
Department of Physics 
Columbia UniversityCopyright A. J. Millis 2014 

`Microscopic’ Theory 
of Superconductivity

A. J. Millis 
Department of Physics 
Columbia University



Department of Physics 
Columbia UniversityCopyright A. J. Millis 2014 

Only a slight overstatement

Theory has been useless  
in the discovery of 
superconductors
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Example 1: Early 1900s

People realized: electrons constitute the 
``conducting fluid’’ which carries 
electrical currents

Idea: every (conducting) solid 
contains a gas of electrons, all 
whizzing around in different 
directions. Applying an electric 
field biasses the motion, giving a 
net current.
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Example 1: Early 1900s
People realized: electrons constitute the 
``conducting fluid’’ which carries 
electrical currents. Classical mechanic: 
motion from thermal agitation

As temperature goes to absolute zero, 
something strange should happen to 
the electrical conductivity

This reasoning was totally wrong, but the 
conclusion was correct and important
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Heike Kamerlingh-Onnes

Wanted to see what happened 
to  electron motion at very low 
temperatures

Initiated a major experimental 
effort in cooling materials to 
low temperatures, measuring 
properties
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Heike Kamerlingh-Onnes
http://www.nobelprize.org/nobel_prizes/
physics/laureates/1913/onnes-bio.html

Instead of finding that conduction 
ceased, he found 
superconductivity!!

H. K. Onnes, Commun. Phys. Lab. 12, 120 (1911) reproduced from  
http://hyperphysics.phy-astr.gsu.edu/hbase/solids/scex.html

Hg

http://www.nobelprize.org/nobel_prizes/physics/laureates/1913/onnes-bio.html
http://hyperphysics.phy-astr.gsu.edu/hbase/solids/scex.html
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1979: Frank Steglich 
Cerium Intermetallics with funny 
magnetic properties: Kondo lattice

superconductivity with a transition temperature of about 
0.6K (not low relative to effective fermi energy)

CeCu2Si2
PRL 43 p 1892 (1979)
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1985: Copper-oxide superconductors
Bednorz and Mueller 1985

Paul Chu and MK Wu  1987Z. Phys. B 64 189 1985

PRL 58 908 1987
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Mueller’s motivation
2 wrong ideas: 
(1) go all the way with phonon 
coupling--make it so strong you 
confine two electrons on same site: 
‘‘bipolaron’’ (a small-size boson). 
!
(2) La2CuO4 is nearly ferroelectric 
(it is not) and should be a good host 
for bipolarons (which ferroelectrics 
are not) and thus should be 
superconducting

This reasoning was totally wrong, but the 
conclusion was correct and important
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Understanding circa 2000

Conventional 
materials 

!
*`Phonon mediated’  

--light atoms 
--wide (sp) bands 
--cubic symmetry 

!
*Tc<40K 
!
*Underlying state 
`semiclassical’

High Tc 
!
*Electronically mediated 

--transition metal 
--single narrow d-band 
--nearby nontrivial 
insulator 
--2D 

!
*Tc>100K 
!
*quantal fluctuations key
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2008: the Iron Age
Y. Kamihara, T. Watanabe, M. Hirano, and H. Hosono, 
J. Am Chem. Soc. 130 3296 (2008) 

These people were looking for a 
magnetic semiconductor with various 
useful properties. 
!
What they found was a new family of 
high transition temperature 
superconductors
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2008: the Iron Age

Electronically two dimensional
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But no insulating phase nearby
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Multiple bands 
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Large local moment (S=2) 
on Fe site

Kotliar/Haule; also Georges
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Understanding circa 2013

Conventional 
materials 

!
*`Phonon mediated’  

--light atoms 
--wide (sp) bands 
--cubic symmetry 

!
*Tc<40K 
!
*Underlying state 
`semiclassical’

Cu-O High Tc 
!
*Electronically 
mediated 

--transition metal 
--single narrow d-
band 
--Near nontrivial 
insulator 
--2D 

!
*Tc>100K 
!
*Nontrivial quantal 
fluctuations

Fe-As High Tc 
!
*Electronically 
mediated 

--transition metal 
--multiple d-bands 
--2D 
--physics of large-
spin local moment 

!
*Tc>50K 
*quantal fluctuations 
not crucial.
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Many different superconductors known 
wide range in transition temperature

H. Takagi: SCES 2012 conference

How do we 
understand 
this? 
!
How high is Tc 
going to get? 
!
What are the 
good materials 
to look for?



Department of Physics 
Columbia UniversityCopyright A. J. Millis 2014 

References—an incomplete list

1. Fermi Liquid Theory 
—Abrikosov, Gorkov, Dzyaloshinskii, Methods of Quantum Field Theory in Statistical 
Physics 
—R. Shankar, Rev Mod Phys 66, p 129 1994 
—J Polchinski arxiv/hep-th/9210046 

2. Migdal-Eliashberg Theory of Superconductivity 
—Phonons: Scalapino, Schreiffer, Wilkins PR 148 264 (1966) 
      D J. Bergmann and  D. Rainer, Z. Phys. 263, 59 (1973)                        
—Spin fluctuations: Millis, Sachdev, Varma PRB37 4975 (1988) 
              Monthoux and Lonzarich PRB59, 14598 (1999)                        
        Monthoux, Lonzarich, Pines, Nature 450 1177                               
             Abanov, Chubukov Schmalian, EPL 55 p 369                        

3. Other topics (also see refs in these articles) 
 —Hubbard Model: Raghu and Kivelson, Phys. Rev. B 83, 094518 (2011)      
         Gull, Parcollet and A Millis, PRL 110 216406                                     
 —SrTiO3: van der Marel, Melchov and Mazin Physical Review B 84, 205111 (2011)      
 —C-60  +other organics: M. Capone, RMP 81 p. 943     
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Example: Screened U SrVO3

Aryasetiawan et al. 
PRB74 125106 (2006)

Key point: most of the 
screening of the on-site 
interaction is done by an ``all 
electron” plasmon at an energy 
~15 eV. 
!
In general, below this plasmon 
scale, for most purposes metals 
are characterized by an 
interaction that is short ranged 
and of the order of unity
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Superconducting gap function

Scalapino, Schreiffer Wilkins PR 148 264 (1966)

Distribution of phonons 
and couplings (model)

Gap function (not 
anomalous self energy)

Tunnelling density of states
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ωphonon

EF

<< 1
and tunnelling data

Scalapino, Schreiffer Wilkins PR 148 264 (1966)

Sn: Rowell et al 
PRB 3 1971
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Non-phonon-mediated SC

example:

Cuprate

Clear association, 
across many 
different systems, of 
proximity of 
superconductivity to 
antiferromagnetic 
phase 
!
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Eliashberg calculations: spin fluctuations

0

0.05

0.1

0.15

0 0.5 1 1.5 2

Te
m

pe
ra

tu
re

 (
T/

t)

Pressure (κ2a2)

nAF-2D

nFM=Nearly Ferromagnetic

Ising-nFM-2D

nAF-3D

nFM-3D

nFM-2D

nAF=Nearly Antiferromagnetic

Tuning Parameter (κ2a2)!

S
up

er
co

nd
uc

tin
g 

Tr
an

si
tio

n 
Te

m
pe

ra
tu

re
(T

sc
 /
t)
!

Monthoux and Lonzarich PRB59, 14598 (1999) 

2D antiferromagnetic 
fluctuations are special
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Pnictides: 2 kinds of spin flucts  

Phys. Rev. Lett. 110, 117004 (2013)

Strong pair breaking effect of 
`wrong’ kind of spin flucts
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Copper Oxide Superconductivity 
the Mott Insulator and the Pseudogap
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The Pseudogap:  
a phenomenon of hole doped cuprates
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Key features of the pseudogap

Momentum space differentiation: ARPES

Valla et al PRL 2000
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Key features of the pseudogap
Momentum space differentiation (optimally doped) 
evolves to pseudogap (underdoped)

S. Lee et al, Nature 450, p. 81 (2007)
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PG Signatures in ARPES and tunneling  
not so strong

Sato et al PRL 89 067005 (2002)

ARPES Tunnelling

Renner et al PRL 80 149 (1998)
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DOS Maximum in PG becomes 
minimum in SC state

Sato et al PRL 89 067005 (2002)

ARPES Tunnelling

Renner et al PRL 80 149 (1998)
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DOS Maximum in PG becomes 
minimum in SC state

Sato et al PRL 89 067005 (2002)

ARPES Tunnelling

Renner et al PRL 80 149 (1998)
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PG also in 2 particle probes: 
e.g. B1g Raman Scattering

A. Sacuto et al arXiv:1209.3171
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Theory: The 2D `Hubbard model’

H = �
�

ij

ti�jc
†
i�cj� + U

�

i

ni�ni�

P.W. Anderson said 
The 2d Hubbard model captures the 
physics of high-Tc superconductivity

Last decade: dynamical mean field theory 
solution of Hubbard model
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DMFT

��1�2(�) =
�

a

f�1�2
a �a

DMFT(�)

Electron self energy: infinite x infinite matrix

DMFT: approximate as sum of small number a=1…N of functions 
!
Determined from auxiliary quantum impurity model with self-
consistently determined hybridization function  
!
different choices of f: different ‘flavors’ of approximation. 
!
N->infinity: recover original model

A. Georges
G. Kotliar
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Momentum space version of DMFT
M. H. Hettler, M. Mukherjee, M. Jarrell, and H. R. Krishnamurthy 
Phys. Rev. B 61, 12739 (2000)

tile Brillouin zone: choose N momenta Ka, draw 
an equal area patch around each one 

2 4 4* 8 161
�p(�)� �approx

p (�) =
�

a

�a(p)�a(�)

�a(p) = 1 if p is in the patch
containing Ka and is 0 otherwise

Find ⌃a from N-site

quantum impurity model

+ self consistency condition
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Status: high T, N~100 accessible. 
3D Hubbard. U=8t, n=1

Fuchs,  Gull, et al PRL 106 030401 (2011)

 Temp=0.4t
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Status: high T, N~100 accessible. 
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In ‘interesting’ U~UMott, low T regime

Clusters up to N~16 
U~7t 
T~t/60 
(surveys: 8 site--spot checks, N=16)

Comparisons up to N=16:  ~25% accuracy

We can do:

N Lin, E. Gull, and A. J. M, Phys. Rev. B82, 045104 (2010). 
E. Gull, M. Ferrero, O. Parcollet, A. Georges, A. J. M, Phys. Rev. B82 155101  (2010). 
!

E. Gull, O. Parcollet, P. Werner, and A.J.M, Phys. Rev. B80, 245102 (2009).
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Analogy:

Density functional <=> ‘Luttinger Ward functional 
!
Kohn-Sham equations <=> quantum impurity model 
!
Particle density <=> electron Green function
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Mott 
insulator

t’ =-0.15t

P. Werner, E. Gull, O. Parcollet and A. J. Millis, Phys. Rev. B 79, 045120  (2009)!
E. Gull, O. Parcollet, P. Werner, and A. J. Millis, Phys. Rev. B 80, 045120 (2009).!
Emanuel Gull, Michel Ferrero, Olivier Parcollet, Antoine Georges, Andrew J. Millis, 
Phys. Rev. B82 155101  (2010).

Phase diagram: Mott insulator separated 
from fermi liquid by pseudogap for hole but 

not electron doping
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Intermediate phase:  
partially gapped fermi surface 

t’ =-0.15t gap opens in momentum 
sector C
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Intermediate phase:  
partially gapped fermi surface 

t’ =-0.15t
but not in  B
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SC in DMFT
Pioneeers: (2x2 cluster) 
!
--Lichtenstein, Katsnelson PRB 62, R9283 (2000). 
--Maier, Jarrell, Pruschke, Keller, PRL 85, 1524 (2000).

Lots of other work (mainly 2x2 clusters): 
!
--S. S. Kancharla, B. Kyung, D. S én échal, M. Civelli, M. Capone, G. Kotliar and A.-
M. S. Tremblay, Phys. Rev. B 77, 184516 (2008).!
--T. A. Maier, D. Poilblanc, and D. J. Scalapino, Phys. Rev. Lett. 100, 237001 
(2008).!
--M. Civelli, M. Capone, A. Georges, K. Haule, O. Parcollet, T. D. Stanescu, and G. 
Kotliar, Phys. Rev. Lett. 100, 046402 (2008).!
--M. Civelli, Phys. Rev. Lett. 103, 136402 (2009).!
--G.Sordi,P. Śemon,K.Haule,andA.-M.S.Tremblay, Phys. Rev. Lett. 108, 216401 
(2012).!
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Large clusters: Superconductivity established
T. A. Maier, M. Jarrell, T. Schultheiss, P. Kent and 
J. White, Phys. Rev. Lett. 95, 237001 (2005) 

High T susceptibility: clusters up to N=26 at 
x=0.1 U=4t (too small for Mott phase) 

MJSKW point
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Phase diagram, different clusters
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Superconductivity and the pseudogap

SC Gap smaller than PG
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Simulated ARPES: Overdoped
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Simulated ARPES Spectra: 
Pseudogap regime
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Raman scattering

Calculation

Data  
Sacuto et al 
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energetics of superconductivity

RAPID COMMUNICATIONS

E. GULL AND A. J. MILLIS PHYSICAL REVIEW B 86, 241106(R) (2012)

wave functions, often starting from a single Slater determinant
with doubly occupied sites then being projected out.11–18

Information about pairing comes from comparing results
obtained from free fermion and BCS-paired starting points.
These works indicated that pairing was present for dopings
from x = 0 to x ∼ 0.25 and that over most of the phase
diagram the kinetic energy of the paired state was lower than
that of the unpaired state. However, variational results are
constrained by the choice of variational space; in particular by
the choice of projective BCS-type wave functions.

Another important class of theoretical approaches involves
phenomenological spin-fermion models.19–25 In these ap-
proaches it is assumed that the important physics arises from
the interaction of electrons with spin fluctuations (treated
as bosons but with boson self-energy effects arising from
coupling to fermions playing a crucial role). These models are
amenable to semianalytic treatment. Their analysis revealed
that in the strong-coupling limit the superconducting state
could have lower kinetic energy than the normal state. How-
ever, these models do not fully capture the strong correlation
effects associated with the Mott transition or the formation
of the pseudogap, and rely on assumptions about the most
physically relevant interactions.

We use the dynamical cluster approximation (DCA) version
of dynamical mean-field theory26 to evaluate Eqs. (2) and
(3) for the two-dimensional repulsive-U Hubbard model with
εk = −2t(cos kx + cos ky). In the DCA the Brillouin zone is
tiled with N patches and the electron self-energy is taken to be
piecewise constant, with a different value in each sector of mo-
mentum space. The sector self-energies are obtained from the
solution of an auxiliary quantum impurity model with param-
eters fixed by the Hubbard interaction and a self-consistency
condition discussed in detail in Ref. 26. The method yields a
dx2−y2 superconducting state.5,27–38 For the Hubbard model the
method becomes exact as N → ∞ and considerable evidence
is now available39–42 concerning the status of the finite N
results achievable numerically. Here we study the case N = 8,
which has been shown to be large enough for the results to
be representative of the infinite cluster size limit9 but small
enough to enable calculations of the necessary accuracy.40

We obtained the superconducting kinetic and potential en-
ergies KES and PES from superconducting solutions obtained
as described in Ref. 38 and the normal-state energies KEN

and PEN by solving the DMFT equations in the paramagnetic
phase with the same code but subject to the constraint that the
anomalous (⟨cc⟩) terms in the Green function and self-energy
vanished. Our results are obtained using the CT-AUX version43

of the continuous-time quantum Monte Carlo method44 with
submatrix updates45 and an extension to superconductivity.38

The energy differences are found to be very small and careful
attention to the high-frequency behavior is required for reliable
results. The submatrix methods are essential in obtaining data
of the requisite accuracy.

Figure 1 shows the phase diagram obtained from the
N = 8 DCA method in the interaction strength and doping
plane38 along with two arrows indicating the parameter-
space trajectories along which energies are computed in
this paper. At U ! 6.4t and carrier concentration n = 1
per site the approximation yields a paramagnetic (“Mott”)
insulating state which is at lower temperatures unstable to

antiferromagnetism. As electrons are removed the state evolves
to a conventional Fermi-liquid metal via an intermediate
“strange metal” phase characterized by a “pseudogap,” a
suppression of electronic density of states in the (0,π ) region
of the Brillouin zone.10,40,46–54 Superconductivity is found in
a strip,38 near the Mott insulator but separated from it by a
region of pseudogapped but nonsuperconducting states.53 At
carrier concentration n = 1 (vertical arrow) the ground state
of the model is believed to be antiferromagnetic at all U .
The n = 1 results were obtained by suppressing long-ranged
antiferromagnetic order (although short-ranged antiferromag-
netic correlations are still present) and are representative of
the properties of a metastable state. They are included because
the qualitative properties are seen to be the same as in the
doping-driven transition but the particle-hole symmetry at
n = 1 permits the acquisition of much higher quality data,
enabling a clearer view of the phenomena.

The two panels of Fig. 2 show the energy differences
obtained by subtracting the superconducting and normal-state
energies computed at inverse temperature β = 60/t along
the two parameter-space trajectories shown by the arrows in
Fig. 1, i.e., crossing the superconducting region by varying
the interaction strength or varying the carrier concentration.
The results obtained along the two trajectories are remarkably
similar, although the absence of a fermion sign problem at
n = 1 means we are able to obtain much better statistics in this

4.5 5 5.5 6
U/t

-0.02

-0.01

0

0.01

0.02

∆E

KES - KEN
PES - PEN
Etot,S-Etot,N

0.86 0.88 0.9 0.92 0.94 0.96 0.98 1n
-0.02

-0.01

0

0.01

0.02

∆E

KES-KEN
PES-PEN
Etot,S-Etot,N

FIG. 2. (Color online) Differences in total, kinetic, and potential
energies (per site, in units of hopping t) between normal and
superconducting states, obtained as described in the text at density
n = 1 varying interaction strength (upper panel) and as function of
density at fixed interaction strength U = 6t (lower panel).
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The two panels of Fig. 2 show the energy differences
obtained by subtracting the superconducting and normal-state
energies computed at inverse temperature β = 60/t along
the two parameter-space trajectories shown by the arrows in
Fig. 1, i.e., crossing the superconducting region by varying
the interaction strength or varying the carrier concentration.
The results obtained along the two trajectories are remarkably
similar, although the absence of a fermion sign problem at
n = 1 means we are able to obtain much better statistics in this
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FIG. 2. (Color online) Differences in total, kinetic, and potential
energies (per site, in units of hopping t) between normal and
superconducting states, obtained as described in the text at density
n = 1 varying interaction strength (upper panel) and as function of
density at fixed interaction strength U = 6t (lower panel).
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Energy of U Energy vs n

In the pseudogap regime, superconductivity is 
associated with a decrease of kinetic energy
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Pairing Mechanism

Scalapino, Schreiffer, 
Wilkins, PBR 148 263 1966  

Lead
Conventional superconductors: 
look at frequency dependence of 
complex gap function 

�(!) =
⌃A(!)

1� ⌃N(!)
!
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Pairing Mechanism: Hubbard Model

Continue �(i!n)
find �00(! > 0) � 0
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Pairing Mechanism: Hubbard Model

Thanks to Doug 
Scalapino for 
discussion

�(!) =
⌃A(!)

1� ⌃N(!)�⌃N(�!)?

2!

U=6 Vary Doping
Nonzero only for 
w<t.  
Peak at low 
frequency unusual. 

Negative values: continuation errors in self energies.
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?Coincidence?

Inset: experimental estimate of pairing boson spectral function 
Dal Conte et al, Science, 335 6067 (2012)
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Summary: Hubbard model  
—Superconductivity, found via numerical 
solution (no assumption re which modes are 
important). 
—maximized near PG phase boundary and due 
to Unconventional ‘pairing glue’ 
—Scale of SC is <<U 

�PG > �SC
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Now can ask: what is missing from the Hubbard model? 
How do we optimize Tc?


