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Twirling 101: Overview

Twirl operationally
Simple example
General application
Summary

Theory of twirling
Why does twirling work?
Masking channels

Optional: Advanced
Why is the Pauli group special for twirling?
Other twirl groups
Designs
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Refresher

More general

Pauli gates & mixed states
* pikisuperstar
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Example decomposition 
of a qubit mixed state in terms of Paulis

Single-qubit Pauli gate
Pauli gate on a mixed state: conjugation of ρ by Pauli

Pauli gate

Single-qubit Pauli set
<latexit sha1_base64="9doW237Fj7eONpu4SKX48tv6xIw="></latexit>

Pa 2 P

P := {I,X, Y, Z}
<latexit sha1_base64="8LWOqOrjjKG/CcIEZs8naOCMXEk="></latexit>

⇢ =
X

a2P

raPa

Pauli decomposition of a mixed state (holds for qubits)

<latexit sha1_base64="7kO2BL1z+QT4CCO25EGhBOmlytI="></latexit>

ra =
hPa, ⇢i
hPa, Pai

Inner product of Hermitian 
operators

linear vector decomposition 
onto orthogonal basis 

<latexit sha1_base64="WcLvAz3DeFc5eFhqeVMGEWgSAl8="></latexit>

ra 2 R

* by context will use this set as  
operators or labels

<latexit sha1_base64="NzPs9QM5/lScJhwqt9K6I9Y8SZQ="></latexit>

hPa, Pbi = 2n�ab

Orthogonal & complete set
<latexit sha1_base64="NzPs9QM5/lScJhwqt9K6I9Y8SZQ="></latexit>

hPa, Pbi = 2n�ab (for all a,b in the set)

<latexit sha1_base64="UX30uqpr5gaM57FdTSqesOGi/po="></latexit>

hPa, Pbi = Tr
�
P †
aPb

�

<latexit sha1_base64="eMXeu/wSkWlmtpLixyVMhxZwtmI="></latexit>

⇢ =
1

2
(I + rXX + rY Y + rZZ)
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Action of single-qubit Pauli gate on mixed state basis
Pauli gate on a mixed state: conjugation of ρ by Pauli

G
at

e

Density matrix component
Conjugation map

Pauli gate

<latexit sha1_base64="kCHGuDA/F5F70uZkoWiO57a/FXw="></latexit>

Pa (⇢) =
X

b

rbPa (Pb)

Basis element by element
linear map

<latexit sha1_base64="3udZNoia3Mn/3hqDVqktp2BVhLE="></latexit>

=
X

b

rbPaPbPa

(for the experts in the audience,
using Z22 representation)

<latexit sha1_base64="QxM1rPzex5ctLhIN9ZsT2ce+4Ak="></latexit>

= (�1)ha,biSp rbPb
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G
at

e

Density matrix component
Conjugation map

Action of single-qubit Pauli gate on mixed state basis
Pauli gate on a mixed state: conjugation of ρ by Pauli Walsh-Hadamard transform

• equivalent to a multidimensional DFT 
of size 2n

• +1, -1 eigenvalues
• an orthogonal, symmetric, involutive, 

linear operation on 2n real numbers
• note relation of our matrix to 

symplectic product Z22 representation

*caution: ordering
Pauli gate

matrix 
plot
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Pauli’s are Gold!

<latexit sha1_base64="e131QanlWZUaoQ49Fm3w12CwneA="></latexit>

Pa
<latexit sha1_base64="KZsvrbrjzuk2iZkFS6b4BArPGh8="></latexit>=
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G
at

e

Density matrix component
Conjugation map

Action of single-qubit Pauli gate on mixed state basis
Pauli gate on a mixed state: conjugation of ρ by Pauli Superoperator lens

Pauli gate

<latexit sha1_base64="vxe+fNjipkn7fepxMPyrdMTB14k="></latexit>

⇢ 7! |⇢ii

<latexit sha1_base64="2ygmpckI9YQc8C+uztCHGfePLFI="></latexit>

Pa · P †
a 7! Pa

<latexit sha1_base64="NA9kpjAdsNs2wfqQuEsu1RFTYhQ="></latexit>

Pa 7! |Paii
vec

vec

op
<latexit sha1_base64="3VIOQzxHitGhtg45ehKP8mwxXg8="></latexit>

Pa⇢P
†
a 7! Pa|⇢ii

<latexit sha1_base64="N3cqOF5ainIh7ojEBmlNHn9sBYg="></latexit>

vec (A0BA|
1) = (A0 ⌦A1) vec (B)

<latexit sha1_base64="1PB3nxA8sAm4lB2wuMZeOVZD7dc="></latexit>

vec
�
Pa⇢P

†
a

�
= (Pa ⌦ P ⇤

a ) vec (⇢)

Key vectorization identity (row stacking)

<latexit sha1_base64="8+f+nDtYcNsiDiRCp5uuIkdpcN0="></latexit>

Tr
�
P †
a ·
�
= hhPa|·

<latexit sha1_base64="hLvaBX+tDHePSytbv0kZ0sBJcaY="></latexit>

Pa Tr
⇣
P †
b ·
⌘
= |PaiihhPb|·

Use as basis elements of Op(H) and 
Op(Op(H))
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Superoperator Pauli transfer matrix representation
Pauli gate on a mixed state: conjugation of ρ by Pauli

Pauli transfer matrix: chi matrix in the Pauli basis

*caution: ordering is based on binary Z22 notation

<latexit sha1_base64="9KeN4pu2aHNS1he7oKDhOA7KnUM="></latexit>

Pa =
X

b

(�1)ha,biSp |PbiihhPb|

Pauli superoperator
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Visualizing the PTM

+1

-1

Density matrix 
component coming in

De
ns

ity
 m

at
rix

 
co

m
po

ne
nt

 co
m

in
g 

ou
t

Pauli gate on a mixed state: conjugation of ρ by Pauli • diagonals are just columns of the WH matrix
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Twirl 
channel 

with
Pauls

(conjugating a channel by a Pauli gate)

* pininterest
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Twirl: acting on super operators
Super-super operators

Algebraic expression of channel sequence:

Vectorize middle channel 

<latexit sha1_base64="II0tgktUG57zYcTeKCbperxqIAI="></latexit>

= P †
a⇤(Pa · P †

a )Pa

<latexit sha1_base64="N3cqOF5ainIh7ojEBmlNHn9sBYg="></latexit>

vec (A0BA|
1) = (A0 ⌦A1) vec (B)

Key vectorization identity (row stacking)

<latexit sha1_base64="dLNCZbH2V6wMwFdYcZNYjR+T6/c="></latexit>

|PaiihhPb|· 7! |Pa, Pbiiii
on basis elements
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Twirl: acting on super operators
Super-super operators

+1
-1

Single qubits
16 basis elements for superoperators: 
II, IX, IY, IZ, XX, XY, ...
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Twirl: acting on super operators

Super super operators

+1 -1
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Twirl: acting on super operators

Average over these masks

=

Directly MASK elements of 
superoperator Lambda in PTM 
basis

element-wise product (Hadamard)
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Designs


