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Twirling 101: Overview

Twirl operationally
Simple example
General application
Summary

Theory of twirling
Why does twirling work?
Masking channels

Optional: Advanced
Why is the Pauli group special for twirling?
Other twirl groups
Designs
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Why does twirling actually work?

Theory and my take on it
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Noise basics 101

Also: https://qiskit.org/textbook-beta/summer-school/quantum-
computing-and-quantum-learning-2021

https://qiskit.org/textbook-beta/summer-school/quantum-computing-and-quantum-learning-2021
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Example

Pauli twirling
on a qubit* pininterest
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<latexit sha1_base64="MbO+AAGrm7Uz9Pg7V9w3f6LC0CA="></latexit>

I ⇤ I
<latexit sha1_base64="R+RMZw0iJHSiS9fRz+GRNZ2Sd0M="></latexit>

X ⇤ X
<latexit sha1_base64="ft8p0WEQeCoZqAcomqKun7NEJTw="></latexit>

Y ⇤ Y
<latexit sha1_base64="6NeUocWjsQa3rdHb8YsIpxmGEJo="></latexit>

Z ⇤ Z

<latexit sha1_base64="rIbtIc7+EICBgPc920RGqLuK3tk="></latexit>

⇤

Twirl: average over instances

* pininterest
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Twirl example on a bit flip channel
Algebraic expression of channel sequence:

<latexit sha1_base64="II0tgktUG57zYcTeKCbperxqIAI="></latexit>

= P †
a⇤(Pa · P †

a )Pa

Example: Bit-flip channel
<latexit sha1_base64="/TY3SSa8T9fcjwMaVaSXvEhGoVE="></latexit>

⇤ (·) = (1� p) I · I + pX ·X
= (1� p) I + pX

Twirl gate

Recall

<latexit sha1_base64="z447jI7kHtyDb1DTCc8gndAe4/8="></latexit>

I⇤I = ⇤
<latexit sha1_base64="MwcOnI4DP/ICJqmsyHubfmAx+Sg="></latexit>

X⇤X = X⇤ (X ·X)X
<latexit sha1_base64="Awu1ELGlbaspEBnXPvtcrhXteF4="></latexit>

= (1� p)XIX ·XIX + pXXX ·XXX

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤
<latexit sha1_base64="wjr+UL8VlTnxv+b0Pb/C5w812UI="></latexit>

X2 = Y 2 = Z2 = I

<latexit sha1_base64="rQiboctx2guZqnAi58zvfBBseo0="></latexit>

Y⇤Y = Y ⇤ (Y · Y )Y

<latexit sha1_base64="1MPlyjzgHbMDioYTeQ2vmFyJ6bk="></latexit>

Y (·) = Y · Y
Z (·) = Z · Z

<latexit sha1_base64="roFzqzBIrx+04hvYtWurhY8Iaxs="></latexit>

I (·) = I · I
X (·) = X ·X

<latexit sha1_base64="nGCGAI53YJbY40W0MyxJqFTbM54="></latexit>

Y (X) = Y XY = �X

Z (X) = ZXZ = �X

<latexit sha1_base64="CAacEn2LPn4JVK+i92y69Oeu5VY="></latexit>

I (X) = X

X (X) = X

Notation
<latexit sha1_base64="Vq/0AlSKIOq8y676lh0UrQRkrFM="></latexit>

= (1� p)X (I) · X (I) + pX (X) · X (X)

* pininterest
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Twirl example on a bit flip channel

Example: Bit-flip channel
<latexit sha1_base64="/TY3SSa8T9fcjwMaVaSXvEhGoVE="></latexit>

⇤ (·) = (1� p) I · I + pX ·X
= (1� p) I + pX

Twirl gate

Recall

<latexit sha1_base64="z447jI7kHtyDb1DTCc8gndAe4/8="></latexit>

I⇤I = ⇤
<latexit sha1_base64="MwcOnI4DP/ICJqmsyHubfmAx+Sg="></latexit>

X⇤X = X⇤ (X ·X)X
<latexit sha1_base64="Awu1ELGlbaspEBnXPvtcrhXteF4="></latexit>

= (1� p)XIX ·XIX + pXXX ·XXX

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

<latexit sha1_base64="wjr+UL8VlTnxv+b0Pb/C5w812UI="></latexit>

X2 = Y 2 = Z2 = I

<latexit sha1_base64="rQiboctx2guZqnAi58zvfBBseo0="></latexit>

Y⇤Y = Y ⇤ (Y · Y )Y
<latexit sha1_base64="1MPlyjzgHbMDioYTeQ2vmFyJ6bk="></latexit>

Y (·) = Y · Y
Z (·) = Z · Z

<latexit sha1_base64="roFzqzBIrx+04hvYtWurhY8Iaxs="></latexit>

I (·) = I · I
X (·) = X ·X

<latexit sha1_base64="nGCGAI53YJbY40W0MyxJqFTbM54="></latexit>

Y (X) = Y XY = �X

Z (X) = ZXZ = �X

<latexit sha1_base64="CAacEn2LPn4JVK+i92y69Oeu5VY="></latexit>

I (X) = X

X (X) = X

Notation

<latexit sha1_base64="Vq/0AlSKIOq8y676lh0UrQRkrFM="></latexit>

= (1� p)X (I) · X (I) + pX (X) · X (X)

<latexit sha1_base64="xuKFXIERK956biZDdQpFZsSPyK4="></latexit>

= (1� p)Y (I) · Y (I) + pY (X) · Y (X)

<latexit sha1_base64="HAc7ZaGtHmVUnGLO4tW94SLhjAU="></latexit>

= (1� p)Y IY · Y IY + pY XY · Y XY

<latexit sha1_base64="+KyvzTKD7TElM2tsnmiZ9QzS44U="></latexit>

= (1� p) I · I + p (�X) · (�X)
<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤
<latexit sha1_base64="b9JySViQ2URi9W6loD+E2zQcj0o="></latexit>

Z⇤Z = Z⇤ (Z · Z)Z
<latexit sha1_base64="LyeS2j37p1TEP1O/A1/T7nOXwF4="></latexit>

= (1� p)Z (I) · Z (I) + pZ (X) · Z (X)
<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤
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Twirl example on a bit flip channel

Example: Bit-flip channel
<latexit sha1_base64="/TY3SSa8T9fcjwMaVaSXvEhGoVE="></latexit>

⇤ (·) = (1� p) I · I + pX ·X
= (1� p) I + pX

Twirl gate

Recall
<latexit sha1_base64="wjr+UL8VlTnxv+b0Pb/C5w812UI="></latexit>

X2 = Y 2 = Z2 = I

<latexit sha1_base64="1MPlyjzgHbMDioYTeQ2vmFyJ6bk="></latexit>

Y (·) = Y · Y
Z (·) = Z · Z

<latexit sha1_base64="roFzqzBIrx+04hvYtWurhY8Iaxs="></latexit>

I (·) = I · I
X (·) = X ·X

<latexit sha1_base64="nGCGAI53YJbY40W0MyxJqFTbM54="></latexit>

Y (X) = Y XY = �X

Z (X) = ZXZ = �X

<latexit sha1_base64="CAacEn2LPn4JVK+i92y69Oeu5VY="></latexit>

I (X) = X

X (X) = X

Notation

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

Average

<latexit sha1_base64="KyJLgke9t2J+ECPpGtSZ6IOslD8="></latexit>

⇤ 7! 1

4
(I⇤I + X⇤X + Y⇤Y + Z⇤Z) = ⇤
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Example coherent rotation channel

Example: Coherent rotation
<latexit sha1_base64="T4pwz20UvQwPJD3JW0Vo0L1fupY="></latexit>

U = exp

✓
�i

✓

2
X

◆
= cos

✓
✓

2

◆
I � i sin

✓
✓

2

◆
X

<latexit sha1_base64="yEGABFW5e/Hvwj4r0Rd3HQJwFlo="></latexit>

=


cos

✓
✓

2

◆�2
I · I +


sin

✓
✓

2

◆�2
X ·X

+
i

2
(sin (✓) I ·X � sin (✓)X · I)

<latexit sha1_base64="w98yhDGRIBWy20cV6Y5YQ+3799c="></latexit>

⇤ (·) = U · U †

<latexit sha1_base64="VOce9+5q9EY9fpIKxKLSUa71+Ak="></latexit>

=|IiihhI|+ |XiihhX|
+ cos (✓) (|Y iihhY |+ |ZiihhZ|)
+ sin (✓) (|ZiihhY |� |Y iihhZ|)

Pauli transfer matrix

Chi matrix
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Example coherent rotation channel

Example: Coherent rotation
<latexit sha1_base64="w98yhDGRIBWy20cV6Y5YQ+3799c="></latexit>

⇤ (·) = U · U †

Pauli transfer matrix

Chi matrix

Twirl gate

<latexit sha1_base64="ofl4QuCK/iCkJSefZdB1AuueTPY="></latexit>

cos2
✓
✓

2

◆
X (I) · X (I) + sin2

✓
✓

2

◆
X (X) · X (X)

+
i

2
(sin (✓)X (I) · X (X)� sin (✓)X (X) · X (I))

<latexit sha1_base64="p9wBUlIcqONDL2ekGkUBhjjMnyg="></latexit>

X⇤X =

<latexit sha1_base64="z447jI7kHtyDb1DTCc8gndAe4/8="></latexit>

I⇤I = ⇤

<latexit sha1_base64="DleaJJytEXvBuP4A76wTht3SRB8="></latexit>

X (I) = I

X (X) = X <latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤
<latexit sha1_base64="ApUUxu007j3oEpKUuCpyPmWUHmM="></latexit>

Y⇤Y =

<latexit sha1_base64="iXGJkq3ujDabqADo9/NHM1N+OSM="></latexit>

= ⇤

<latexit sha1_base64="ww4cOE8KiFzG8RbGXwuCP/Lw4KA="></latexit>

=cos2
✓
✓

2

◆
Y (I) · Y (I) + sin2

✓
✓

2

◆
Y (X) · Y (X)

+
i

2
(sin (✓)Y (I) · Y (X)� sin (✓)Y (X) · Y (I))

<latexit sha1_base64="N4iEUAhvELsv233nzDNL18qD5nk="></latexit>

Y (I) = I

Y (X) = �X <latexit sha1_base64="s+7LrCYmJ7gWdPbuWtP4rMg2T+k="></latexit>

cos2
✓
✓

2

◆
I · I + sin2

✓
✓

2

◆
X ·X

+
i

2
(� sin (✓) I ·X + sin (✓)X · I)

<latexit sha1_base64="3S16u6pwb3w5fmjO1ErX/4srGUw="></latexit>=

<latexit sha1_base64="e4Dm4sFRDHCqEQLyJTUN3Pa9H3k="></latexit>

Z⇤Z =
<latexit sha1_base64="ozdKB0jZOgqt3o9ugMdVdjMUetw="></latexit>

Z (I) = I

Z (X) = �X

same
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Example coherent rotation channel

Example: Coherent rotation
<latexit sha1_base64="w98yhDGRIBWy20cV6Y5YQ+3799c="></latexit>

⇤ (·) = U · U †

Pauli transfer matrix

Chi matrix

Twirl average

<latexit sha1_base64="KyJLgke9t2J+ECPpGtSZ6IOslD8="></latexit>

⇤ 7! 1

4
(I⇤I + X⇤X + Y⇤Y + Z⇤Z) = ⇤

Twirl

Diagonal
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Example PTM for coherent noise

<latexit sha1_base64="LnmT39ZYs1Chc3StPYPN4Rid0a0="></latexit>

RX(✓)

<latexit sha1_base64="qnxjr00c5rsAVgswKV2nUUG+hqA="></latexit>

PTM [RX (✓)] =

0

BB@

I X Y Z
I 1 0 0 0
X 0 1 0 0
Y 0 0 cos ✓ � sin ✓
Z 0 0 sin ✓ cos ✓

1

CCA

<latexit sha1_base64="WMnoT+rqT+DceQGuYquQyvA+0yE="></latexit>

PTM [RZ (✓)] =

0

BB@

I X Y Z
I 1 0 0 0
X 0 cos ✓ � sin ✓ 0
Y 0 sin ✓ cos ✓ 0
Z 0 0 0 1

1

CCA

<latexit sha1_base64="td14utLcdaLXZ39ARRwVxfpsv0Q="></latexit>

RZ(✓)

Note, for other gates, permute indices
Same story
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Example: Coherent over rotation
Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

Error

Error
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Example: Coherent over rotation

<latexit sha1_base64="LnmT39ZYs1Chc3StPYPN4Rid0a0="></latexit>

RX(✓)

Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

Twirl error - linear

Coherent error - quadratic

PTM
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<latexit sha1_base64="MbO+AAGrm7Uz9Pg7V9w3f6LC0CA="></latexit>

I ⇤ I
<latexit sha1_base64="R+RMZw0iJHSiS9fRz+GRNZ2Sd0M="></latexit>

X ⇤ X
<latexit sha1_base64="ft8p0WEQeCoZqAcomqKun7NEJTw="></latexit>

Y ⇤ Y
<latexit sha1_base64="6NeUocWjsQa3rdHb8YsIpxmGEJo="></latexit>

Z ⇤ Z

<latexit sha1_base64="rIbtIc7+EICBgPc920RGqLuK3tk="></latexit>

⇤

Twirl general single qubit channel

In terms of PTM 

* pininterest



Zlatko Minev, IBM Quantum (38)

<latexit sha1_base64="rIbtIc7+EICBgPc920RGqLuK3tk="></latexit>

⇤

Twirl general single qubit channel

In terms of PTM 

<latexit sha1_base64="MbO+AAGrm7Uz9Pg7V9w3f6LC0CA="></latexit>

I ⇤ I
<latexit sha1_base64="R+RMZw0iJHSiS9fRz+GRNZ2Sd0M="></latexit>

X ⇤ X

<latexit sha1_base64="ft8p0WEQeCoZqAcomqKun7NEJTw="></latexit>

Y ⇤ Y
<latexit sha1_base64="6NeUocWjsQa3rdHb8YsIpxmGEJo="></latexit>

Z ⇤ Z
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<latexit sha1_base64="rIbtIc7+EICBgPc920RGqLuK3tk="></latexit>

⇤

Twirl general single qubit channel

In terms of PTM 

Average
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Refresher

More general

Pauli gates & mixed states
* pikisuperstar


