Gapless Spin Liquids in Two Dimensions

MPA Fisher (with O. Motrunich, Donna Sheng, Matt Block)
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Interest — Quantum Phases of 2d electrons (spins)
with emergent rather than broken symmetry

Focus on gapless “Spin liquids”

Especially - “Spin-Bose-Metals”

Spin liquids with “Bose” surfaces in momentum space

Access Quasi-1d descendent states on ladders



Useful references

Spin, Bose, and Non-Fermi Liquid Metals in Two Dimensions:
Accessing via Multi-Leg Ladders; MPAF Fisher et al. arXiv:0812.2955v1

The introductions to the following 3 papers might be useful to look at:

d-wave correlated critical Bose liquids in two dimensions, O.Motrunich et al,
PHYSICAL REVIEW B 75, 235116, 2007

Strong-coupling phases of frustrated bosons on a two-leg ladder with ring
exchange, D. Sheng et al. PHYSICAL REVIEW B 78, 054520, 2008

Spin Bose-metal phase in a spin-1/2 model with ring exchange on a two-leg
triangular strip, D. Sheng et al. PHYSICAL REVIEW B 79, 205112, 2009



“Simplicity” of Electrons in solids

Separation of energy scales for the electrons;

Kinetic energy

and Coulomb energy: Exe s Ecour > Troom >> Thap
RG Flows
=~ . .
7 T / \ T=0 fixed point
eV Tlab
T=0

QUANTUM PHASE



Band Theory: Metals versus insulators

o+ 2V |

* Energy Bands

 Band insulators: Filled bands

* Metals: Partially filled highest energy band

Even number of electrons/cell - (usually) a band insulator

Odd number per cell - always a metal



Quantum Theory of Solids:
2 dominant phases

Odd number of electrons/cell

Metals

Even number of electrons/cell

Band Insulators



But most d and f shell crystals with odd number of
electrons are NOT metals

Due to Coulomb repulsion
electrons gets stuck on atoms

“Mott Insulators”

Mott Insulators:
Insulating materials with odd
number of electrons/unit cell

Sir Neville Mott



Mott Insulators:

Insulating materials with an odd number of electrons/unit cell

Hubbard model with one electron per site on average:

H = —t Z[c,}tacja +h.c]+U Z nitNi|
(i) z
For U>>t electron gets self-localized
Residual spin physics:

s=1/2 operators on each site

Heisenberg Hamiltonian:



Quantum Phases of Electrons

Odd number of electrons/cell
(from atomic s or p orbitals)

Even number of electrons/cell

Odd number of electrons/cell
(atomic d or f orbitals)

v

Mott
insulator

Metal

Band Insulator



Symmetry breaking in Mott insulators

Mott Insulator ==  Unit cell doubling (“Band Insulator”)

Symmetry
breaking

2 electrons/cell

« Magnetic Long Ranged Order /

N
N

I

Ex: 2d square Lattice AFM / /

N
NS

« Spin Peierls

2 electrons/cell

Valence Bond =
— - [T =11 E

HENN]
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Quantum Phases of Electrons

Odd number of electrons/cell
(from atomic s or p orbitals)

v

Metal

Even number of electrons/cell >

Band Insulator

Symmetry breaking

/////////* eg AFM
Mott

insulator

T, 977

Odd number of electrons/cell
(atomic d or f orbitals)




2d Spin liquids

Spin liquid — 2d Mott insulator with no broken symmetries

Theorem (Matt Hastings, 2005):
Mott insulators on an L by L torus have a low energy excitation with

Implication: 2d Spin liquids are either Topological or Gapless



Quantum Phases of Electrons

Odd number of electrons/cell
(from atomic s or p orbitals)

v

Metal

Even number of electrons/cell >

Band Insulator

Symmetry breaking

/' eg AFM
Mott

insulator

T Spin Liquid

Odd number of electrons/cell
(atomic d or f orbitals)




3 classes of 2d Spin liquids

Topological Spin Liquids

« Gap to all bulk excitations - (degeneracies on a torus)
«  “Particle” excitations with fractional quantum numbers, eg spinon
+  Simplest is short-ranged RVB, Z, Gauge structure

Algebraic Spin Liquids o—9

o Stable gapless phase with no broken symmetries
* no free particle description ® ®
e Power-law correlations at finite set of discrete momenta

“Spin Bose-Metals”

Gapless spin liquids with spin correlation functions
singular along surfaces in momentum space
“Bose Surfaces”




2 Routes to gapless spin liquids

1.) Frustration, low spin, low coordination number

JANEANIWAN

s=1/2 Kagome lattice AFM >< >< >< ><

\VARVARV
Herbertsmithite ZnCu;(OH),Cl,

mmmm)  “Algebraic” spin liquids

2.) Quasi-itinerancy: “weak” Mott insulator with small charge gap

Charge gap comparable to exchange J

mmmm)  “Spin Bose-Metal” ?



Organic Mott insulators; s=1/2 on a Triangular lattice

K=(ET),X
= P D e
?.,01 ¥ ‘9
If

ET layer gﬁ é;"‘

‘ > 3 q{‘,ib i /
X layer B e

Kino & Fukuyama l dimer model
T s SR ..;. \ /
N
X = Cu(NCS),, Cu[N(CN),JBr,

(Anisotropic) Triangular lattice
Half-filled Hubbard band



Candidate Spin Bose-Metal

Kanoda et. al. PRL 91, 177001 (2005)

Isotropic triangular Hubbard at half-filling

Weak Mott insulator — metal under pressure
No magnetic order down to 20mK ~ 104 J
Pauli spin susceptibility as in a metal
“Metallic” specific heat, C~T, Wilson ratio
of order one

Motrunich (2005) , S. Lee and P.A. Lee (2005)
suggested spin liquid with “spinon Fermi surface”

-
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Spin and charge physics

Spin susceptibility J=250K
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FIG. 1. Arrhenius plot of the resistance of a k-(ET),Cu,(CN);
single crystal. The gray dashed line at low temperature indicates the
fitting of the gap value according to R(T)=R,exp(A/2kgT). Inset:
log(R) vs log(T) plot indicative of a power-law behavior of the
resistance in the low-temperature region.

Kanoda et al PRB 74, 201101 (2006)



Heat capacity measurements

Thermodynamic properties of a spin-1/2
spin-liquid state in a k-type organic salt

SATOSHI YAMASHITA', YASUHIRO NAKAZAWA' 2*, MASAHARU OGUNI®, YUGO OSHIMAZ*, . . _
HIROYUKI NOJIRIZ:#, YASUHIRO SHIMIZUS, KAZUYA MIYAGAWA®S AND KAZUSHI KANODAZe - Yamashita, et al., Nature Physics 4, 459 - 462 (2008)
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A new organic triangular lattice spin-liquid

EtMe,Sb[Pd(dmit),2

Itou, Kato et. al. PRB 77, 104413 (2008)
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Thermal Conductivity: K, ~T
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Thermal conductivity K~ T

at low temperatures, just as
in a metall!

Et,Me,Sb has a spin gap below
70K, so just have phonon contribution



Hubbard model on triangular lattice

NN NN NN
ANNNANNNYN

H=—t ¢ o+ he|+U Nt N AN NNNNY
Z[ v | Z = AVAVAVAVAVAVAY,
(i7) t ANNNNNNN/
NN\ \NNN Y
NNVNVNV NV VY

Phase diagram at Half filling?

Weak coupling Strong coupling

metal ????r) insulator
Free Fermi gas, Fermiliquid (i5)
un-nested Heisenberg n.n. AFM J=t2/U

3-sublattice Neel state



“Weak”™ Mott insulator - Ring exchange

metal ’?’?’) insulator

Mott insulator with small charge gap

HHubbard = —1 Z C;0Cia +U Z UZANEZA

©J

Insulator --> effective spin model

Zs .S, 20t > (Pyw +he)+ ...

rhombi

Ring exchange: P : g g
. 1234
(mimics charge

fluctuations) G, O, O,



Slave-fermions

Fermionic representation of spin-1/2
o
Si=fl5fi fiafia=1

General “Hartree-Fock” in the singlet channel
Hirial = — Z tijf;fafjoz
]

—  |Ug) = [Ugi) =P (Vo))

free fermions spins Gutzwiller
projection

- easy to work with numerically — VMC (Ceperley 77, Gros 89)



Gutzwiller-projected Fermi Sea

- ( 'Fermi Sea) = H c};Tc};l\va@)

k<kp

=al(T) (1) (1) (1) (1) (1)) ROITL) (0) L2RLT) (1) (1)

@”MW@ i) (1) () (1) (1) (1) + -

real-space configurations

-- insulator wave function (Brinkman-Rice picture of Mott transition)

Ueoin({R 11, {R' |}) = det[R 1] det[R |](—1)PARTHIFLY)



Gauge structure

variational parameter

Slow spatial variation of the phases a; produces only small
trial energy change ~ (curl a)? S1

Physics of gauge flux: Spin chirality

VXQN§1°(§2X§3)

need to include a; as dynamical variables



Examples of “fermionic” spin liquids

uniform flux staggered flux

-_—
uRVvVB / E; E;

real hopping
t

Kalmeyer
-Laughlin

d,?.,* Z2 spin liquid d+id chiral SL

favivd

can be all classified!
Wen 2001; Zhou and Wen 2002




Algebraic Spin Liquid (example)

Staggered flux state on 2d square lattice

Mean field Hamiltonian:

Hoe==> > {lit+(=1D)"VAY foa+Hel,

reA ' NN r

Band structure has relativistic dispersion
with four 2-component Dirac fermions

Effective field theory is non-compact QED3
Lo=Fl= iyH(3, + i)V + ~5 3 (€undyay)?+ -
E= ol 20 4 ,u+la’u +282 E,LLV)\ ya)" + i
72

Note: can argue that the monopoles are irrelevant due to massless Fermions,
(cf Polyakov confinement argument for pure compact U(1) gauge theory)



Emergent symmetry in Algebraic spin liquid

Spin Hamiltonian has global SU(2) spin symmetry H = JE S, 8, + -

(rr'’)

Low energy effective field theory is non-compact
QEDS3 with SU(4) flavor symmetry and
U(1) flux conservation symmetry

_ 1
L"E = \I,[— l')/'u(&,u + laﬂ)]’\lj + EE (Gﬂvkava)\)z 4 - ,
)

The SU(4) symmetry encodes slowly varying
competing order parameters B B

The U(1) flux conservation symmetry encodes S N
a conserved spin chirality 1

vxaNgl'(§2X§3)

82 83



Weak Mott insulator: Which spin liquid?
Motrunich (2005)

Long charge (co(z)cl (0)) ~ e~ /% E>>a

correlation length,

Inside correlation region
electrons do not “know”
they are insulating

Guess: Spin correlations “inside” correlation length
“resemble” spin correlations of free fermion metal.

illating at 2k - ~
oscillating at ZKg <S($) . S(O)} N COS(QkFZB)/JTS/Q

Spinon fermi surface

Appropriate spin liquid: is not physical in the
spin model

Gutzwiller projected Filled Fermi sea
(a “Spin Bose-Metal”)



Phenomenology of Spin Bose-Metal
(from wf and Gauge theory)

Singular spin structure factor at “2k;” in Spin Bose-Metal
(more singular than in Fermi liquid metal)

Fermi liquid Spin Bose-metal

v
=

2k 2k

2k “Bose surface” in
triangular lattice Spin Bose-Metal

v



Is projected Fermi sea a good caricature
of the Triangular ring model ground state?

I:Iring — Jo Z S, - Sj + Jy Z (Pz'jkl -+ hC)

1] rhombi

Variational Monte Carlo analysis suggests it might be for J,/J,>0.3
(O. Motrunich - 2005)

A theoretical quandary: Triangular ring model is intractable

e Exact diagonalization: so small,

e QMC - sign problem

 Variational Monte Carlo - biased wiololely)
e DMRG - problematcin2d = = = = =



Quasi-1d route to “Spin Bose-Metals”

Triangular strips: \/\/\/\/\/\/\/\

Neel state or Algebraic Spin liquid Spin Bose-Metal

Few gapless 1d modes Fingerprint of 2d singular surface -
many gapless 1d modes, of order N

New spin liquid phases on quasi-1d strips,
each a descendent of a 2d Spin Bose-Metal




2-leg zigzag strip

Ha = JZS_'; . gj + K Z [P1234 -|-731_2%54]
(i7) (1234)

VAVAV VAVAVA
J2

VAVAVAVAVAVAVAVAVAVAVAN

x x+1 x+2 x+3

Analysis of J,-J,-K model on zigzag strip

Exact diagonalization
Variational Monte Carlo of Gutzwiller wavefunctions

Bosonization of gauge theory and Hubbard model
DMRG



Gutzwiller Wavefunction on zigzag

t2 8 -2ty cos(k) - 2t, cos(2K) - u
NNVAVAVAVAVAVAVA 2
1 1
= /sz Ke Keq Ke2
t, N~ s 17
t, ol
: , Kgp = -Kgq - 70/2
Hirial = — E tij finfia .
]
5
-7
k
= (V) e [Wguin) :P (|\I’O>) Spinon band structure
: , G\,
free fermions spins Gutzwiller
projection

Single Variational parameter: t,/t, or k.,

(Ke1+ke, = pi/2)
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1.2

Phase diagram of zigzag ring model
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Spin Structure Factor in Spin Bose-Metal

Singularities in momentum space locate the “Bose” surface (points in 1d)

Gd O\ /

A 16 DMRG -

o Gutzw (61,/11)

W 14 Gutzw improved .
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-21t; cos(k) - 21, cos(2k) - u

(Gutzwiller improved has 2 variational parameters)

4F2 ey ke K2 ]
kpz = Ky /2

Singular momenta can be identified with 2kg, 2k,
which enter into Gutzwiller wavefunction!

e(k)
b A b D A o a2 d oW
.



Spin structure factor <Sq . S_q>

Evolution of singular momentum
("Bose” surface)

DMRG

Kring =J; =1,J3=0, varying J,; L=96
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Entanglement Entropy

Density matrix for system 10 — ‘¢> <¢‘

Reduced density matrix for pa = Trglpl
Sub-system A

Entanglement entropy SA = —T?“A [pA In ,OA]

’¢> — ‘¢>A‘¢>B Product state has S,=0

1D Gapless system (Conformal field theory, CFT)

Length X subsystem has S(X) = 5In(X) c = central charge



Entanglement in SBM?
Quasi-1d Gauge Theory

-2t; cos(k) - 2t, cos(2k) - u

AFE K1 ke "@}
Krz = kgq -2
11

“Fixed-point” theory of zigzag Spin Bose-Metal [, — [ Ly

Linearize about two fol(z) = Z ePkraz £,
Fermi points, oD 2
Bosonize and integrate f -~ ei(goaa—{—Peaa)
out gauge field Pao

K
IS T N R R S I )
\
a e

Two gapless spin modes L — i {i(a 0 >2 + V0 (00 )2]
o 27'(' Vy TYao0 a\YzxVao
a=1,2
Gapless spin-chirality mode L, = 21 [ (060 ) U(awex)zl
g

X = ga:—l : [gw X §x+1] X 8:1:90x

Emergent global symmetries: SU(2)xSU(2) and U(1) Spin chirality

3 Gapless Boson modes — central charge ¢c=3



Measure c=3 with DMRG?
Entanglement Entropy

L X

c Bethe c=1
S(X,L)= 3 log (; sin T) + A Spin Bose-metal ¢=3.1

(VBS-2 c~2; VBS-3 c~1.5)

K/J.=1 SBMJ'2=o.o' %
1~ ,

JZ = 32

4.5

Jp =2.0 (VBS-3)
35 -

ol D000 0 M~
o il
0 T T R Jin|
Gl Zh (Rl i N RN L
3 F “w N ‘ —

P AL Jp = 4.0 (VBS-2) nd

25 [ N A

Entanglement entropy S(X, L)
Entropy of subsystem S(X, L)

Jo =-1.0 (Bethe)

1.5

1 I 1 1 1 1 1 i 10 20 40
0 10 20 30 40 50 60 70 d = (L/n)*sin(xX/L)

Subsystem length X

Entanglement entropy in SBM consistent with c=3 for 3 gapless Boson modes!



Phase Diagram; 4-leg Triangular Ladder

Rung VBS Spin Bose—Metal

M———— ——f————f——f——K
00 01 02 03 04 05 06 07 08

-a)

r: (Sq-S

Structure Facto:

Spin

Qe +4%qy

Spin structure factor shows singularities
consistent with a Spin-Bose-Metal,
Singlets along the “rungs” (ie. 3-band Spinon-Fermi-Sea wavefunction)

for K=0 with 5 gapless modes, ie. c=5



Entanglement Entropy for SBM
on N-leg ladder

For length L segment on N-leg ladder expect

Sy = %N log(L/a) + A en ~ N

For 2d Spin Bose-Metal expectation is that
L by L region has entanglement entropy

Soa(L) ~ Llog(L/a)

2d Spin Bose-Metal as entangled as a 2d Fermi liquid



“Triangular Spin-Liquid” and

dRIAT =0

AT2

...... Q\

| Q,.—*‘Q T T = const.

onset T Fermi liquid

Pressure (kbar)

2D spin liquid
K‘CUZ(CN )3

t'/t=1.06

Isotropic triangular lattice

“Square AFM”



200
100

“Triangular Spin-Liquid” and “Square AFM”

dRIAT =0

50

critical point
AT? p

T4 T = const. paramagnetic

"u" "’_-<>f
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T (K)

onset T Fermi liquid

| | o ——
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2D spin liquid 2D antiferromagnet
K-CU,(CN), k-Cu[N(CN),]Cl

—N—%—
| —X~  ti=075

T “Anisotropic” triangular lattice
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Isotropic triangular lattice



New class of organics; AFM versus spin-liquid

V=, - Kato et. al.
VA
w0 MeP¥
Me,As®, (Frustrated) .
2 30 .. Paramagnetic “Square lattice” - AFM,
z *_Insulator
EtMe,As*™,
20 i LY 1 . . 1] _ . _ . .
EtMoBs Triangular lattice” — Spin-liquid
Et,Me,AS :@“459
Antiferromagnetic % |
Insulator S |
{EtMe,Sb)}
0 4
0.5 ym/' 08 09 |
'/t
Spin Liquid ?

T. Itou et al., PRB, 77 (2008) 104413

EtMe,Sb[Pd(dmit),2



4-leg Ladders; Square-vs-triangular (preliminary)

Square J-K model Triangular J-K model

K K

(Periodic b.c. in “rectangular’” geometry)

DMRG, ED, VMC of Gutzwiller wavefunctions, Bosonization,...



Phase Diagram; 4-leg Square Ladder

|
i K

“Rung” 0.7 “Staggered dimer”

Singlets along the “rungs” Valence bond crystal



Square ladder correlators

Jyy = 0.0, Kying = 0.4, N =4 x 18
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Phase Diagram; 4-leg Triangular Ladder

Rung VBS Spin Bose—Metal

M———— ——f————f——f——K
00 01 02 03 04 05 06 07 08

-a)

r: (Sq-S

Structure Facto:

Spin

Qe +4%qy

Spin structure factor shows singularities
consistent with a Spin-Bose-Metal,
Singlets along the “rungs” (ie. 3-band Spinon-Fermi-Sea wavefunction)

for K=0 with 5 gapless modes, ie. c=5



Goal: Evolution from Square to Triangular via DMRG

4-leg Ladder

Towards 2d

X+\

DMRG J, = J, 4 x 12

1.0

~] ® Rung Phase

| ®Dimer Phase

0.8

4 * SBM Phase

1 ? Mystery Phase

K/J.
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0.2
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Summary

« Spin Bose-Metals - 2d spin liquids with singular “Bose” surfaces
- quasi-1d descendents are numerically accessible
« Heisenberg + ring-exchange on zigzag strip exhibits quasi-1d descendent
of the triangular lattice Spin Bose-Metal

HA:JZS’;--S’}nLK Z[P1234+P1_2§4] \/\/\/\/\/\/\/\

(ig) (1234)

Future?

DMRG/VMC/gauge theory for

* Hubbard on the zigzag strip
* Ring exchange model on 6-leg square/triangular strips?
e Descendents of 2d non-Fermi liquids (D-wave metal) on the 2-leg ladder?



Dimer and chirality correlators in Spin Bose-Metal
on 2-leg zigzag strip

B(z) = S(z)-S(z+1), A
x(@) = S(z—1)-[S(z) x S(z+1)] il
D(z,7') = (B(z)B(x')) - (B)
X(@,2') = (x(=)x(=).

Chirality structure factor <y, x.;>

q

0.20 .
DMRG *
L Gutzw (61,[11)
0.15 Gutzw improved
0.10 r i T I ;
005} | T ¥/ %0q0e0e®®"]
0.00 ¢
005 [
0.10 [
-0.15 |
-0.20 | 2
-0.25 : F2 ' '
2kep  Bkpytkep w2 Kepkpy  2kgy @
q
0.20 T
DMRG
Gutzw (61,|11)
0.15 Gutzw improved
0.10 |
0.00 r
0.05 |
-0.10 |
-0.15 : :
SKeytkpp 72 Kepke T



Bethe chain state; “1d analog of Neel state”

Spin structure factor <Sq . S_q>
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Bethe chain and VBS-2 States
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Valence Bond solid (VBS-2)
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“VBS_3”

Period 3 dimer long-range order
Period 6 spin correlations;

2k, = 2 pi/3 instability in gauge theory,
gaps out the first spinon band, leaving second
band gapless like a Bethe chain
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Spin structure factor <S; - S.>

Dimer structure factor <Bq B_q>

Kring =Jy=1,J,=2, J3=0; =96
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