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Lectures

Spin-orbital exchange in Mott insulators

• Multiferroics and magnetoelectrics



Part I

• Spin & orbital exchange interactions in eg
systems, Kugel-Khomskii Hamiltonian 

• Compass models, frustration of orbital 
ordering

• Jahn-Teller effect

• Spin and orbital fluctuations in t2g systems



Spin exchange in Hubbard model
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Spin exchange in Hubbard model
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d-states in cartesian and spherical 
coordinates
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Orbitally degenerate Hubbard model
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Exchange along the z-axis
AFM FM FM
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Orbitals and isospin
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AFM interaction
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FM interaction
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Isospin operator for eg-orbitals
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I-operators
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Kugel-Khomskii Hamiltonian
K. I. Kugel & D. I. Khomskii, Sov. Phys. JETP 37, 725 (1973)

Exchange in x and y directions: yxz IIT and→
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• Orbital occupation is not conserved 
orbitals can fluctuate like spins

• Orbital interactions are anisotropic 



Infinite degeneracy for JH = 0
Energy of classical AFM is independent 
of orbital states
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Superexchange
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90o superexchange
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Orbital Casimir effect 
(spin-independent exchange)

M.M. & D. Khomskii, PRL 89, 227203 (2002)
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eg-orbital compass models
M.M. & D. Khomskii, PRL 92,167201 (2004).

2 orbitals 3 types of bonds

180o-exchange 90o-exchange
cubic triangular  pyrochlore
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Spin compass models
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2D compass model
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dual to p+ip model of SC arrays
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Symmetries of classical orbital 
modelsTriangular, pyrochlore

ferroobital
Cubic  

antiferroorbital

Rotational isospin invariance
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Orbital and magnetic ordering 
in eg-systems

material TOO (K) TM (K) JT ion

LaMnO3 780 140 Mn3+ d4

KCrF3 923 46 Cr2+    d4

NaNiO2 480 20 Ni3+ d7

KCuF3 Tmelting 38/22 Cu2+  d9



Octahedron distortions
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Electron-lattice interaction
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Electron-lattice interaction
Energy gain due to hopping in all three directions
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Jahn-Teller effect
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Cooperative Jahn-Teller effect
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LaMnO3
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G-C transition in YVO3

77K < T < 116K  T < 77K  

C-type magnetic
G-type orbitalC-type orbital
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180o-exchange of t2g-electrons
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Strong ferromagnetic exchange
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Orbital dimerization in YVO3

G-type C-type

G. Blake et al. 
PRL 87, 245501 (2001)

T < 77K  77K < T < 116K  

C. Ulrich et al. 
PRL 89, 167202 (2002)
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Beyond AKG rules
For JH = 0 the spin-orbital model has SU(4) symmetry
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B. Frischmuth et al, PRL 82, 835 (1999); F. Mila et al, PRL 82, 3697 (1999)

Coupled fluctuations of orbitals and spins are large, 
MF factorization does not work
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Conclusions

• Anisotropy of spin-orbital exchange frustrates
orbital ordering 

• Jahn-Teller instability quenches orbital
fluctuations in eg systems

• Coupled spin and orbital fluctuations may
play a role in t2g systems

• Beautiful models 
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