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What is one thing you

learned in Lecture 1?

Image: Freepik



Zlatko Minev, IBM Quantum (4)

Review of Lecture 1

Image: Freepik
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Big picture

   Why quantum computers?
      Status and outlook

   Why error mitigation?
      Noise in quantum computers
      Overview of error mitigation

Mitigation fundamentals
  
   Probabilistic error cancelation (PEC)
      Introduction
      One qubit example
 

Quantum Error Mitigation for Non-Equilibrium Quantum Dynamics 
Lecture 1

road based on: freepik; Monster image by jcomp on Freepik
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Quantum computers Biggest Problem: Noise Mitigation
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Mitigation fundamentals
 

Quantum Error Mitigation for Non-Equilibrium Quantum Dynamics 
Lecture 2

road based on: freepik; Monster image by jcomp on Freepik

Learning quantum noise
   Challenge 
   Overcoming: sparse model
 
Putting it together 
   Experiments – Ising model
   Consequences for the big 
   picture

Hardware progress

ProbabilisIc error cancelaIon (PEC)
   Summarize one qubit example
      Analogy to random walks 
  Error bars & confidence
  Generalize (opIonal)
     Show unbiased esImator  

Lecture 3
  

Wrap up of Lecture 2, Twirling, …
State-of-art experiments at the 120Q+, 
depth 50+: uncovering local integrals of 
motion 
…
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Deep dive: 
Probabilistic error cancellation (PEC) 
To learn and cancel quantum noise

Paper: Nature Physics (2023)

Ewout van den Berg,  Zlatko K. Minev,  Abhinav Kandala,  Kristan Temme

Got Slides?
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Inverse of noise map is not physical

<latexit sha1_base64="T/pZXk8MykP3QUV/x4AWBBW3UEQ="></latexit>

⇤(⇢)

contrac'on
  loss of informa'on
    reduced purity 
      eigenvalues > 0

dilation
information gain   

    increase purity       
      eigenvalues < 0         

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

<latexit sha1_base64="nwEFHoatV8opNtwr8WyjlW9mGsg="></latexit>

⇤�1 (⇢) =?
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Inverse of noise map is not physical
<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

<latexit sha1_base64="nwEFHoatV8opNtwr8WyjlW9mGsg="></latexit>

⇤�1 (⇢) =?

<latexit sha1_base64="aYp0P8IW77R7fQhNIVYS7uDOdjI="></latexit>

⇤�1

=

+

ansatz

<latexit sha1_base64="DDdN/b1Q0G01KHDKmvxmZ3UocH4="></latexit>

I

<latexit sha1_base64="8CNgHhncourlsCs32Fz7VOqiPbY="></latexit>

X

probability  1-q

probability  q

ravel quantum 
trajectory

Critically hinges on 
knowing the noise 

exactly! 

Need to know p.
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Raveling quantum trajectories to undo noise
<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

<latexit sha1_base64="Ro168vAOF/WOYFgO67Q1Ck97uC8="></latexit>

Q1 I I I

Q1 I X I

Q1 X I I

Q1 X X I
=

probability
(1-q) (1-p)

+
No error
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Raveling quantum trajectories to undo noise
<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

<latexit sha1_base64="Ro168vAOF/WOYFgO67Q1Ck97uC8="></latexit>

Q1 I I I

Q1 I X I

Q1 X I I

Q1 X X I
=

+

+

+

probability
(1-q) (1-p)

(1-q) p

q (1-p)

q p

ERROR!

ERROR!

Error 
CANCELED!

No error

Interfere
Destructively

Solution to noise free!
<latexit sha1_base64="hwkA5NAbDarIxD1dKU09q/EuK3M="></latexit>

q =
�p

1� 2p
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probability

Raveling quantum trajectories to undo noise

<latexit sha1_base64="DDdN/b1Q0G01KHDKmvxmZ3UocH4="></latexit>

I

<latexit sha1_base64="8CNgHhncourlsCs32Fz7VOqiPbY="></latexit>

X

PI = |1 - q|/γ

PX = |q|/γ

Solu'on to noise free!
<latexit sha1_base64="hwkA5NAbDarIxD1dKU09q/EuK3M="></latexit>

q =
�p

1� 2p

sX = sign(q)

sI = sign(1-q)

sign

PI + PX = 1

norm
γ = |1 - q| + |q|

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

=

+
Quasi-probability
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Raveling quantum trajectories to undo noise
<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

=

PI = |1 - q|/γ

PX = |q|/γ

<latexit sha1_base64="e0Za2kOJMt/kEAsmggW+p9AZl5E="></latexit>

Q1 X ⇤ I ⇥sX

<latexit sha1_base64="KSGWMZSXjDODGC6BPmSVRjj8sm8="></latexit>

Q1 I ⇤ I ⇥sI

sX = sign(q)

sI = sign(1-q)<latexit sha1_base64="tP+tYE4fUN4Edsp59cegrwZoeZ8="></latexit>

MI

<latexit sha1_base64="r46O4IJsjvQM+3Iadr/s7V7WsZM="></latexit>

MX

mitigated expectation

Gain: Bias-free estimate!
Cost: Variance

<latexit sha1_base64="3vFXXhm1PzYvW5QMs44Oxr+LM14="></latexit>

hMi = �
�
sIPIMI + sXPXMX

�

Sampling overhead 
γ = |1 - q| + |q|

<latexit sha1_base64="pfSKm3MzePhMn3ItD0xQ+M6WPro="></latexit>

0 0.2 0.4
1

2

3

4

p

γ



Zlatko Minev, IBM Quantum (15)

Canceling noise with noise

<latexit sha1_base64="DDdN/b1Q0G01KHDKmvxmZ3UocH4="></latexit>

I

<latexit sha1_base64="8CNgHhncourlsCs32Fz7VOqiPbY="></latexit>

X

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

=

+
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P(1 step right) = ½+qP(1 step left) = ½-q

add 2nd random process
wind blows

Gain: Bias-free estimate!
Cost: Variance

Canceling noise with noise: Drunkard’s classical random walk analogy

P(1 step right) = ½+pP(1 step leI) = ½-p

Random step
Distribution of random walk

t = 0

t > 0

x

Image: A. Brand

Distribution of random walk with wind

t > 0
cancel: q = -p
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W. Edwards Deming

See https://www.duperrin.com/english/2014/11/17/quote-god-trust-others-bring-data-deming/
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Summary: Qubit measured in the computational basis

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo=">AABB9Hic7TzbchvJdfQliTPOZW0/5qVtCilyBYAASOpCGRvSWsqSrVtE7mrXBErVmGkALc5Mj6ZnSEBTU5WPyGPeUnnNR+Qv/Ad5Tb4g53RPzwUYUCSXkiu2sbvSTJ/Tp7tPn3v37ChwuYw6nd9/7/s/+OFf/OVf/eivrR//zd/+3d9/9pOffi1FHNrsK1u4IvxmRCVzuc++injksm+CkFFv5LLXo9OHCH99xkLJhX8czQM29O </latexit>

{0, 1}
⇢ X

<latexit sha1_base64="NqdjS1LnMhL2vYSSctGqZg+D+v0="></latexit>

x µ̂ (x)
0 : µ̂(0) = |0i h0|
1 : µ̂(0) = |1i h1|

indimart

<latexit sha1_base64="4YdxixKc+QP06GiQSLP8aba+Q9Y="></latexit>

⌃ = {0, 1}

Set of possible outcomes Measurement operators 

<latexit sha1_base64="eFaWXT26e94EVOY8G6+IrPMvPL8="></latexit>(
X = 0 : p (X = 0) = Tr

�
µ̂(0)†⇢

�
= Tr (|0i h0| ⇢) = 1

2 (1 + hZi)
X = 1 : p (X = 1) = Tr

�
µ̂(1)†⇢

�
= Tr (|1i h1| ⇢) = 1

2 (1� hZi)

Probability to measure outcome
<latexit sha1_base64="BwbHbD+LyHNeJLaDt+2azMJs0yQ="></latexit>

0 1
0

1

1� p
p

Outcome X

Pr
ob

ab
ili

ty
 p

(X
)

<latexit sha1_base64="PSd1ucH+j7PoO77ha47Jr/urzIY="></latexit>

X ⇠ Bernoulli (p)

Bernoulli distribution.  Single shot outcome follows a Bernoulli distribution:
<latexit sha1_base64="2ijzWxxkeNUQeLituYpBuYjCzVc="></latexit>

p := Tr (|1i h1| ⇢)
<latexit sha1_base64="Tmkk2DF3mBTWU+UdgVH68QMVjIU="></latexit>

E [X] = p
<latexit sha1_base64="450CZxXcpVm51IyLygR0z5+0wJ4="></latexit>

Var[X] = p(1� p)

<latexit sha1_base64="1BFdjQ+A1UfP2SXhuIMHqt4Ov/Q="></latexit>

p 2 [0, 1]

Coin-toss icon created by Good Ware - Flaticon

<latexit sha1_base64="Hb6xdur2vV0yabhSQcGJBV63H5I="></latexit>

X 2 ⌃

<latexit sha1_base64="x09lCPEKfpsdo4eyYBwZbNTDSzw="></latexit>

| i M
<latexit sha1_base64="Odcs50lvbteco5CNjJAV6v3/7Kw="></latexit>⇢or

https://www.indiamart.com/proddetail/5-meter-measuring-tape-19732324162.html
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Quantum projection noise for a single shot
<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo=">AABB9Hic7TzbchvJdfQliTPOZW0/5qVtCilyBYAASOpCGRvSWsqSrVtE7mrXBErVmGkALc5Mj6ZnSEBTU5WPyGPeUnnNR+Qv/Ad5Tb4g53RPzwUYUCSXkiu2sbvSTJ/Tp7tPn3v37ChwuYw6nd9/7/s/+OFf/OVf/eivrR//zd/+3d9/9pOffi1FHNrsK1u4IvxmRCVzuc++injksm+CkFFv5LLXo9OHCH99xkLJhX8czQM29O </latexit>

{0, 1}
⇢ X

<latexit sha1_base64="OutYC6O1ua6w7pILqY06+DplqbE="></latexit>

0 0.2 0.4 0.6 0.8 1
0

0.25

0.5

Var[X] = p(1� p)

Std[X] =
p
p(1� p)

Probability p

Variance of the random classical variable vs. probability to obtain 1
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M shots with IID distribution
M outcomes: independent and identically distributed (iid) random variables

Empirical mean random variable (sample mean statistic)

<latexit sha1_base64="kfEb3VfnIVXpQwlRvcXVU0yXgyM="></latexit>

X1, X2, . . . , XM 2 ⌃

Ideal single qubit measurement with M shots
<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs=">AAAFi3icnVRNb9NAEN2WBoqhtIUjlxFVpCIlkVO+K0CFgsSlUCT6Ieqo2qw3ySr2rtldt6SWr9x7hQu/gP/DX+HErB21TVKklpFtjebN7L55O952Egljff/31PSVmcrVa7PXvRs3527NLyze3jYq1YxvMRUpvdumhkdC8i0rbMR3E81p3I74Tru/7vCdA66NUPKTHSS8FdOuFB3BqMXQTvBadLtBtr+w5Df8wmDSaQ6dpbVXx3 </latexit>(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit> (

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

⇢ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

⇢ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>...

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

⇢ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm
Find the expectation value and 
variance of the empirical mean

<latexit sha1_base64="CljH2dzY2dyC5c2Kd1rD7iigWBU="></latexit>

X1, X2, . . . , XM ⇠ Pr [X = x] = hµ̂ (x)i
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Empirical mean: an unbiased estimator
<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs=">AAAFi3icnVRNb9NAEN2WBoqhtIUjlxFVpCIlkVO+K0CFgsSlUCT6Ieqo2qw3ySr2rtldt6SWr9x7hQu/gP/DX+HErB21TVKklpFtjebN7L55O952Egljff/31PSVmcrVa7PXvRs3527NLyze3jYq1YxvMRUpvdumhkdC8i0rbMR3E81p3I74Tru/7vCdA66NUPKTHSS8FdOuFB3BqMXQTvBadLtBtr+w5Df8wmDSaQ6dpbVXx3 </latexit>(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit> (

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

⇢ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

⇢ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>...

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

⇢ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm
Find the expectation value and 
variance of the empirical mean

<latexit sha1_base64="854GVQMTvRApYtfkivxP87v83R8="></latexit>

E [S] = E

"
1

M

MX

m=1

Xm

#

=
1

M

MX

m=1

E [X]

= E [X]

=
D
M̂

E

= p

linear functional

expectation value of a single shot

relation to quantum operator we 
derived earlier (unbiased estimator)

relation to probability to measure 1

<latexit sha1_base64="+ZH1DYtDZkRE5DpXpqZpcUbezS0="></latexit>

E [Xm] = E [X] = p 8m 2 {1, . . . ,M}
<latexit sha1_base64="PkOOHqfarrY++h6XBJZU1ndog4s="></latexit>

E [aXm + bXn] = aE [Xm] + bE [Xn] 8m,n, a, b 2 C
<latexit sha1_base64="PkOOHqfarrY++h6XBJZU1ndog4s="></latexit>

E [aXm + bXn] = aE [Xm] + bE [Xn] 8m,n, a, b 2 C
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<latexit sha1_base64="dWezhEvdS9FJAT/akTqsPJqCx64="></latexit>

V [S] = V
"
1

M

MX

m=1

Xm

#

=
1

M2

MX

m=1

V [X]

=
1

M
V [X]

=
p (1� p)

M

How noisy is our estimate of the empirical mean?
<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs=">AAAFi3icnVRNb9NAEN2WBoqhtIUjlxFVpCIlkVO+K0CFgsSlUCT6Ieqo2qw3ySr2rtldt6SWr9x7hQu/gP/DX+HErB21TVKklpFtjebN7L55O952Egljff/31PSVmcrVa7PXvRs3527NLyze3jYq1YxvMRUpvdumhkdC8i0rbMR3E81p3I74Tru/7vCdA66NUPKTHSS8FdOuFB3BqMXQTvBadLtBtr+w5Df8wmDSaQ6dpbVXx3 </latexit>(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit> (

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

⇢ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

⇢ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>...

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

⇢ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm
Find the expectaKon value and 
variance of the empirical mean

Use key identity for variance

(you can derive this from the definition)

<latexit sha1_base64="eZhae5OI/QXIUdfmNNx71sHP4ew="></latexit>

V [aXm + bXn] = a2V [Xm] + b2V [Xn]

The variance is reduced by the number of 
sampler we take!

Thus we can suppress the quantum 
projection noise with enough shots.

The standard deviation drop as one over 
square root of the number of shots

<latexit sha1_base64="3EUfivzCJLXUVuoIGc75slnXWnM="></latexit>

�S =
p

V [S]

=

r
V [X]

M

=

r
p (1� p)

M

<latexit sha1_base64="OYzz7ugZRFCjoZ/uqsrNIcdUI8A="></latexit>

V [Xm] = V [X] = p (1� p) 8 m 2 {1, . . . ,M}
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Animation of convergence of shots expectation value and mean

S

M

<latexit sha1_base64="kyZt5PJYxrWtelPveLSIKALuLzw="></latexit>

Pr


S =

k

M

�
=

✓
M

k

◆
pk(1� p)M�k

Binomial distribution
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Sampled output distribution
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S

<latexit sha1_base64="/OWYKt70sQMaBPNDlvcQma19P+g="></latexit>

Probability mass function B (M = 101, p = 0.5)

<latexit sha1_base64="XC+0xVWlcgvbreAP6CWdUuCte0Y="></latexit>

S ⇠ N
 
p,

r
p(1� p)

M

!
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Properties of the output distribution
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S

σSσS

<latexit sha1_base64="D4zfaRckO4iSp5gvtBNC9DPR8Rw="></latexit>

E [S] = p

<latexit sha1_base64="9r/KBAwLYbwfs2PK7996pGcD2e4="></latexit>

�S =
p

Var [S]

=

r
p(1� p)

M

<latexit sha1_base64="/OWYKt70sQMaBPNDlvcQma19P+g="></latexit>

Probability mass function B (M = 101, p = 0.5)

person: facebook
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Concentration Measure for Sampling Expectation Values

S

+ε -ε 

1 - δ

Icon: Flaticon
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Error Bound on Quantum Expectation Values
Concentration Measure for Sampling Expectation Values

Empirical mean & sample proper/es
<latexit sha1_base64="yQI7QxJYzya/ywIhufWaE+DHlaE="></latexit>

S =
1

M

MX

m=1

O(Xm)

<latexit sha1_base64="lWuL9ELEqTDAhFQAvbYs1wK9LuA="></latexit>

Pr
h���S �

D
Ô

E��� > ✏

i
 � := 2 exp

✓
�1

2
M✏

2

◆

<latexit sha1_base64="gyzfnmyJiU6+e1DbFpqEIVA0AS8="></latexit>

M � 2✏�2 log
�
2��1

� ⇥
M ' 4✏�2

⇤
.

<latexit sha1_base64="IqgvtWjGBT32qdF15lhSfstmtM4="></latexit>

|O (x)|  1Chernoff-Hoeffding two-sided tail bound, given                          for

Tf. required number of shots is at least [or with high probability (greater than 2/3)]

Note that this scales same way (mod δ) as the variance bound with ε = σ: 
<latexit sha1_base64="/aSFv0TQ2UvKraSGI8962umn/q8="></latexit>

M � 1

4
✏�2

ε specified (additive) precision (worst case additive error) for S 
with success probability at least 1 − δ. 

δ specific failure probability for 
meeting precision ε empirically. 

* Can find even tighter bound here owing 
to smaller [0,1] range

1 - δ
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<latexit sha1_base64="i7hXkl2ydxH+UWugUbA35eEibkA="></latexit>

10�2 10�1 100
101

102

103

104

105

Additive precision ✏

B
ou

n
d
on

sa
m
p
le
s
M � = 0.1

� = 0.01

� = 0.001

Ideal single qubit measurement with M shots
Tail bound on sample complexity

<latexit sha1_base64="gyzfnmyJiU6+e1DbFpqEIVA0AS8="></latexit>

M � 2✏�2 log
�
2��1

� ⇥
M ' 4✏�2

⇤
.

Observe that the probability δ is much 
cheaper than the precision ε.
Observe, n is not part of the equation.

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit> (

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

⇢ X1
shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

⇢ X2

,

,
<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>...

shot 2

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="> </latexit>

⇢ XM

��� ��� ��� ��� ��� ���
����

����

����

����

����

������ ����

��
��
��
����
�

����������� ���� �������� ℬ(�=���� �=���)

“Knowing you are not wrong is cheaper than 
  knowing you are right.” - Derek
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Concentration inequalities and tail bounds

https://www.zlatko-minev.com/blog/
inequalities 

Making a list,
checking it twice,
going to see
which inequality
is nice!

Markov? Hoeffding? 
Jensen? Chebyshev? 
Chernoff?

https://www.zlatko-minev.com/blog/inequalities
https://www.zlatko-minev.com/blog/inequalities
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image: makc76 

pi
ki

su
pe

rs
ta

r
Scaling PEC to n qubits and larger circuits

(ADVANCED – OPTINAL)
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Language of errors and error miCgaCon
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<latexit sha1_base64="X83iZhVZFe8TJe8zbOS3o+CyweE="></latexit>

⇢ 2 L(H)

<latexit sha1_base64="wfGLNLkHGlhm6Hk7O7rkxit1heU="></latexit>

S 2 L(L(H))

<latexit sha1_base64="NDyYtnY5ThqKPoy2u282+RHzebc="></latexit>

Â, B̂ 2 L(H)

<latexit sha1_base64="Dp5kkGuYFIDDSXbIjYg+j68rkas="></latexit>

|Âii $ Â
<latexit sha1_base64="RoRW2WuCPxqeuVt8uI3WWRGQ/lM="></latexit>

S|Âii $ S
⇣
Â
⌘

Notation: Super bra ket

<latexit sha1_base64="BInCPhmjSSu0KiVG3ofarbAppOY="></latexit>

hhÂ|B̂ii $
D
Â, B̂

E

= Tr
⇣
B̂Â†

⌘

<latexit sha1_base64="RcPE2M7VK7pzidFC3Bg0vXQ8eTQ="></latexit>

hhÂ|S|B̂ii = hhÂ|S(B̂)ii

=
D
Â,S

⇣
B̂
⌘E

= Tr
⇣
Â†S(B̂)

⌘

Vectorization isomorphism

<latexit sha1_base64="hG1F6bEwYgod1AqqN9gFWKAJ4N0="></latexit>

hhÂ|· $
D
Â, ·

E

= Tr
⇣
Â†·

⌘

<latexit sha1_base64="JAapW4tEBc1PQ/urJiV+Ag9cXio="></latexit>

|ÂiihhB̂| $ Â
D
B̂, ·

E

$ ÂTr
⇣
B̂†·

⌘
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<latexit sha1_base64="SLNsDMJRuJ7dN2zb5msbGGitkUI="></latexit>

I =
X

a2�

���P̂a

ED
P̂a

���
D
P̂a

���P̂a

E

Familiar ideas revisited with super notation

<latexit sha1_base64="ivTaSxEXV5xW1G2M5dR6Ng3lljw="></latexit>

⇤ = I⇤I =
X

a,b2�

D
P̂a

���⇤
���P̂b

E

D
P̂a

���P̂a

ED
P̂b

���P̂b

E
���P̂a

ED
P̂b

��� =
1

d

X

a,b2�

⇤ab

���P̂a

ED
P̂b

��� ,

<latexit sha1_base64="Tk7ckEyUNEh6idECVk4v/SfXGwY="></latexit>

� = {I,X, Y, Z}⌦n
<latexit sha1_base64="J6cd+pYZFEYaZr7iAiGNwAMJuaU="></latexit>D
P̂a

���P̂b

E
= Tr

⇣
P̂ †
a P̂b

⌘
= d�ab

<latexit sha1_base64="EF1C3PNCdIQP2sJEY7rPWU5wrT8="></latexit>

|�| = 4n = d2, d = 2n

<latexit sha1_base64="LYkX4OXySCH5ivol454fQAm+IYo="></latexit>

a, b 2 �
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Stochastic Pauli channel
<latexit sha1_base64="Ymxa0pt5IahEzPqQSKKfX5s28cs=">AAAb13ictVndc9u4Edddv+7Ur1z7Vr+g1ai1J5IsKXEu5xl18nG+OlPn7EucrzNdD0hCFCIQYAjQlsJw+tbpa/+Q/jV96kz7v3QBkIpIUbmkVTWJDGJ/u1jsLnYXlBsxKlW//8+PPv7e93/wwx998mnzxz/56c9+fu2zXzyVIok98sQTTMTPXSwJo5w8UVQx8jyKCQ5dRp650/ua/uySxJIKfqrmETkPccDpmHpYwdTFtT84Rw </latexit>

⇤ : L (H) ! L (H)

<latexit sha1_base64="LLXBKfByl3k/uO/Dlcg0Gt09G/4=">AAAb03ictVndcxu3EWfSr4T9ctq36gUth6k1JimSthxHHXZsK0rlqR2ptvyR6FQN7g4kYeKAM4CTSF/updPX/iH9a/ra/DddAHc073hy7Ja9SWgc9reLxe5id3HyY0aV7ve/++DDH/zwRz/+yUcfN3/6s5//4pfXPvnVMyUSGZCngWBCvvCxIoxy8lRTzciLWBIc+Yw892f7hv78gkhFBT/Ri5icRXjC6ZgGWMPU+bV97yGAQ+ </latexit>

⇤ (⇢) =
X

a2�

paPa⇢Pa ,

<latexit sha1_base64="lbsQ02wn5j3UBq58hJj+vFKz+D0="></latexit>

0  pa  1 ,
X

a2�

pa = 1 ,

<latexit sha1_base64="3edPlaS5Oq+hC7ZvQvprE+Pko60="></latexit>

⇤ (⇢) =
1p
|�|

X

b2�

fb Tr (Pb⇢)Pb =
X

b2�

fb
|PbiihhPb|
hhPb|Pbii

,

⇤ (Pb) = fbPb , 8a 2 � ,

�1  fb  1 fI = 1 ,
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Probabilistic error cancelation: Derivation
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Probabilistic error cancelation: Derivation
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Probabilistic error cancelation: Derivation



Zlatko Minev, IBM Quantum (48)

Probabilistic error cancelation: Derivation
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Quasi probability distribution
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E mitigated
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Estimator
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Probabilistic error cancelation: Derivation
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Unbiased estimator
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Probabilistic error cancelation: Derivation
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Generalizing: Raveling trajectories with quasiprobabilities

Discussions with David Sutter

Technique     Channel C
 Prob. error cancelation (PEC)  noise inverse

 Cricut cutting (knitting) of gates  non-local gate

 Cricut cutting of wires   large unitary

 Classical sim. algorithms (QP)  unitary

Putting the following techniques all on the same footing

Real coefficients, turn 
into quasi-probability

CPTP operation we 
can implement

<latexit sha1_base64="OJ+Ct+tT6ahOcPAAZ7DAx6pOHUo=">AAAINHiclZXNbhs3EMc3aRsl2y+nOeYyrSHAASRBcpM2CZAiqIHWl9QpYjtBTUHgcimZEJdck5Qdmd0H6SvkAXLttX2EAr0VPfTSZ+hwV3Gi1RawCK0wmPmR/HPIIZNcCuv6/T+uXH3v/Q+uta7fiD/86ONPPt24+dmh1TPD+AHTUpsXCbVcCsUPnHCSv8gNp1ki+fNkuhPiz0+5sUKrfTfP+TCjEyXGglGHrtHGlySj7phRCT </latexit>

C(·) =
X

i

aiFi(·)

Channel we want 
to implement
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Big picture

   Why quantum computers?
      Status and outlook

   Why error miIgaIon?
      Noise in quantum computers
      Overview of error miIgaIon

Mitigation fundamentals
  
   Probabilistic error cancelation (PEC)
      Introduction
      One qubit example
      General derivation

Quantum Error Mitigation for Non-Equilibrium Quantum Dynamics 
Lecture 1

road based on: freepik; Monster image by jcomp on Freepik

Next lectures
  

Learning noise 
State-of-art PEC experiments
Key techniques: Twirling
T-REX mitigation
…
State-of-art experiments at 
the 100Q+, depth 50+: 
uncovering local integrals of 
motion 
…
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<latexit sha1_base64="vmJnZJgIX2STl8qxWZDyrMkeMGc="></latexit>

...
...

Q1 · · ·

⇤̃i Ui

· · ·

Q2 · · · · · ·

Qn · · · · · ·

Is it possible to learn the noise
with accuracy, efficiency, and scalability?

Energy relaxation T1
Dephasing T2
Coherent errors ZZ
Classical crosstalk
Quantum crosstalk 
State preparation error
Measurement correlated errors 
…

Control errors 
Photon shot noise 
1/f charge noise
1/f flux noise 
Nonequilibrium quasipar/cles
Leakage
Cosmic rays 
…
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PEC: Nice, but why hasn’t worked so far for experiments?

Practical challenges

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

1. S. Endo, S. C. Benjamin, Y. Li, Physical Review X 8, 031027 (2018).
2. C. Song, et al., Science Advances 5, arXiv:2109.04457(2019).
3. S. Zhang, et al., Nature Communications 11, 587 (2020).
4. C. Piveteau, D. Sutter, S. Woerner, arXiv:2101.09290 (2021).
5. S. Endo, et al., J. Physi Soc. of Japan 90, 032001 (2021).
6. C. Piveteau, et al., arXiv:2103.04915 (2021).
7. R. Takagi, Phys. Rev. Research 3, 033178 (2021).
8. R. Takagi, S. Endo, S. Minagawa, M. Gu, arXiv:2109.04457 (2021).
9. Y. Guo, S. Yang, arXiv preprint arXiv:2201.00752 (2022).
10. . . .

Despite the method’s theoretical appeal (1-10), practical challenges 
have limited its demonstration to the one and two-qubit level (2, 3)

Small scale Critically hinges on knowing the full noise 
near perfectly 
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PEC: Nice, but why hasn’t worked so far? Challenges

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 ⇤�1 ⇤ I

Small scale

noise in full device
• cross-talk
• correlated errors
• parallel gates

learning complexity
• efficient 
• scalable
• accurate
• compact, tractable representation

Challenges

10 qubits 1012 parameters
50 qubits 1060 parameters

<latexit sha1_base64="13nwGo/oeznEqQ8NdIHk80Xpq4E="></latexit>

· · ·

· · ·
...

...
...

...
...

· · ·

Q1

⇤�1
1 ⇤1 U1 ⇤�1

2 ⇤2 U2 ⇤�1
l ⇤l Ul

Q2

Qn

Large scale

noise param values 10-2 - 10-5

additive error sampling cost (>102 – 1010)

2 qubits  255 parameters
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Outline

Learn

Cancel
(realization)

Icon: Flaticon

Idea
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Step 1: Simplify the noise

noise that includes cross-talk errors, etc.
characterized by some 4n x 4n matrix

<latexit sha1_base64="vmJnZJgIX2STl8qxWZDyrMkeMGc="></latexit>

...
...

Q1 · · ·

⇤̃i Ui

· · ·

Q2 · · · · · ·

Qn · · · · · ·
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Step 1: Simplify the noise: twirl

Twirling references 
1. C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, 

W. K. Wootters, et al., Phys. Rev. Lett. 76, 722 (1996).
2. E. Knill, arXiv:0404104 (2004).
3. O. Kern, G. Alber, D. L. Shepelyansky, EPJ D 32, 153 (2005).
4. M. R. Geller, Z. Zhou, Physical Review A 88, 012314 (2013).
5. J. J. Wallman, J. Emerson, Physical Review A 94, 052325 (2016)
6. Hashim et al., Phys. Rev. X 11, 041039 (2021)
7. Tutorial: zlatko-minev.com/blog/twirling (2022)
8. ...

twirl reduces to noise 4n x 4n matrix to diagonal one with 4n entries in Pauli basis

<latexit sha1_base64="vPAhn13KuHJxXkULpGPUAk9BhnM="></latexit>

...
...

Q1 · · · Pi,1

⇤̃i

P †
i,1

Ui

· · ·

Q2 · · · Pi,2 P †
i,2 · · ·

Qn · · · Pi,n P †
i,n · · ·

* some sub-Clifford twirl group (use Paulis)

<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>

...
...

Q1 · · ·

⇤i Ui

· · ·
Q2 · · · · · ·

Qn · · · · · ·

average over 
twirl instances*

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

⇤i (⇢) =
4n�1X

a=0

ciaPa⇢P
†
a

Stochastic Pauli channel

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa eigenvecs are Paulis

Tutorial
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Step 2 wish: amplify noise

Akin to:
RB, Cycle RB, K-body noise reconstruction, ...
S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
For something of a review of protocols, see Helsen, et al., A general framework for randomized 
benchmarking (arXiv:2010.07974)

<latexit sha1_base64="tRMm9IzaV17iw+tCFUOwGMj7u9E="></latexit>

· · ·

· · ·

...
...

...

· · ·

Q1 B1

⇤ ⇤ ⇤

B†
1

Q2 B2 B†
2

Qn Bn B†
n

prepare circuit in pre-
determined Pauli basis

measure circuit in same 
pre-determined Pauli basis

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k repetitionsfor the i-th layer

Since diagonal channel
will amplify eigenvalues
learn with multiplicative precision 
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

⇤i (⇢) =
4n�1X

a=0

ciaPa⇢P
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa

<latexit sha1_base64="6DZN1tz0nW6dafr15t98u0brsQU="></latexit>

⇢ =
1

2

⇣
Î + ⇢XX̂ + ⇢Y Ŷ + ⇢ZẐ

⌘
For a qubit
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

⇤i (⇢) =
4n�1X

a=0

ciaPa⇢P
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

⇤i (⇢) =
4n�1X

a=0

ciaPa⇢P
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa

For a single step
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

⇤i (⇢) =
4n�1X

a=0

ciaPa⇢P
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa

For a single step
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Step 2 wish: amplify noise

Akin to:
RB, Cycle RB, K-body noise reconstruction, ...
S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
For something of a review of protocols, see Helsen, et al., A general framework for randomized 
benchmarking (arXiv:2010.07974)

<latexit sha1_base64="tRMm9IzaV17iw+tCFUOwGMj7u9E="></latexit>

· · ·

· · ·

...
...

...

· · ·

Q1 B1

⇤ ⇤ ⇤

B†
1

Q2 B2 B†
2

Qn Bn B†
n

prepare circuit in pre-
determined Pauli basis

measure circuit in same 
pre-determined Pauli basis

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k repetitionsfor the i-th layer

Since diagonal channel
will amplify eigenvalues
learn with multiplicative precision 
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<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>

...
...

Q1 · · ·

⇤i Ui

· · ·
Q2 · · · · · ·

Qn · · · · · ·

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k repetitions

Step 2: Ideally, amplify the noise and learn

<latexit sha1_base64="fZoDYX7zqJnYQkK9Z/rpXaq7xM4="></latexit>

⇤k
i (Pa) = fk

iaPa

Ideally wish
Akin to:
RB, Cycle RB, K-body noise reconstruction, ...
S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
Erhard et al., arXiv:1902.08543; Ferracin et al., arXiv:2201.10672, ...
For something of a review of protocols, see Helsen, et al., arXiv:2010.07974

Entangler
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Let’s see how the amplification works with gates: no-go theorem

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

⇤(Pa) = faPa

fundamental degeneracy – can not undo some non-local – need entangling operation 

<latexit sha1_base64="2jo8MqrtLEYhNXoKpiO9IwK/Nfo="></latexit>

XY YZ YZ XYXY ⇤ CX ⇤ CX

fXY +1 fY Z +1

action of CX here can be undo by SQ gates
<latexit sha1_base64="4RkfXo55XMoD2Elkte2YaZNO1n0="></latexit>

fXY fY ZXY

2Q example

<latexit sha1_base64="StWJTYeuTm3WpF1f/rvhuRm88lE="></latexit>

XI XX XX XIXI ⇤ CX ⇤ CX

fXI +1 fXX +1

action of CX here can not be undone by SQ gates
<latexit sha1_base64="H8W/0qUioiRzffUFTVQ4l7mbV9o="></latexit>

fXIfXXXI

2Q example
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How to gates move state Paulis around?

manuscripts - notes/Mathema'ca/2018  \

cNOT Example single qubit gates

SI

IS

HI

IH
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<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>

...
...

Q1 · · ·

⇤i Ui

· · ·
Q2 · · · · · ·

Qn · · · · · ·

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k

Not so simple to learn noise of entangling gates

<latexit sha1_base64="fZoDYX7zqJnYQkK9Z/rpXaq7xM4="></latexit>

⇤k
i (Pa) = fk

iaPa

Ideally wish

Fundamental no-go theorem on learning

For general and in-depth
Senrui Chen, Y. Liu, M. Otten, A. Seif, B. Fefferman, L. Jiang
arXiv:2206.06362 (2022)
or supplement of our paper for qubit version and work by 
S. Flammia, S Benjamin, and teams.

Entangler
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Solution: Custom protocol + weak assumption

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>

...
...

...
...

...
...

Q1 B1

⇤ U

S1

⇤ U

S†
1 B†

1 R1

Q2 B2 S2 S†
2 B†

2 R2

Qn Bn Sn S†
n B†

n Rn

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k/2

Learning circuits 

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6

<latexit sha1_base64="G7hCJ7FC5wVv4x+4ILf7T+X0zW4="></latexit>

U

Example



Zlatko Minev, IBM Quantum (82)

Learning the noise: raw data

First basis

9 bases, 100 randomizations, 216 shots

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>

...
...

...
...

...
...

Q1 B1

⇤ U

S1

⇤ U

S†
1 B†

1 R1

Q2 B2 S2 S†
2 B†

2 R2

Qn Bn Sn S†
n B†

n Rn

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k/2

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6

Falco
n 27Q



Zlatko Minev, IBM Quantum (83)

Learning the noise: raw data

9 bases, 100 randomizations, 216 shots

2n curves

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>

...
...

...
...

...
...

Q1 B1

⇤ U

S1

⇤ U

S†
1 B†

1 R1

Q2 B2 S2 S†
2 B†

2 R2

Qn Bn Sn S†
n B†

n Rn

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>0

BBBBBBBB@

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>1

CCCCCCCCA

k/2

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6



Zlatko Minev, IBM Quantum (84)

Raw data

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6



Zlatko Minev, IBM Quantum (85)

Reconstructing quantum channel from measurement data 

<latexit sha1_base64="dUm/QxOmHKZBfvu5/tTZFXDhy4k="></latexit>

⇤ (⇢) =
4n�1X

a=0

caPa⇢P
†
a

S"ll 4n



Zlatko Minev, IBM Quantum (86)

Sparse Pauli-Lindblad model

<latexit sha1_base64="dUm/QxOmHKZBfvu5/tTZFXDhy4k="></latexit>

⇤ (⇢) =
4n�1X

a=0

caPa⇢P
†
aFalco

n 27Q

Highlight: Ewout van den Berg

<latexit sha1_base64="e9egTnnugREv7CZNcagTm03J5QA="></latexit>

L (⇢) =
X

k2K
�k (Pk⇢Pk � ⇢)

<latexit sha1_base64="2QnGCvugji3p/YI8jH90IKMz0Ik="></latexit>

⇤ (⇢) = exp [L] (⇢)

Magic

icon: Eucalyp



Zlatko Minev, IBM Quantum (87)

Notes



Zlatko Minev, IBM Quantum (88)

Each sub channel

=



Zlatko Minev, IBM Quantum (89)

Each sub channel



Zlatko Minev, IBM Quantum (90)

�
k

<latexit sha1_base64="YmHN0BHZlVW7b8hvEiVfwQCoi+s="></latexit>

Sparse Lindblad tomogram

Fingerprint image: freepik

L(⇢) =
X

k2K
�k

⇣
Pk⇢P

†
k � ⇢

⌘

<latexit sha1_base64="4HrDxfo2OzMusvlM4Xpo5VTf+Og="></latexit>

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk=">AAAIHnicnVVfb9s2EJe7rm69f+n62JfrUg8dYBuW4SRtMQ/Z+rC9dGuBJS1meQFF0TJhilJJOo5D6Lvs0+xtGLCn7dvsKGmJZSdAOsI2zve7O/7ueEeGmeDa9Pv/NG59cPvDO82791offfzJp5/t3P/8WKcLRdkRTUWq3oZEM8ElOzLcCPY2U4wkoWBvwvkLh785ZUrzVP5sVhmbJCSWfMopMag62fkrCFnMpX23INLw+Xk+VukSNMtGg16fnXUAt1gkstD47GzSAgiENpzO7ePXJ/7jHL6EgBolrF+I75YQBHWjYWlkiIotXGd0cJNI+9dECpiMLjM42dnt9/rFgm3Br4Rdr1qvTu7fGQZRShcJk4YKovXY72dmYonCjQXLW8EC0yd0TmI2RlGShOmJLYq </latexit>

Q1

Q4

Q7

Q6

<latexit sha1_base64="Y/T5Q5NU+dfebBRAjAR4G/WPBqc="></latexit>

8>>>>>>>><>>>>>>>>:



Zlatko Minev, IBM Quantum (93)

Noise tomogram for 20Q Ising-ring Trotter layer

cNOT cNOT cNOT

cNOT cNOT cNOT

cNOT

cNOT

cNOTcNOT



Zlatko Minev, IBM Quantum (94)

Noise tomogram for 
127Q Trotter layer

Same number of 
learning circuits 
as for 4Q 0 10

Zlatko Minev, IBM Quantum


