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An introductory review of the central ideas in the modern theory of dynamic critical phenomena is
followed by a more detailed account of recent developments in the field. The concepts of the conventional
theory, mode-coupling, scaling, universality, and the renormalization group are introduced and are
illustrated in the context of a simple example—the phase separation of a symmetric binary fluid. The
renormalization group is then developed in some detail, and applied to a variety of systems. The main
dynamic universality classes are identified and characterized. It is found that the mode-coupling and
renormalization group theories successfully explain available experimental data at the critical point of pure
fluids, and binary mixtures, and at many magnetic phase transitions, but that a number of discrepancies
exist with data at the superfluid transition of *He.

Classified different types of dynamics (models A-J) based on the following:

1. whether the order parameter is conserved or not,
2. whether there are the other conserved charges,
3. whether there exists couplings between these modes.



Equilibrium versus Non-equilibrium hydrodynamics

Equilibrium hydrodynamics: The deterministic part can be written as a gradient descend, i.e., the
dynamics is trying to minimize some global functional, e.g., the free energy F(v). The noise has no

feature, i.e., it is white in space and time. --- “Model A” in Hohenberg and Halperin (RMP, 1977)
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Non-equilibrium hydrodynamics: there is NO global functional the dynamics is trying to minimize
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One common consequence of Non-equilibrium systems:

It needs continuous dissipation of energy (cost) to maintain
the non-equilibrium steady state

What is the cost-performance tradeoff in biological systems?
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Schrodinger’s Question

How are living (biological) systems different from non-living (physical) systems?

By ERWIN SCHRODINGER

=

WHAT
IS

LIFE
?

A

The Physicist’s approach to the
¢ Subject—With an Epilogue on
Determinism and Free Will

(1944)

“...life feeds on negative entropy...” — Erwin Schrodinger

Life costs free energy



Central Question: How do living systems process information accurately
with noisy components and stochastic interactions?
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» Biological systems are noisy — small # of molecules, stochastic interactions, ....

(1) How? - Mechanisms and Design Principles for Achieving the Biological Functions (Behaviors)

(2) How much? = Free Energy Cost for Biological Functions

The energy cost for creating and maintaining order in noisy nonequilibrium systems



Equilibrium versus Non-equilibrium systems

FEBRUARY 15, 1931 PHYSICAL REVIEW VOLUME 37
RECIPROCAL RELATIONS IN IRREVERSIBLE PROCESSES. I.
By LaArs ONSAGER
Ji = LuXi + L2 Xo + L13X;
Jy = Lo Xy + L2aXo + L3 X; (2.3)
Js = Lt X1 + L32Xo + L3 X

The Onsager reciprocal relations Ly = Lgy ; L1 = L3 ; Lag = Ljs. (2.4)

3. ANALOGY WITH CHEMICAL REACTIONS

We shall compare (2.3) with the equations for a chemical monomolecular
triangle reaction. Suppose that a certain substance may exist in a homogene-

Detailed balance (DB)
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(Lars Onsager)

The cycle rule
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Biochemical systems are far from equilibrium
ADP+P

The c¥cle rule (f)r DB) k1k2k3 =+ k—1k—2k—3
is broken: ATP k3/ /\\/
Persistentcurrentd ;_, o _ ;. p _ Kikak3—k_1k_2Kk_3
In steady state: —h2 B 25 C ..sumof 9 (>0) terms . C F B

kikoks
k_ik_,k_,

Thermodynamic force: Au = kzT In

Free Energy
Transduction and
Biochemical
Cycle Kinetics

Terrell L. Hill

Free energy dissipation rate: |/ = JxA u=>0

Continuous energy dissipation (power consumption) is needed
to maintain a non-equilibrium steady state (NESS)




Cost-Performance relation in biological systems

> Ultrasensitive Biological Switch

> Sensory Adaptation

The nonequilibrium mechanism for ultrasensitivity in
a biological switch: Sensing by Maxwell's demons

PRL 115, 118102 (2015) PHYSICAL REVIEW LETTERS

Yuhai Tu* PNAS | August 19,2008 | vol. 105 | no.33 | 11739
ohvsi ARTICLES
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11 SEPTEMBER 2015

Pablo Sartori' and Yuhai Tu®

Free Energy Cost of Reducing Noise while Maintaining a High Sensitivity

sensory adaptation

> Biochemical Oscillation

The energy-speed-accuracy trade-off in

Ganhui Lan'™, Pablo Sartori?¥, Silke Neumann?, Victor Sourjik® and Yuhai Tu'*

ARTICLES

PPUBLISHED ONLINE: 27 JULY 2015 | DOI: 10.1038/NPHYS3412

nature
physics

The free-energy cost of accurate
biochemical oscillations

Yuansheng Cao', Hongli Wang', Qi Ouyang"?* and Yuhai Tu**
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Design principles for enhancing phase sensitivity
and suppressing phase fluctuations simultaneously
in biochemical oscillatory systems

Chenyi Fei(y', Yuansheng Cac? Qi Ouyang' & Yuhai Tu®

ARTICLES

nature
thSICS hitps://doi.org/10.1038/541567-019-07017

The energy cost and optimal design for
synchronization of coupled molecular oscillators

Dongliang Zhang ©, Yuansheng Cao? Qi Ouyang" and Yuhai Tu®**

> Inverse Power-Law Scaling

PHYSICAL REVIEW LETTERS 126, 080601 (2021)

of Dissipation Rate during
coarse-graining

Inverse Power Law Scaling of Energy Dissipation Rate

in Nonequilibrium Reaction Networks

Qiwei Yu0,' Dongliang Zhang . and Yuhai Tu®”




Strongly interacting systems

Most of the systems studied so far are spatially homogeneous,
i.e., well mixed biochemical reaction networks

What about systems that consist of strong-interacting subsystems, which exhibit collective behaviors?

1) Synchronization of molecular clocks

ARTICLES

namre
phySICS hitps://dol.org/10.1038/541567-019-0701-7

The energy cost and optimal design for Zhang et al, Nature Phys., 2020
synchronization of coupled molecular oscillators

Dongliang Zhang ©1, Yuansheng Cao? Qi Ouyang'* and Yuhai Tu®4*

2) Flocking of active spins

“The energy cost for flocking of active spins”, Qiwei Yu, YT, 2022
https://arxiv.org/abs/2205.13149

3) Reaction-diffusion system (not covered in this talk)


https://arxiv.org/abs/2205.13149

Synchronization of Coupled Molecular Clocks

A finite-state Poisson clock

e

\o/

global clock cycle

ngl_[k;/l—[k;r =N #£1,

Coupled clocks -- exchange interactions

[=ePBu x vl xy=eBBu L],
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scaled P(¢,.¢) local exchange cycles
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An analytical solution for the many-oscillator phase distribution

The phase distribution function of m interacting oscillators P(¢, ¢,, ..., ¢, t) satisfies the Fokker-Planck equation:

P 9 9
kY (e 2 2 (¢ P,
ot Z 96, ( " 36, ) Tm ; i ( (#5) + d%) ’

The processive speed: v = ke, = —kIn[,/2n Interaction “energy” E(¢;;) with ¢;; = ¢; — ¢;

Exact steady-state solution: [ Ps(qg) = exp( B Et(qg))l 25 ici Bl — ¢))

An effective temperature: T, =f"1=1+k/Q decreases with exchange frequency ()
eff



The nonequilibrium phase transition and energy cost of synchronization

Synchronization order parameter r € [0,1] Energy dissipation rate
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Synchronization transition driven by exchange energy dissipation

Tmax(W) = max(r(Eo, Q|W)) Optimal design

(Ep, Q") = argmaxr(Ey, QW)
Q,E,

W-W,

Wv.min Wex
Ws min = 81/ €g

(Zhang et al, Nature Physics, 2020)



Cyanobacterial circadian clock and the Kai system

Reconstitution of Circadian
Cyanobacteria is the simplest organism that A breakthrough!  Oscillation of Cyanobacterial KaiC
exhibits circadian rhythm (24 hrs) Phosphorylation in Vitro
e W KaiA, KaiB, KaiC, +ATP

(Nakajima, ..., T. Kondo, Science, 2005)
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How do individual KaiC hexamers synchronize with each other?

KaiC hexamers exchange monomers

(Kageyama et al, ..., T. Kondo, Mol. Cell, 2006)
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The energy cost of synchronization in the Kai system

An Interesting Puzzle: Only 2 ATP are needed for the P-dP cycle , 16 ATP are hydrolyzed per KaiC per day
(Terauchi et al, ..., T. Kondo, PNAS 2007)

k k k k
@ __pr, — L, eee —2. —_r, p O
k vk vk E%} vk i
(1) Dynamics of individual KaiC ‘ " I'r s b

hexamer -- PdP cycle g |rg Vggqg
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Our model< E@H .%PE@H %ﬁ cee 2741’ fdp -
dp dp dp dp

L (2) Exchange _coupling between Monomer-shuffling between Rpi/_)kl
two KaiC hexamers + —_— +
same conformation, P ordP
(©) ordP([) HOH HO&H
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© 0.8} o0 '
Varying 206 = 10 ,— E-120
R- exchange (shuffling) rate 504! © E =80
&0z 2l E=40
0 . . . 8 0 I X
(Zhang et al, Nature Physics, 2020) 0 1 2 3 4 % 0 1 2 3 \ 4
R(h'1) % R(h'1) 2 ATP/day



The rings of time: KaiC hexamer consists of two rings (KaiCl and KaiCll)

(provide erfergy forsy



What about the energy cost for flocking?



The dissipation rate depends inversely on the coarse-graining scale

Coarse-graining can reduce the apparent
dissipation rate dramatically

log 1% Energy
A Injection

4
Ve’:ﬁ‘e C
ch.(?d To determine the true dissipation rate,
(&

we need to compute it at the

Dissipation

L
small scale large scale

(Qiwei Yu, DL Zhang, YT, PRL, 126 (8), 2021)



Thermodynamic cost for flocking

of active spins

“Flocking with discrete
symmetry: The two-dimensional
active Ising model”

The Active Ising Model (AIM) PRE 2015
“Revisiting the flocking
Biased Diffusion Spin Flips transition using active spins”
PRL 2013
D(1-¢) D(1+4¢e) D(1+e¢) ?&:8) Bm; @ Bm,;
VN SV o7t Co e i .
. ®@ © & 6 - @7 A. P. Solon and J. Tailleur
1 2 3 4 - v L i
m; =nf —n; pi=ni +n;

n; -- number of spin s(=+, -) at site i

(2xL)N degrees of freedom



The Active Ising Model (AIM): a lattice flocking model

* N particles (Ising spins), L, XL, lattice, no volume exclusion, continuous-time Markov process.

* State variables: local occupation number (n};,n;;),i = 1,2,...,Ly,j = 1,2, ..., Ly.

. +
i,j’

* Local density and magnetization: p;; = n/; + n 7=

mi'j =n Tli’j.

* Dynamics (reactions): local alignment + active transport

Flipping
m; m; my _s
wePFon CgD we PEos kss(—s) = wexp <—85E0—) = we PPN,
—— r
1
| ky)»@+1y) = D(1 + se)
Hopping L — D(1 Key control parameters: (ai, Ey, €
D(1-¢) D(1+e) D(l+te) ﬁ&:&) (zy)—(@—1y) = D(1 — s€) D
Y8 Y ) 5 ‘
[ : : : : : , y+1) = . i .
1 2 3 4 - L @)@yt time scale  ¢°Y ling bias
k(may)_)(m’y_l) = D7 energy
scale

A. P. Solon and J. Tailleur, PRL 2013; PRE 2015



Phase diagram in parameter space (E, €)
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The three phases in AIM: Simulation results:

Gas Phase Mixed Phase Liquid Phase
(No flocking) (flocking) (flocking)
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AIM breaks the cycle rule (or Detailed Balance)
The mixed flipping-hopping cycle
Flipping Hopping Flipping Hopping

2eF D(1-¢) eF D(1—¢)
@CQ Csa Ca C1
D_|D_ |20 (DD | D _
1 2 1 2 1 2 1 2 1 2
1 D(1+¢) e® 2D(1+e)

Two-site AIM Cy
with N = 2 @

__ 2e” FxD(1-€e)xe PxD(1- e) _'3(1 € 2 4
 2D(1+e)xe~BxD(1+€)x1 1+e

Energy is continuously dissipated to maintain the (non-equilibrium) steady state.



The active Ising model: thermodynamics

- . 1 P
General Theoretical Framework W= lim - <ln —>
t——+oo t PR

State variable n = (n{;,n1,n05, 019,07, nr, ). Trajectory n(to).n(ty),n(tz),....n(ty), to <ty <ty <---<tp.

—t kout —(to—t k_out (t,“—t,” 1)k011t
Forward Probability P= P(n()) e Kno—n, € \Baoling Kn,—n, - € ™1 kn,,_1on,,
m—1
_ 7‘ri—1 t; —t; k()l,lt
— P(ng)e Yizo (Fig1—ti)ky) H -
1=0
. f'm_f’m k()ut —(t f kout
Backward Probability P = P(nn)kn,,—n,, ¢ ( Dot . oy ymge” 170K
m—1

m—1 out
_ — D ieo (Big1—ti)ky)
- P(n'm)e 2uizo (Bt i kni,Jrl_)ni
1=0

m—1 m—1
In — = ln

P n ,—n, : n i — N
= + E In ———+L = lim g Iy
i / P(o,) i=0 Fni 1o, t=+oo t i=0 ki1,

Finite, vanishes for infinite t Count all transitions *see book by Peliti & Pigolotti for a comprehensive
introduction to stochastic thermodynamics.




The active Ising model: thermodynamics

m—1

H 1 . iy
General Theoretical Framework W= lim Z In == Pt
t—+oo ¢ n —n;
1=0 i+1 v
Flipping Hopping
\ D(1—e) D(1+4e) D(14¢) D(1—e¢)
BEo, > ~BEo - v N\ VI
we iY@ we i @ e &
—— : : : : : |

7 1 2 3 4 s L
@), e m) () S SVE VI |[EXST
m'—n/ sy i,j i.j Pi,j n'—n / (s,5,5)=(s,i+Az,5) Pi+Azx,j T SMitAx,j T — ATSE

_|_Pij + sm; eXP (ZE()l - mi,js) <k7n—>n’> _ Pij T SMy
Pij — smij;+2 Pij - G (855 N Pij+Ay T SNy j+Ay T+ 2
sum of the energy terms
/ . . 1 1-— m; ;S . .. .
i 1 (t) + W- t) . . Weo = 2Eothrn - Z — alignment dissipation
= lim = lim ——~=W,+W,, aail’ fips P
t—+00 t g oo
. 1 1+e€
Wpm= lim = Axsl =2DeN'1
11m Z xrs ll( > € ll<1_€>

sum of the entropy terms ttoo ¢
vanishes in the steady state hop(egaa)

motion
dissipation



The average speed (order parameter) and energy dissipation rate in AIM

Order parameter
v = (s)(Ep,€)
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Th alignment energy dissipation peaks at the flocking transition with a cusp

I F
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The alignment energy cost peaks at the flocking transition point
with a cusp (discontinuity in first derivative)

(e
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0.5 1 15 2 25 3 3.5
Eq

c=0.1

1.2

08

0.6

0.4

0.2

| v)(EO» E) |

=@ Normalized Flocking Speed |-
==@== Normalized Dissipation Rate
== = Onset of Flocking

0.5

15 2 25 3
Eqy

€=0.5



Understanding energy dissipation using a reduced model

. - . 1 P
General Theoretical Framework W= lim - {(ln—
t—+oo ¢t PR

State variable n = (niy, 91, N9, Mags- -5 N, 1, ML, L) Number of states ~ (LxLy)N

In a small (finite) lattice, we can enumerate all possible states and make analytical progress

dP,(t
Steady-state distribution dt( ) Z (b —nPo — knsw Pa) = 0.

nl

L : Jn
Energy dissipation rate W = Z (Jasw — Jwsn) In =

nl

n<n’

Baby step: two sites (minimum system that breaks detailed balance)



Two-site solution

Two sites: L, = 2, L, = 1, Ny = poL,L,, particles.

total: a, spins up, (N, — ay) spins down.
* site 1: a; spins up, b; spins down.

* site 2: (ayg — ay) up, (Ny — ag — b;) down.
From infinite DOF (field) to 3 DOF (ay, a4, by).-
Governed by the Master Equation

Solution:

* Numerical: 0(N§) complexity, so ~50 particles.

Analytical: the limit of infinite particles (py — )

dP(ao, ay, bl)
dt

(ao—a1+1)-2D-P(CL0,CL1—1,b1)+(No—a()—b1+1)'2D'P(ao,CL1,b1—1)

= (a1—|—1)-2D-P(a0,a1—}—1,b1)+(b1+1)~2D-P(a0,a1,b1+1)

a1 —byj+2

a; + 1) cwe B e . P(ag+ 1,a1 +1,b; — 1)

a1—b1—2
Eo"i#n . P(ag— 1,01 — 1,y + 1)

—E, 2ag—N—aj+bj+2

ap— a1+ 1) - we No—ai=t1 . P(ag + 1,a1,b1)

E 2ag—N—aj+bj—2

(N() — ag — b] + 1) s we No—a1—by ' P(ao . 1, ai, bl)

n
gl
+ (b + 1) - we
gl
n

_E,4=h Eyi=b1 _Ey280—N—a1+b;
— |2NoD + aywe™ @1t + bjwe ¥ + (ag — aq)we 0 No—er—bi

E ZQQ—N—a] +b]

+(No — ag — by)we ® No—ai=br ] P(ao, ai, br).



—
(11@ ®a0_a1

. - ! !
Solving the master equation b —— O Ny —ag— b,
gl i? _r.p 1 2

@ =

linear operator containing all the terms on the last slide

ao —ap ao N— ap
Marginal distribution  Q(ay) Z Z P(ag,a1,b1), 1= Z Q(ap) Z Z Z P(ag, a1, br).
ay= —0 bl 0 apg= 0 apg= 0(11 0 bl 0

Fast distribution D > w = the distribution can be factorized  P(ag.a1,b1) = Q(ao)(zo> <Nb—ao>
1 1

a1=0 b;=0

. 1
Master equation for Q(a,) : Q(fta()) = Q(ao — k4 (ao — 1) + Q(ap + 1)k—(ao + 1) — [k4(ao) + k—(ao)|Q(ao),
(a i J\Z(IO e [b w()E“:v;zi +(N—-—ag—0 )w()E” 2(1(3”771\:':31“1} —1
0) a e g ’ k+(0Q0) 1y K+ (n)

ao N—a 0

— Qo —Eo1—h _Eg2e0=N—a;+b;
—(ao) E E ( )( >|:(1,1(,U(j 00151 4 (g — aq)we” 0T N-ai=br |,

a1 = =0 ()1 0



Solving the master equation

al? DE— C;) ap— a,
dP ap N — ap Q — Q
T ﬁ - P P((I(),(J,l,bl) :Q(ao) by No —aq — by
dt aj bl « >
1 2
 E(0)Q0) T ki (n) a0 a by
Q(a()) = = (a()) 11 k. (7L) G = N’ Tr = (L()’ Yy = N — (l(). N — o
C z—ﬁ k+(t>) €2E()Z(1—Z) 5 B
2] = N 1 dt | = - ——— e N(g(x)+2E02(1-2))
)= P ( /_ (55 =" ’

g
gx)=zlhz+(1—-—2)n(l —2)=—In2+2 <:1; - %) +0

9]

The free energy landscape

FJ(VZ) - _IH?V(Z) = [9(2) + 2E02(1 — 2)] + O(N ).

magnetization: m = N(2z — 1)




The system is non-equilibrium in both the ordered and disordered states
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The energy dissipation (entropy production) rate in AIM

i H.H — Eo 7 5 m 1
Z 0\, T 2 (B = Ey)
,
— AH, for flipping,
1+e€ _ _ _ . 1 (T
AW(t) =< In T, Ar, for x-directional hopping, W(Ey €) = Tllm T j AW (t)dt
_ —00 0
\O, for y-directional hopping,

_ . . 1+e¢€
Energy cost for motion (E, = 0):  W,, = W(0,€) = 2NDeln (1 — e)

Energy cost for alignment: W, (Ey, €) = W(E,, €) —W(0,€)



Computing the free energy cost in 2-site model

Az, y, 2)w(z,y, Z)(;_NG(-TJLZ) dz dy dz
Physical observables (4) = > A(ag, a,b1)P(ag, a1,by) [T w(z, g, 2)e-NC@w= dz dy dz

(I(].(Il.()l

e2E0z(1-2)

Wl T4, 2) = , G(r,y,z)=q¢q(z zg(x 1—2)g(n 2Fpz(1 — 2).
(z,9,2) 7ol =2 =) (z,y,2) = g(2) + zg(x) + ( Yg(y) + (1-2)

W, J J_ J J_ 4
Alignment dissipation 5 = Z (Jy —J-)In J—+ = Z P(ag, a1, b1)biwe* (1 = ]—+> In f = <b1ch"A <1 - i) In J—+>

(I().(Il.bl ag,a1,b
0,01,01
/

WV
only count flipping on site 1

z(1-2)(z—y) 1 7 ) i
1 _+:4 ( e e 4F, =" s = N 1 N 2
o 0 ze+(1—2)y  Nlze+(1—2)y +4Ey(z—1)| + Tl oy + O( )

0(1) O(N—1)

. T ) 1 J. _
(nondimensionlized)  w, = T %(.LL—J_) In f = N (wi)+(wo) +O(N 1)
evaluate using the saddle point method
(expansion near the saddle point)
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Computing the free energy cost in 2-site model

. . . ) 1 J 1 2
Alignment dissipation 1, = —— Z(J+—J_)1n T = N (wi) 4+ {we)+O(N ) ao a1 by
2WEy £ J_ _ — Z2=—, T=—, Y= .
flip N ao N —ag
evaluate using the saddle point method
(expansion near the saddle point)
Disordered phase: (wp) = wq <% %, %) =0 1 ! N
. . . . -z
0(1) order: no number fluctuation, no dissipation 11 a2z~ Fo (B>
Flocking phase: (wp) = wq <—, -, z*> =0.
2’2
O(N~1) order: expansion near the saddle point captures number fluctuation
1 0w, 92G\ ! ow, 0lnw [9?°G\ "
) =3 2 Ge (%) * 2 o (%) |
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R (f) +2B(l -2, ( ) 2wEo 8Fo[e*(1 — 2)]*%, Eo>1
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Energy dissipation in the 2-site and full AIM

EO?

8Ey[2*(1 — z*)]3/2, Ey>1

O0< Ey<1
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Cusped maximum at the critical point!

Linear increase in
the disordered
phase
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Exponential decay in the
highly ordered phase
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The energy-speed-sensitivity tradeoff in flocking
/ external field
H.(m,, p,) — hm, ks—(—s) = WeXp l—s (EO% - h)}

e om
Equal-speed lines sensitivity y = %| h—0
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Some general take-home messages

A continuous energy dissipation (cost) is needed for creating and maintaining
order (generally defined) in nonequilibrium systems.

The cost directly constrains the functional performance of the system.

The cost-performance tradeoff relation provides a new perspective for investigating the
mechanism and/or design principle of the underlying systems (natural or artificial).

Thank you!



