 17, the curve drawn
through the experimental polnts agrees almost exactly with the curve for
this equation. With very large Reynolds numbers where the influence of
viscosity is very slight the velocity distributions according to Von
Karman's treatment do not depend upon the type of wall surface nor upon
the Reynolds number. Good agreement with « = 0.36 is obtained between
experimental and theoretical curves for such velocity distribution up

to the vicinity of the wall. It may be concluded from this that at a
definite interval y, from the wall, the type of flow and the momentum
change are independent of the type of wall surface.

In order to include those observation points for velocity distribu-

U -

tions which are near the wall the term was evaluated from the

*
universal velocity distribution equation (14) in the following manner:
If equation (14) is written for the maximum velocity by letting u = U
and y = r, then -

Y. YxT
v, =55+ 5.75 log =%

If equation (14) is subtracted from this equation, there is obtained

U -u

A

r
= 5.75 log 3 (23)

In contrast to the theoretical curve of Von KArmin which agrees with the
observations taken near the wall only if a different value of ¥ |is
used, the above equation obtained from the observations describes the
entire range beiween the surface and the axis of the pipe. It is of
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interest to consider for comparison the equation which Darcy (reference 6)
obtained in 1855, on the basis of careful measurements. His equation for
velocity distribution, in the notation of this article, is

g-u., 5.08(1 - %)3/2 (24)

Vx

In figure 17, equation (23) is represented by a full line and equa-
tion (24) by a dotted line. The Darcy curve shows good agreement except

for points near the wall where %<< 0.35. This imperfection of the
Darcy formula is due to the fact that his observations nearest the wall
were for % = 0.33. Up to this limit the agreement of equation (24) with

the observed data is very good.

3. Exponential Law

Even though the velocity distribution is adequately described by
equation (13) or equation (23), it is sometimes convenient to have an
exponential expression which may be used as an approximation. Prandtl
from a dimensional approach concluded from the Blasius law of resistance
that the velocity wu near the wall during turbulent flow varies with
the 1/7 power of the distance from the wall, (references 22, 23, and 24),
that 1is

u = ay (25)

in which a 1is a constant for each velocity curve. It is to be empha-
sized that the exponent 1/7 holds only for smooth pipes in the range of

the Blasius law (up to Re = 109), but that for larger Reynolds numbers
it decreases, as shown by our earlier observations, (references 5 and 25)
to l/lO. The situation is entirely different in the case of rough pipes;
here within the range of our experiments the exponent for an increasing
relative roughness increases from 1/7 to 1/h.

Equation (25) may be written in another form if the velocity and

the distance from the wall are made dimensionless by using the friction
velocity vy:

in which, according to equation (25), n = 1/7. Then

log ® = log C + n log 7 (26)
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If log @ is plotted as a function of log m there results a straight
line with slope n. This relationship is shown in figure 18 for various
degrees of relative roughness and also for a velocity distribution in a
smooth pipe. All of the velocity distributions for rough pipes shown

in this figure lie within the range of the quadratic law of resistance.
Tt is evident from the figure that within the range of relative rough-
ness investigated here the exponent n iIncreases from 0.133 to 0.238.
From the recorded curve for the smooth pipe n = 0.116. In order to
determine the variation in the exponent n with the Reynolds number for
a fixed relative roughness, the value of log ¢ as a function of log 7

has been determined for various Reynolds numbers and for a relative
T

roughness i 126. The change of slope of the line was found to be
very slight with variations of Reynolds number. The smallest recorded
values of Reynolds number lie within the region defined as range I of
the resistance law where the coefficient of resistance A 1s the same
as for a smooth pipe; the next larger Reynolds numbers lie in range I1
(transition region), and the largest in range III (quadratic law of
resistance). Figure 18 shows that points on the pipe axls deviate from
the locations obtained by the exponential law.

4. Prandtl's Mixing Length

The well-known expression of Prandtl (references 1, 26, 27, and 28)
for the turbulent shearing stress is:

du
dy

T - 12
p

du
ay (27a)

The determination of the mixing length from the velocity profiles
may be easily carried out by means of eguation (27a). By rearrangement:

I
L=\ |- (27v)
(&)
ay
The shearing stress T at any point is in linear relationship to the

shearing stress T, at the wvall,

T = To(l - %) . (28)

In the computation of the variation of mixing length with the distance

from the wall by equation (27v), the value of %% was found graphically
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from the velocity distributions. This is somewhat difficult in the
vicinity of the pipe axis since there the values of both % and %;
are very small. The procedure necessary to obtain the value of 1 as
accurately as possible has been described in detail in a previous
article (reference 5).

The dimensionless mixing length distribution arrived at in this
manner for large Reynolds numbers lying within the range of the quadratic
law of resistance has been plotted in figure 19. The curve shown is
that obtained from observations on smooth pipes, expressed according to
Prandtl in the form:

L0k - o.o8<1 - %)2 - 0.06(1 - %)1‘ (29)

There exists, therefore, the same mixing length distribution in rough

as in smooth pipes. This fact leads to the conclusion that the mechanics
of turbulence, except for a thin layer at the wall, are independent of
the type of wall surface.

In order to present in a compact form the variation of the mixing
length distribution with the Reynolds number and with the relative

roughness, there is plotted in figure 20 the term log(lO l) against the
term log § = log th_ Each of the curves drawn from the {op to the
bottom of the figur: corresponds to a given Reynolds number which is
indicated as a parameter. Since % has its largest values near the

walls, the points for that region are in the upper part of the figure
and points near the pipe axis are in the lower part. The curves drawn

from left to right connect points of equal %—value. These curves are

parallel to the horizontal axis for Reynolds numbers and degrees of
relative roughness at which the viscosity has no influence. This hori-
zontal direction does not obtain for low Reynolds numbers and for low
degrees of relative roughness; there is, therefore, a noticeable effect
of viscosity in such ranges. The fact is again borne out by figures 19
and 20 that for high Reynolds numbers where viscosity has no influence
the mixing length distribution and therefore the mechanics of turbulence
are independent of the Reynolds number and of the relative roughness.

5. Relationship between Average and Maximum Velocities
From equation (16b):

U = v*<A + B log E) (16c)
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then from equation (17b):
o= v*(A + B log % - B) (30)

in which B 1s a constant (B = 5.75) for all Reynolds numbers and for
all degrees of relative roughness, while A 1is constant only within the

v,k
range of the quadratic law of resistance and varies with —5— outside

of that range, and B has the value 3.75. If equation (30) is divided
by equation (1l6c);

E

A+ B log X

1
o]

=ii]
1
w
4

T
A + B log X
Previous study has shown that in accordance with equations (2la) to

v,k
(2le) the term A is a function of -ﬁf—. Then for a fixed value of

the relative roughness % there is obtained from equation (31) the

relationship;

= f(log I\’,&) (32)

=11

This expression 1s shown in figure 21 with each curve representing a
different relative roughness. The curves have been computed from equa-
tion (31) and the points (tables 2 to T7) are experimental observations.

SUMMARY

This study deals with the turbulent flow of fluids in rough pipes

with various degrees of relative roughness k (in which k 1is the
T

average projection of the roughening and r 1is the radius of the pipe).
The requirements of similitude have been met by using test pipes which
were geometrically similar in form (including the roughening). The
roughness was obtained by sand grains cemented to the walls. These had
an approximately similar form and a corresponding diameter k. If %
is the same for twc plpes, the pipes are geometrically similar with
geometirically similar wall surfaces.
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There remained to be determined whether in these two pipes for a
given Reynolds number the resistance factor A would be the same and
whether the function XA = f(Re) would yield a smooth curve.

There was further to be determined whether the wvelocity distribu-
tions for pipes with equal relative roughness % are similar and how

they vary with the Reynolds number. The measurements show that there is
actually a function X = f(Re). The velocity distributions for a given
relative roughness show a very slight dependence on the Reynolds number,
but on the other hand, the form of the velocity distribution is more
pronouncedly dependent on the relative roughness. As the relative rough-
ness increases, the velocity distribution assumes & more pointed form.

A study of the question whether the exponential law of Prandtl alsoc applied
to rough pipes showed that velocity distributions may be expressed by an
exponential law of the form u = ay™ 1in which the value of n increases
from 0.133 to 0.238, as the relative roughness increases.

Experimental data were obtained for six different degress of rela-
tive roughness with Reynolds numbers ranging from Re = lOu to 10~. If
flow conditions are considered divided into three ranges, the observa-
tions Indicated the following characteristics for the law of resistance
in each range.

In range I for small Reynolds numbers the resistance factor is the
seme for rough as for smooth pipes. The projections of the roughening
lie entirely within the laminar layer for this range.

In range II (transition range) an increase in the resistance factor
was observed for an increasing Reynolds number. The thickness of the
laminar layer is here of the same order of magnitude as that of the
proJections.

In range III the resistance factor is independent of the Reynolds
number (quadratic law of resistance). Here all the projections of the
roughening extend through the laminar layer and the resistance factor A
is expressed by the simple formula

A = L 5 | ()
<1.7h + 2 log %)

If a single expression is desired to describe the resistance factor

for all ranges, then for all of the test data (%: - 2 log %) may be
A

v, k
plotted against (log —%—) in which <v* = Vgg-) The resulting general
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expression 1is:

x = 1 - (11)

v,k
r
a+ b log —;—-+ 2 log E)

in which the values of & and b are different for the different
ranges.

The velocity distribution is given by the general expression;

o Y
. A + B log k (16a)

in which B =5.75 and A = 8.48 within the region of the quadratic
law of resistance, and in the other regions depends also upon I%E.

The relationship between the velocity distribution law and the law of
registance is found to be:

k
u y _2.83 _ L IAN 1*_)
v 5.75 log § = = (5-75 log ¢ B) = f(log Y (20)
in which B = 3.75 &as determined from the Von Karmén velocity distribu-
tion law

- o)
Vi r

Integration of the preceding equation ylelds;

U-u.g (17a)

and from this, by means of the velocity distribution law, the ratioc of

the average velocity U to the maximum velocity U may be plotted
V*k

against ——.

Finally, the Prandtl mixing length formula

du
dy

P

T . ;2|dujdu (27a)

dy
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was used to obtain the variation of the mixing length 1 with the
distance y from the wall. The following empirical equation resulted:

2 L
Lok - 0.08(1 - 1) - 0.06(1 - X) (29)
r Ir r

This empirical equation is applicable only to large Reynolds numbers
and to the entire range of the quadratic law of resistance, where
viscosity has no influence.

Translated by

A. A. Brielmaier
Washington University
St. Louis, Missouri
April, 1937
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TABLE 1

DIMENSIONS OF TEST PIPES

d = inside diameter l, = outlet length

le = approach length X = total length

1 = measuring length I g = relative total length
ly1 = measuring length II

d le lI lII Za b'e x
(mm) (mm ) (rm ) (mm ) (mm ) (m) d
25 750 500 500 50 1800 T2
50 1495 1000 1000 75 3570 T1.4
100 Looo 1500 1000 550 7050 70.5
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TARLE 2
— 1 v,k a
T cm/s | v cm?/s %ﬁ dyn/cm3 log Re [1log(100 1) %- 2 log r/k| log -:— ?—\/—%; -C [u_]_
r/k = 507
k = 0.01 cm d =9.9% cm log r/k = 2.705

15.45 | 0.0118 0.000351 | k.114 0.456 0.51 0.000 4,95 .815
20.2 .0118 .0005Th | %,230 L1438 n .000 5.35 .819
25.0 .0118 .000840 | &,322 At .79 .083 5.75 .82k
27.3 .0118 .000975 | 4.362 Jbot .86 17 5.95 .825
27.3 .0118 .000966 | 4.362 .4o3 .88 J114 6.02 L824
34,4 .0118 .001525 | 4.462 .381 1.05 .212 6.48 .825
36.8 .0118 .00167 L.491 .380 1.06 .236 6.55 .830
Lo 4 .0118 .00195 4,532 .366 1.16 .267 6.80 .829
ki, 0 .0118 .00230 4,568 .365 1.17 .310 6.87 .832
6.4 .0118 .00251 L.591 .356 1.24 .322 7.05 .832
50.0 .0118 .00285 4,623 .347 1.31 .348 7.25 .834
55.9 .0118 .00347 L. 672 .333 1.4 .391 7.50 .836
58.5 .0118 .00372 L.690 .324 1.48 LLo7 7.72 .835
61.8 .0118 .00k10 L.716 .320 1.52 428 7.85 .838
69.0 .0118 .00k96 k., 763 .307 1.62 470 8.05 .839
76.0 .0118 .00597 4.806 .303 1.65 .508 8.08 842
84,4 .0118 .00718 4.851 .292 1.7k .549 8.45 .841
94.0 .0118 .00878 4,898 .286 1.79 .593 8.58 .84k
103.5 .0118 .01087 k.9ko .278 1.86 .638 8.78 .843
106.0 .0112 .01085 L.973 274 1.89 661 8.85 .845
114.0 L0112 .01255 5.009 2Tk 1.90 694 8.89 .848
119.8 L0112 .01378 5.025 272 1.92 .713 8.95 .845
126 L0112 .01515 5.049 .270 1.93 .733 8.97 .847
147 L0116 .0202 5.100 262 2.00 .781 9.17 .846
162 L0116 L0245 5.143 .260 2.02 .829 9.25 847
184 L0116 .031k 5.199 .255 2.05 .878 9.29 .849
201 L0116 .0372 5.236 .253 2.07 .919 9.36 .847
217 L0116 L0435 5.270 .255 2.06 .9kl 5.35 .849g
223 .0116 .0L458 5.281 .253 2.07 .959 9.36 .849
234 L0116 .0501 5.303 .250 2.10 971 9.45 .846
248 L0116 L0565 5.326 .252 2.08 1.004 9.42 .851
287 .0120 L0760 5.377 .255 2.06 1.053 9.35 .847
325 .0120 L0975 5.430 .253 2.07 1.107 9.36 .84
375 .0120 .1310 5.493 .258 2.03 1.172 9.25 .849
L2 .0120 .1585 5.534 .260 2.01 1.21% 9.19 846
LLs L0118 L1850 5.5Th 262 2,00 1.255 9.15 .848
481 .0118 .2320 5.608 .290 1.95 1.303 9.05 .845
516 .0120 . 2560 5.630 272 1.96 1.317 8.95 .848
551 .0118 . 2920 5.668 272 1.92 1.352 8.95 .BL46
607 .0118 .3540 5.709 272 1.91 1.39% 8.93 .B48
602 .0105 .3520 5.756 .278 1.87 1.4k6 8.83 .B45
655 .0105 4190 5.792 .279 1.85 1.483 8.75 .86
720 .0105 .5100 5.833 .283 1.82 1.525 8.67 .84l
798 .0091 L6340 5.940 .286 1.80 1.633 8.63 .B46
845 .0091 . 7100 5.965 .288 1.78 1.659 8.55 .843
835 0086 .5400 5.929 .289 1.77 1.623 8.51 Bk
779 .0086 .6050 5.954 .288 1.78 1.648 8.55 845
8Lo .0086 . 7000 5.987 .286 1.79 1.680 8.57 845
u = average velocity k = average proJection of roughness
v = kinematic viscosity TS

%ﬁ' - pressure gradient Ve = J:D: = "friction” wvelocity

ud To = shearing stress at wall

Re = <~ = Reynolds number o = density

d = 2r = diameter of pipe U = meximum velocity

q = dynamic pressure for average velocity C =5.75 log r )

A= dp d = resistance factor k
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TABLE 3
T v cn?/s | 2R ayn/cm3| log Re |1og(100 A) | -2 log r/k| 1og 25 [2:83 _ o | §
cm/s |v em®/s | =% dyn/ g & & g r/k| log X 0 g
r/k = 252
k = 0.01 cm d = 4,94 cm log r/k = 2.401
43.4 j0.0132 0.0055 L. 210 0.4506 1.15 0.290 6.77 0.816
51.0 | .0132 00728 L.279 .4349 1.26 .352 7.10 .820
78.2 | .0132 01524 4 465 .3808 1.65 .513 8.21 .830
8.0 | .0132 01775 4,507 .3636 1.77 545 8.55 .831
94k.8 | .0132 0213 4,549 .3579 1.82 .584 8.68 .830
10k.0 | .0130 0255 4.597 .3562 1.84 .630 8.75 .832
116 .0130 0308 4 64k .343) 1.94 672 9.01 .836
158 L0130 0549 4,778 .3257 2,08 .798 9.42 .838
17k .0130 0668 4 .820 .3282 2.06 L840 9.36 L840
214 .0128 1000 4.g16 .3e22 2,11 .934 9.54 .842
252 .0128 1375 4,987 .3197 2.12 1.003 9.55 .841
296 .0128 .1900 5.057 .3210 2.11 1.073 9.53 .839
322 L0126 2265 5.100 .3228 2.10 1.118 9.50 .837
382 L0126 .3160 5.173 .3197 2.12 1.190 9.55 .8ko
4o .0124 .365 5.210 .3276 2.06 1.229 9.38 .8h1
468 .0120 .490 5.283 .3322 2.03 1.307 9.25 .836
555 .0118 .702 5.366 .3416 1.94 1.391 9.03 .833
735 L0116 1.257 5.494 .3504 1.89 1.526 8.85 .833
664 .0086 1.037 5.580 .3562 1.85 1.615 8.75 .832
734 .0086 1.280 5.623 . 3602 1.80 1.660 8.65 .832
879 .0086 1.850 5.702 .3636 1.78 1.740 8.57 .832
121 L0117 .0329 k.08 L3371 1.99 .T32 9.15 .836
486 .0119 .530 5.305 .3328 2.03 1.328 9.25 .836
854 .0120 1.724 5.544 .3562 1.85 1.580 8.75 .832
1104 L0089 2.925 5.787 .3661 1.76 1.842 8.53 .83%
k = 0.02 cm d = 9.9% cm log r/k = 2,401
72.3 [0.0128 0.0058 L. 748 0.3335 2.02 0.769 9.25 0.836
95.5 | .0128 .00986 4.869 .3228 2.10 .88L 9.46 .84%0
116.0 | .0128 L0144 4,954 .3210 2.12 .966 9.53 .839
175.5 | .0128 .0331 5.134 .3210 2.12 1.146 9.53 .84o
232 .0128 .0589 5.255 .3294 2.05 1.272 9.30 .838
309 .0118 .1080 5.415 L3434 1.94 1.458 9.02 .830
45k .0118 .2375 5.580 .3551 1.84% 1.692 8.75 .806
666 .0118 .522 5.748 .3608 1.80 1.782 8.64 .832
833 .0118 .828 5.845 . 3666 1,76 1.881 8.50 .831
697 ,0091 .583 5.881 .3688 1.75 1.919 8.4 .831
770 .0091 .719 5.924 .3727 1.71 1.964 8.37 .831
850 .0091 872 5.967 .3705 1.72 2.004 8.4 .830
880 .0089 .816 5.991 L3716 1.72 2,000 8.4 841
u = average velocity k = average projection of roughness
V = kinematic viscosity To i "
dp _ pressure gradient Ve = E: friction" velocity
dx
e To = shearing stress at wall
Re = 5~ = Reynolds number o = density
d = 2r = diameter of pipe U = maximum velocity
q = gyngmic pressure for average velocity C =5.75 log E -8
A= ﬁ 3= resistance factor
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TABLE b
[ﬁ cm/s | v emP/s dp dyn/cm3 | log Re | log(100 1) L—E log r kN Lo Yﬁ gﬁ -C E,
_ / /s | & dyn/ g 8( Y g r/ J LAl g
— e ]
rik = 196
1 k = 0.0l cm 4 = 2.47% cm log r/k = 2.10
.8 | o0.0132 0.00hs 3.630 0.5%4 0.85 n,08279 5.93 0.795
.z .0132 00506 3.575 588 .88 L1218 6,01 190
.7 o138 00598 3.715 5TH .94 L6047 6.20 .79k
.7 L0132 .00715 3,760 556 1.0 197700 6.39 .799
R1 L0132 00870 3.810 552 1.10 .2L055 6.61 798
.3 0132 00996 3.833 .56k 1.02 26951 6.41 .80o
.8 L0132 .01210 3.895 532 1.27 31175 7.15 805 |
.8 L0132 L0135% 3.925 515 1.23 . 33686 T7.30 L Bob
5 L0132 .01k80 3.950 .503 1.ko . 35503 7.50 .Bog
.2 .cl3e L0150 3.965 . 498 1.43 . 36922 T.60 .B1o
.2 o132 L0195 4.019 gl 1.48 Lh1kgT 7.70 .81c
.8 N B L0089 L.111 Rel 1.61 50995 8.1G JBL6
.7 .0l32 . 0408 4.196 451 1.79 57542 8.50 .818
.2 L0132 L0532 4,265 435 1.85 63347 8.8¢ .818
.0 L0132 L0713 4.330 ok 1.93 69635 G .0k .82k
.5 .0l32 . 0900 4,386 415 1.99 LTh7hy 9.18 .825
.5 .0132 L0990 h.b2s iz 2.03 . 75669 9.2k .823
.5 .0132 L1287 4.470 .boo 2.10 82543 9.47 .824
.0 .n132 .1k32 4, bot .396 2.14 .Bu8Ro 9.55 .829
.0 L0132 L1550 5,511 .400 2.11 .BESTO 9.52 .828
0133 .1823 4.550 .393 2.15 90200 9.61 .825
L0132 253 k.620 .392 2.16 97267 9.64 .829
L0132 .360 L.6g7 .391 2.17 1.0k84k 9.65 .828
L0132 .488 4. 760 oo 2.11 1.11428 9.53 .8eu
L0132 LBLE 4.820 RTok) 2.09 1.17609 9.46 .8e5
.0128 .930 4.910 ko8 2.05 1.26811 9.30 .826
0128 1.335 4.985 Julh 2.01 1.34574 9.20 .823
L0128 1.896 5.057 Lupe 1.99 1.42259 9.04 824
.0128 2.555 5.121 42k 1.93 1.48785 .00 825
.01e8 3.16k 5.164 430 1.90 1.53656 8.92 | .820
k = 0.0k cm d=9.92 cm log r/k = 2.10
350 0.0089 0.179 5.591 0.450 1.75 1.96614 8.45 0.820
371 0089 .2clL 5.616 , 453 1.7h 1.99739 8.42 .815
406 .0089 .238 5.655 R 1.78 2.03383 8.55 .818
upk 0089 .261 5.675 450 1.75 2,05346 8.47 817
458 .0089 .30 5.708 ks 1.78 2.08600 8.56 .B14
188 .0089 347 5.73€ 452 1.7h 2.11661 B.45 .818
511 L0089 .37k 5.756 s 1.79 2.13194 8.58 811
535 L0089 .10 5.775 445 1.79 2.15259 8.58 815
538 .0085 420 5.798 .50 1.75 2.1775% 8.48 817
581 0085 490 5.831 .Lso 1.77 2.21005 8.51 .819
586 .0085 Jigh 5.835 LLs 1.79 2.01245 8.58 816 |
bl 0085 .598 5.874 450 1.75 2.25310 8.48 817
572 .0085 650 5.894 Lht 1.78 2.27184 8.55 .819
738 L0085 .791 5.935 450 1.75 2.30963 8.u48 816
783 0085 877 5.961 . 1.80 2.33746 8.60 .818
800 L0085 .927 5.970 Lakg 1.77 2.34528 8.51 .817
832 L0135 1.000 5.987 bt 1.78 2.16L35 8.5h .818
121 L0117 .0200 4.950 k30 1.90 1.3769% 8.92 .825
132 L0117 L0243 5.0L9 RH 1.88 1.41896 8.85 821
12k L0117 .0206 5.021 415 2.00 1.38346 .18 821 !
149 0117 0302 5.100 Jh22 1.95 1.h6627 9.05 823 |
159 L0117 L0347 5.130 R 1.93 1.49665 9.00 821t
178 L0117 .Obko 5.179 k30 1.90 1.54876 8.90 823 .
185 L0117 LOk75 5.196 430 1.91 1.56L67 8.92 821
198 L0117 L0548 5.225 k35 1.87 1.59550 8.25 .822
168 L0117 L05LL 5.225 430 1.90 1.59329 8.90 819
210 L0117 L0620 5.250 b3s 1.85 1.62221 8.80 822
222 L0117 L0696 5.2k L4388 1.84 1.6L738 8.76 .80 |
230 L0117 LO7h7 5.290 .L38 1.84 1.69373 8.75 822
181 .0088 .0bE0 5.310 .L36 1.85 1.68124 8.77 .818
190 .0088 L0510 5.330 .39 1.83 1.70415 B.72 820 !
199 .0088 L0560 5.350 .k39 1.83 1.72428 8.70 .820
206 .0088 .0609 5.366 ek 1.80 1.74273 8.67 .B18
219 L0088 L0687 5.393 bl 1.8 1.76938 B.62 .820
235 0088 L0794 5.h23 L4LE 1.79 1.80003 8.60 820
2kh 0088 0857 5.432 JLLT 1.78 1.81690 8.60 .B15
253 .0088 L0930 5.455 450 1.76 1.83315 8.51 .818
265 .0088 .1025 5.476 452 1.7h 1.85491 8,48 817
281 0088 1140 5.501 R 1.78 1.87795 8.53 .819
301 .0081 .1300 5.525 4l 1.78 1.94300 8.53 816 |
326 0081 1533 5.560 450 1.76 1.98000 8.51 .818
u = average velocity k = average projection of roughness
v = kinematic viecosity fro N .
gf - pressure gradient Ve = 5 friction" velocity
uad T, = shearing stress at wall
Re = 4= = Reynolds number o = density
d = 2r = dlameter of pipe = maximum velocity
g = dynamic pressure for average velocity - r
L. C =575 log - 8
=i i = resistance factor
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TABLE 5
§enfs | v cm?/ 9P 4ynfemd log R 1og(100 A) 1o o tog 28 . -
cm/ 5 J cm=/ 8 ax yn,;cm O He ogl LU0 J \"L 5 og I/ 108 » \FX ¥
r/k = 60
k =0.02 cm d@ = 2.43% cn log r/k = 1,78
| 1
.8 ‘ ©.0128 PRI 3.653 0.593 ! 1.50 0. b1T 7.8¢ 5,791
3 C.0128 L0548 3.700 5T 1.59 8. 755
.9 0128 LUCAS0 3.7hkC .5T1 1.62 8. 796
.0 .0l28 00780 3.785 L5650 1.69 8. 758
.5 L0128 .01030 3.851 .5k 1.7 8. 8ol
.0 .0128 01084 3.869 531 1.83 &. 8ok
.7 .0128 .clak 3.509 512 1.99 9. 805
.8 .0128 L0150 3.945 .51z 1.99 g.2 LBoe
.0 .0128 0182 3.996 507 2.02 G. .8o2
0 .0128 L2 30 L.o57 Lhgy .10 9. .o
G 0128 L0270 4,090 450 #.13 9. .806
2 .0128 L0737y 4. Lok 2.10 9. 813
5 L0128 L0526 i, 487 2.1 G. .B1e
s .0128 LOETE L. 487 2.15 . ER 811
.0 L0128 L1055 L. 451 2.18 1. ER Bk
6 o8 L1160 Lk  L8g 2.1k 1. 9. .Bio
.0 L0128 1890 L. 450 2.13 1.2 G. 67 810
5 L0108 .21k2 % Rk .15 1. G.73 .B11
.0 .0128 .24 4h 4. 498 2.07 1. g.47 .808
.0 .228% L5 593 2.11 1 .42 .80
e b, & .507 2.02 1 3. 36 .8a7
L.h 504 2.04 1. 9.3¢ JH10
b £ 507 2.02 1. 9.35 a1
i, 509 2.00 1.1 9.z 808
' 517 1.95 1. .17 808
'S 520 1.94 1. g.12 8o
4. 52 1.89 1. 8.97 805
. i .52t 1.9G 1. 8.99 N5
1.1 L. 543 1.8¢ 1,66k .76 8ok
1.270 4. 53k 1.85 1.683 8.87 801
1.890 5.¢ .5h3 1.79 1.769 8.568 .83
3.20 5. 543 1.79 1.890 8.68 8oz
2.35 5.0 545 1.78 1.818 8.67 799
L0114 3.83 5. 550 1.75 1.922 8.5 .800
0114 4,57 ’ 5.2 537 1.63 1.961 8.7 802
k d = 5.8 cm log r/k = 1.78&
101 $.0132 '™ 1.8 §.83 0.8c2
113 L0132 &, 1.85 . 8.87 .805
121 L0132 L 1.80 1. &.76 .803
131 oliy 5. 1.8 1. 8.8¢ .800
145 L0122 5.0 1.8 1767 8.717 .800
157 LO11h 5. 178 1.86% 8.07 .798
192 L0127 5. 1.7% 1.90¢ £.58 800
203 L0127 5. 1.7 1.928 9.5% .79
220 .0127 1.54 1.965 8.27 LBOG
235 o127 5. 1,74 1.99% 8.57 R:5
249 LOLET 5. 1.71 2.021 8.47 B0l
266 .0127 5.3 1.7h 2.043 8.57 LT9A
a7e 19 s 1.7L 2.089 8.u7 .Boz
31l L0115 5. 1.7% 2,143 8.58 .Boo
558 L0119 5. 1.72 2.207 5.48 803
371 .011h 5. 1.5G 2.2e8 8.£8 .80l
367 L0114 5.5 i 2.252 g.57 L7959
418 .011é S. 1. 2.28¢ 8.58 800
Lok G116 5. 1.7 2.294 84K 799
45 L0114 5. 1. 2,411 8.57 . 799
571 L0116 5.6 1.7 2,335 8.58 8ol
495 LOLLR 5.5 1. 2.3652 8.4z L7698
499 L0116 5, 1. 2,358 8.6g 8ok
5L L0115 S 1. 2.375 £.69 L800
531 L0115 5 L7 2.391 8.5 LT98
535 L0115 p) 1. 2.364 8 . 8oz
548 L0115 5 1.0 2,410 8 .T98
574 SOl 5. 1.7 2.4z &. .80l
509 0115 5. 1. 2,453 8. &
656 AU 5. 1. 2.488 B.46 LTST
670 LDL15 5. i. 2,494 8.5 8oz
721 L0115 . 5. 1. 2.526 8. .800
840 .Cl2¢ 1. . 1. 2.570 8.6 B0
896 L0120 1.5 5. 1. 2,603 8. . 799
77O 0092 1. 5.0 1. 2.648 8. L801
TTh Louge 1. 5 1. 2.658 8.x L7958
636 .00ge 1 5 1. 2.686 8 .oz
850 0092 : 5. 1. 2.699 8. .799
u average velocity k = mverage proJection of roughnees
v - kinematis viscoulty vy = @ = "friction” veloutiy
a . pressure gradient e
dx T = shearing stress at wall
ud Ve . e
Re = —— = Reyuolds nuzher o = density
= diameter of plpe U = max!imum velocity

mamic pressure for average veloclty ¢ . 5.T5 log £,
4 k
q

,
u
e & 1

= resistance factor
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TABLE 6
o em/s v cmg/s » ap dyn fem3 1 log Re log{100 i) L, log r/k log AL 2.83 [+ I
. ‘ & T Vi v N U
r/k = 30.6
k = 0.0k cm d = 2.434 cm log r/k = 1.486
2h.g 0.0129 0.00507 3.672 0.592 2.09 0.732 9.50 0.792
?7.0 L0129 00595 3.708 .590 2.10 766 9.57 LT94
29.6 .0129 0072 3.7L8 .592 2.09 .807 9.5k .792
30.7 .0129 .0078 3.763 .597 2.06 .825 9.43 . 193
2.3 .0129 00839 3.785 .583 2.1k .839 9.67 .793
35.5 .0129 .0102 3.826 .585 2.13 .883 9.62 .94
39.2 .0129 .0126 3.869 .596 2.07 .929 9.66 .792
ko.o .0129 .0128 3.881 .578 2.17 .933 9.73 .197
k5.0 L0129 0161 3.929 578 2.17 .93k 9. T4 .795
45,9 0129 L0162 3.935 .583 2,14 .g82 9.6k .795
4.0 L0123 .01835 3.978 .578 2.17 1.032 9. 74 L7196
5.6 L0123 021k 4.009 .585 2,13 1,064 9.62 LT97
56.6 L0123 L0258 4 okg .583 2.14 1.107 3.66 .795
%0.8 0123 .0303 L.079 .592 2.09 1.140 $.51 192
F7.h 0123 L0370 L.12h o .590 2.10 1.183 5.93 795
£8.4 0123 0390 4.130 .599 2.05 1.19% 9.4o .T91
78.5 L0123 L0514 4.190 599 2.05 1.255 9.39 .79
Gh .2 .0123 L0756 L.,270 .60 1.99 1.338 g.24 . 790
98.7 .0123 .08Lo 4,290 .61 1.94 1,362 9.10 .788
10 .0123 L0912 4.309 612 1.97 1.380 9.19 .790
o] 0128 .372 L.58) .639 1.82 1.667 8.72 .783
Y 0128 519 4.653 .6hh 1.79 1.74%0 8.69 .782
300 L0116 .Bko 4.799 647 1.78 1.888 8.62 .84
379 .0116 1.368 4,500 656 1.73 1.993 8.49 .780
Lo L0116 1.840 4.965 656 1.73 2.057 8.49 .780
470 .0107 2.080 5.029 652 1.75 2.120 B.55 .781
515 .0107 2.490 5.068 .650 1.70 2.158 8.41 .82
598 L0107 3.350 5.134 650 1.76 2.223 8.58 .T19
6ol L0107 4.1k 5.176 .650 1.76 2.270 8.57 783
k = 0.08 cm d =487 cm log r/k = 1.486
70.0 0.0128 0.0222 4. 425 0.637 1.83 1.508 8.78 0.785
72.5 .0128 .0235 L. 440 .630 1.78 1.519 8.8¢9 .788
5.4 .0128 .0k13 L.560 .637 1.83 1.642 8.79 .85
3.2 .0128 L0595 4.636 647 1.78 1.721 8.63 .785
144 0128 0983 4, 7ho 654 1.74 1.826 8.51 .778
146 .0105 .1010 4.830 654 1074 1.922 8.51 .82
154 L0105 L1135 L.855 .661 1.70 1.947 8.41 778
211 L0105 P12 L.990 657 1.72 2.083 8.u46 778
27 0105 . 348 5.100 .652 1.74% 2.190 8,54 .783
374 L0105 663 5.240 .657 1.72 2.330 8.4k .782
Lot .0105 . 784 5.275 657 1.72 2.367 8.45 779
454 .0105 .958 5.323 64T 1.78 2,411 8.61 .78k
5ho .0105 1.945 5.473 657 1.72 2.565 8.46 .780
975 .0105 L.470 5.655 652 1.75 2.745 8.56 .783
k = 0.16 cm d = 9.64 cm log r/k = 1.486
99 0.0111 0.0235 k.g3k 0.656 1.73 2.032 8.48 0.783
135 L0111 .0436 5.068 657 1.72 2.167 8.47 TS
171 L0111 L0706 5.170 659 1.71 2.271 8.43 .T81
193 L0111 .0903 5.223 .656 1.73 2.32h4 8.49 .TT9
207 L0111 .102 5,255 .652 1.75 2.350 8.55 .78
246 .0108 146 5.342 657 1.72 2.439 8.45 .780
248 .0108 .1L8 5. 34k .657 1.72 2.4 8.k7 .T18
269 .0108 175 5.394 .659 .71 2.479 8.43 LT19
300 .0108 .218 5.428 659 1.71 2.526 8.43 .783
312 .0108 236 5. khk .661 1.70 2.545 8.4k0 .T19
368 .0108 . 325 5.516 657 1.72 2.61h 8.48 781
390 .0108 .367 5,541 .659 1.71 2.639 8.k .T78
kot .0108 . 394 5.559 657 1.72 2.655 8.48 782
485 L0090 .568 5.776 659 1.71 2.8k 8.4k 179
603 .00%0 .879 5.810 .659 1.71 2.909 8.45 . 782
682 .0090 1.120 5.863 657 1.72 2.961 8.47 LTT9
769 .0090 1.430 5.916 .659 1.71 3.014 8.43 .783
855 0090 1.720 5.962 .650 1.76 3.054 8.57 .T80
93h .0090 2.118 6.000 .659 1.7 3.100 8.5 .T18
u - average velocity X = average projlection of roughness
v = kinematic viscosity ° " "
dp _ pressure gradient Ve =\ = friction" velocity
dx T Ty = shearing stress at wall
Re = v - Reynolds number o = deusity
d = 2r = diameter of pipe U = maximum velocity
T = dynamic pressure for average velocity C =5.75 log % -8
A= :—‘5 % = reslstance factor
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TABLE 7
J s v oen?) 9 gynjemd | log R log(100 &) 1210z r/k Log - efs | @
4 Ccmis cm© /s > dyn/cm: L og Re og \h -2 logr/ og 7 T | o
r/k = 15
k = 0.08 cm d = 2.412 cm log r/k = 1.176 ;
30.8 J‘ 0.0126 0.0099% 3.770 0.695 [ 2.14 1.188 9.69 j 0.772
35 L0126 . 01260 3.820 599 2.13 1.239 3.
7.4 0126 01505 3.855 767 2.09 1.276 9.
0 L0124 01920 3.905 TL2 2.06 1.317 9.
N3 L0126 .02392 3.955 L7LT 2.0k 1.377 9.
.0 0123 02950 4.000 L7130 1.97 1.435 g.
.0 L0123 .03600 4.0b41 LT3k 1.5k 1477 g.
N .0l23 .chezo L.076 L7360 1.4 1.511 9.
e 4.079 LTkl 1.50 1.520 9.
b .11k 751 1.87 1.5%9 8.
Gk g 4.133 .Tho 1.92 1.572 g.
Ns GH9E £.179 LThi 1.92 1.619 9.
Rd LO7sT L.19¢ LTo4 1.85 1.661 8.
.0 . 1097 h.270 LTG0 1.82 1.718 a.
) .1192 L.290 L1506 1.34 1.737 5.
.0 1370 4,31k Rels? 1.78 1.707 8.6
5 1526 4. 3ko R (1 1e80 1.791 8.
1.0 L1765 L. 360 LTTE 1.74 1.822 8.
K L. 386 b 1.7 1.841 8.
o] . L.blo LTT2 1.77 i, 8.5
4 L.bes 782 1.72 1. 8.
" b b6 LTHS 1,74 1. 8.
4.520 .780 1.7 1. 8.
4,590 LTHL 1.72 2. 8.5¢
. 4.630 LT 1.75 2. 8.5¢
L.725 780 1.73 2. 8.
1.2 4811 LT8L 1.72 2. 8.5¢
1.5 4,865 7T 1.7k 2 g.
1. 4,885 LT .75 2. a.
2.5 4,965 779 1.73 2. 8.
2.9 5. 000 L78L 1.72 2. 8.
3.5 5,042 .780 1.72 2. 8.
I S.098 .T8L 1.71 2. 8.
5. 5.155 778 1.7 2. 8.5
5. 5.17 L7681 1.72 2. 8.
7. 5.285 ST 1.73 2. 8.
k= 0.1 cem d = L.82 cm log r/k = 1.17%
75.9 3 oL L. 1.75 1.8%9 8.59 0.756
Bu.o 3. ', 1.75 1. 8.55 755
Nel ['% 'R 1.73 1. 8.5k .T56
3.0 5. L. 1.72 2.« 8.53 .78
5 8. L. .72 2. 8.52 .755%
.0 il. i, 175 2. 8.55 L1857
o 17K k., 8. 1.75 o, 8.59 L7157
5 19. b, 1.7 Z. 8.54 .79%
23. 4. 1.72 2. 8.51 L7955
2k, 'S 1.73 2.4 8.5k LTS5k
30. 5. 1.74 2. 8.53 .50
il 5. 1.75 2, 8.59 75k
33, 5. 1.73 2. 8.54 L7155
Lo. 9. 1.72 2. 8.49 L7595
L3: 5. 1.71 2.6 8,47 L7586
58.0 5. 1.74 2. 8.53 L7155
2.5 5.2 1.73 2. 8.54 L7157
8h.0 5. 1.73 2. 8.54 LT56
106.0 5.3 1.7% 2. 8.59 .758
134.0 5. 1.72 2. §.51 155
198.0 5. 1.73 2.9 8.5k L7158
155.0 5. 1.75 2. 8.5 .55
217.0 5. 1.7¢ z. £.51 755
WG 5 1.7 3. 8.5k .52
5.0 PR 1.7 3.4 8.51 L7554
504:.0 5.6 1. 3. 8.u7 .751
530.0 5.8 1. 3. 8.51 L7195
457.0 5.8 1.7 £.55 L7560
Obk . 5. 1. 3. B.5k LTk
1180.0 .0 1. 3. 8.54 750
4970 9 1. 3. 8.52 -155
H52.0 . 1. 3. 8.53 LT5%
918.0 5. 1.7 3.3 8.54 LT58
119G.0 5. 1.7 3,446 2,54 .54
o average velocity k = average projection of roughness
¥ = kinematic viscosity o
%E pressure gradient Ya T \/T friction” velocity
od o " shearing stress at wall
Re = v ° Reynolds number
o = density
= ¢r = diameter of plpe U = maximum velocity

d
3 : dynam!c pressure for average velocit .
1 dyd P 4 24 C=5.(5ng-§-B
A= SR = = resistance factor

dx g
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Figure 3.- Test apparatus.

em = electric motor h = outlet valve
kp = centrifugal pump zr = feed line
vk = supply canal mb = measuring tank
wk = water tank gm = velocity measuring device
vr = test pipe ksv = safety valve on water tank
zl = supply line sb1 = gate valve between wk and kp
tr = ti
Sfi _ Zﬁgrlf(izlwp;?;e sb2 = gate valve between wk and zr
ft = trap gl = baffles for equalizing flow
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Figure 4,- Microphotograph of sand grains which produce uniform roughness.
(Magnified about 20 times,)
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Figure 5.- Hooked tube for measuring static pressure (dista.nce y between wall

and observation point is g)
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Inclination tfoword flow aurection

Figure 6.- Variation of readings with direction of hooked tube.
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Figure 7.- Correction curve for determining static pressure

6 8 10 /12 /4 16 18 20 22 24 26 <8

a is resistance of hooked tube
h is resistance of smooth pipe
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Figure 8.- Velocity distribution with g = 40 and

Re = 150 x 10°

L
k

= 15 and

(y 1is distance between wall and observation point),
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