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Twirling 101: Overview
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Why does twirling actually work?

Theory and my take on it
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Noise basics 101
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Example

~ Pauli twirling
“% onaqubit
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Twirl: average over instances
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Twirl example on a bit flip channel

Algebraic expression of channel sequence:

— P, AP — P,AP =PIAP, PP,

Example: Bit-flip channel Twirl gate
A)=Q=p)I-T+pX -X I IANT = A

(1-p)T+pX — X F— XAX=XA(X-X)X
Notation =(1—p) XIX - XIX+pXXX - XXX
I()=1-1 | Y()=Y'Y = (1—p)X(I) X (I)+pX (X)X (X)
X )=X-X| Z(\)=2-7 = A
Recall X2 — V2 — 72 _ T — Y — JYAY=YA(Y Y)Y
I(X)=X|Y(X)=YXY=-X
X(X)=X | Z(X)=ZXZ=-X
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Twirl example on a bit flip channel

P, A Pl
Example: Bit-flip channel
A)=1Q—-—-p I -I+pX-X
(1-p)T+pX

Notation

I()=1-1 Yy()=Y Y
X )=X-X| Z2()=2-Z7
Recall X2 =Y?2=7°=1]
IX)=X | YX)=YXY =-X
X(X)=X| Z(X)=ZXZ=-X

Twirl gate

— I +— TATL =A

— X — XAX = XA(X )X
=(1—-p XIX - XIX+pXXX - XXX
=1-p)X{) X{)+pX(X)- X (X)
= A

—Y — )/Ay:YA(Y-Y)Y
=1—-p)YIY  -YIY +pY XY - YXY
=1-p)YI)-YU)+pY(X) V(X)
=(1-p)I-IT+p(—=X)- (=X)
= A

— 4 — ZAZ:ZA(Z-Z)Z

:%—p)Z(I)'Z(I)JrPZ(X)-Z(X)
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Twirl example on a bit flip channel

P, A P

Example: Bit-flip channel

Notation
I(=I-1 | Y()=Y-Y
X=X -X Z -7

Recall X2 —V2_72_17]
I(X)=X|Y(X)=YXY=-X
X(X)=X | Z(X)=ZXZ=-X

Twirl gate
71— =A
—JxF—=A
—Jv=A
— Z— =A
Average

A s i (TAT + XAX + VAY + ZAZ)

A
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Example coherent rotation channel

_Pa A PT_

a
Example: Coherent rotation
0 0 0
U =exp (—i§X> = COS <§> I —1sin <§> X
Chi matrix

A () — U - UT I X Y Z
o\ 12 o\ 12 I Cos[g]z %J‘LS'in[e] 0 0
:[COS(§)] I'I+[Sin(§>] XX X -lisinfe] sin[2]2 o o
; Y 0 0 0 0
+§(sin(9)I-X—sin(9)X-I) Z 0 0 0 0

Pauli transfer matrix

I X Y YA
1

=D (1] + X)) (X
+cos (0) (V) (Y] +12)(Z]) !

I
X
. Y C - S
T sin (6) |Z)(Y] - [Y)(2)) M e e e
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Example coherent rotation channel
e L . Twirl gate
. X XAX = cos? (g)X(I)-X(I)+Sin2 (g)X(X)X(X)
Example: Coherent rotation _
AG) =U-Ut X()=1 —|—%(sin(9)X(I) X (X) —sin (0) X (X) - X (I))
. . X (X)=X
Chi matrix — A
F e [T Trsme o L VAY = o (5) vy +si? (5) ¥ 30 v ()
X -%isin[e] Sin[g]Z 0 0 Y =1 +%(sin(9)y(1)-y(X)—sm(H)y(X)-y(I))
; X X ol Y (X) =X 0
— — 2 (0 .2
coS (5) I-1+sin (§)X-X
Pauli transfer matrix ? . .
= - . —|—§(—sm(9)l-X—|—sm(9)X-I)
)I(ll — 71— ZAZ = same
Y Cos[6] -Sin[6] Z()=1
VA Sin[6] Cos[6] Z(X):—X
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Example coherent rotation channel

Twirl average
— P, A Pl —
— / X Y A
Example: Coherent rotation 1
AQ =T A 5 (ZAT + XAX + YAY + ZAZ)
Chi matrix
T X Y 7 I X Y Z
I cCos[2]2 lisine] 0 o Ui I Cos[2]? 6 0 0
X -lisinfe] sin[2]> o o X = [X 0 sin[2]% o o
Y 0] 0] O 0 Y 0 0 O 0
Z 0 (0] 0O 0 7 0 0 O 0
Diagonal
Pauli transfer matrix
I X Y 7 I X Y Z
I 1 I 1
X 1 PTM = | X 1
Y Cos[6] -Sin[o] Y Cos[0O]
z Sin[6] Cos[O] Z Cos (6]
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Example PTM for coherent noise

I X Y VA
/(1 O 0 0
X110 1 0 0
RX (6)) PTM [Rx (6)] = Y10 0 cosf@ —sinf
Z\0 0 sinf cosb
Note, for other gates, permute indices
Same story i X Y 7
1 (1 0 0 0
X cos@ —sinf O
RZ (9) PTM Rz (6)] = Y10 sinf cosf O
Z\0 0 0 1
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Example: Coherent over rotation

Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

m ™m
(_RX(H)_) (_Pai_RX<9)_P;i_)
16 Coherﬂt error example n Coherent error example
y —
0.8 1 0.8
o o
3 5
3 04 3 04 —
o O —ideal
a a —6=1°
0.2 02 g_5°
, —6=10° ,
0.0 ‘ ‘ | . |
0 5 10 15 20 25 30 0 OO 5 10 15 20 25 30
Gate repetitions m Gate repetitions m
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Example: Coherent over rotation

Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

I X Y Z
I (1
-~ /Y 1
(TR) ! cos (0)
Z cos (0)

(o))"

I X Y Z
I (1
X1
(R ) Y cos (mf) —sin (m0)
Z sin (mf)  cos (mB)

I X Y YA
/1
([2]") =3 lcos (6)
Z [cos (0)]

Coherent error example

oS
o

o
'S

Probability of [0)

O
X

©
o

0 5 10 15 20 25 30
CGate repetitions m

<Z>noisy o <Z>ideal -

Coherent error - quadratic--___. .
! n26?

cos (nf) — 1 ~i— + O (6%)

\

________

Twirl error - linear PEEREYTR -

[cos ()] — 1~ —— + O (%)

-

N _———— e —



In terms of PTM

Twirl general single qubit channel

A

X

Y

N < X H

fIX
fXX
fYX
fZX

fIY
fXY
fYY
fZY

~

<[P

N
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In terms of PTM

Twirl general single qubit channel

A

I X Y Z
I fir fix fiv fiz
X fxi fxx fxy fxz
Y fyr fyx fvy fyz
Z fz1 fzx fzv fzz

— / A I —
I X Y Z
I fir fix fiv fiz
X fxi fxx fxv fxz
Y fyr fvx fvw fyvz
Z fz1 fzx fzv fzz
— Y A Y —
I X Y Z
I fir |-fix| fiv |-f1z
X |-fxz| fxx [-fxy| fxz
Y fyr |-fvx| fvw |[-Tyz
Z |-fzr| fzx |-Tzv| fzz

X A X —
I X Y Z
I fir fix |-fiv -f1z
X fxr fxx [-fxyv -fxz
Y [-fyr -fvx| fvw fvz
Z |-fzr —-fzx| fzv fzz
—JzH Az
I X Y Z
I fir |-fix -fiv| f1z
X |-fxr | fxx fxv | -fxz
Y -fyr | fyx  fvww | -Tyz
Z fz1 |-fzx -fzv| fzz
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_A_<

Twirl general single qubit channel

Average

N < X H
-+
<
<

In terms of PTM

N < X H
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Refresher

More general

* pikisuperstar

Pauli gates & mixed states
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