
 



















 Ġħĝĵĺģķ ͼ� ĨıĺķĳĢļĠĺĨĳı

1TFVEPTQFDUSBM NFUIPET BSF BMTP B HSFBU TUBSUJOH QMBDF GPS UIJOLJOH BCPVU
OVNFSJDBM BOBMZTJT GPS QIZTJDT TUVEFOUT BT JU BMMPXT VT UP SF�VTF NBOZ JEFBT
GBNJMJBS UP VT GSPN RVBOUVN NFDIBOJDT� *O RVBOUVN NFDIBOJDT UIF TQBDF PG
QPTTJCMF TUBUFT JT B )JMCFSU TQBDF BOE )FSNJUJBO PQFSBUPST SFQSFTFOU PCTFSWBCMF
RVBOUJUJFT� 5IF QPTTJCMF WBMVFT PG B HJWFO PCTFSWBCMF DPSSFTQPOE UP UIF FJHFOWBMVFT
PG UIF DPSSFTQPOEJOH PQFSBUPS� GPS UIJT SFBTPO RVBOUVN NFDIBOJDT USBEJUJPOBMMZ
GPDVTFE PO )FSNJUJBO PQFSBUPST XIJDI IBWF SFBM FJHFOWBMVFT� 0OF PG UIF aSTU
MFTTPOT POF MFBSOT BCPVU )FSNJUJBO PQFSBUPST JO RVBOUVN NFDIBOJDT JT UIBU UIFJS
FJHFOWFDUPST GPSN B DPNQMFUF CBTJT GPS UIF )JMCFSU TQBDF� 5IJT JEFB PG B DPNQMFUF
CBTJT GPSNT B DPSF QBSU PG UIF NBUIFNBUJDT PG RVBOUVN NFDIBOJDT BOE JU JT BMTP
DSVDJBM GPS PVS VOEFSTUBOEJOH PG 1%&T� 5IF JEFB JT UIJT� UIFSF JT B OPO�VOJRVF TFU
PG WFDUPST UIBU DBO TQBO UIF TQBDF PG TPMVUJPOT UP B QSPCMFN�

0G DPVSTF UIFSF JT B LFZ EJêFSFODF JO RVBOUVN NFDIBOJDT CFUXFFO EJTDSFUF BOE
DPOUJOVPVT QSPCMFNT� 5IFTF DPNF GSPN EJêFSFOU QIZTJDBM RVBOUJUJFT� UIF FOFSHJFT PG
B IBSNPOJD PTDJMMBUPS BSF EJTDSFUF XIJMF UIF QPTJUJPO BOE NPNFOUVN PG B GSFF
QBSUJDMF BSF DPOUJVOPVT΄� 5IJT JT BO JOIFSFOU QIZTJDBM QSPQFSUZ PG UIFTF TZTUFNT� ΄ ZPV NBZ SFNFNCFS UIBU UIF EJT�

UJODUJPO CFUXFFO EJTDSFUF BOE DPO�
UJOVPVT JT CFDBVTF POF JT CPVOE BOE
UIF PUIFS OPU�

)PXFWFS IFSF XF BSF BMXBZT HPJOH UP CF JOUFSFTUFE JO DPOUJOVPVT GVODUJPOT CVU
XF XJMM DPOTUSVDU EJTDSFUF BQQSPYJNBUJPOT UP UIFN� 8IFO XF EJTDSFUJ[F B 1%& 	PS
JUT TPMVUJPO
 XF NVTU aSTU DIPPTF B CBTJT� /FYU XF USVODBUF UIBU CBTJT UP B aOJUF
OVNCFS PG FMFNFOUT�

-FUrT DPOTJEFS B TJNQMF RVBOUVN TUBUF

|yi = Â
i

ai |Eii . 	ͼ�ͼ


8F TBZ UIBU XFrWF FYQBOEFE UIF TUBUF |yi JO UFSNT PG B TFU PG CBTJT WFDUPST |Eni� 8F
DBO aOE UIF DPFëDJFOUT CZ QSPKFDUJOH BHBJOTU UIF CBTJT VTJOH UIF JOOFS QSPEVDU

ai = hEi|yi . 	ͼ�ͼ


5IF QPXFS PG UIJT OPUBUJPO JT UIBU XF IBWF OPU TQFDJaFE XIBU UIF JOOFS QSPEVDU
BDUVBMMZ JT TJNQMZ UIBU JU FYJTUT� "T JNQMJFE IFSF CZ UIF OPUBUJPO UIF TFU |Eii JT
UIF FOFSHZ CBTJT XIJDI JT JUTFMG UIF TPMVUJPO UP UIF UJNF JOEFQFOEFOU 4DISÓEJOHFS
FRVBUJPO

H |Eni = En |Eni . 	ͼ�ͼ΄
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H JT UIF )BNJMUPOJBO B )FSNJUJBO PQFSBUPS UIBU SFQSFTFOUT UIF UPUBM FOFSHZ�ͼͻ " ͼͻ UIF)BNJMUPOJBO JT BMTP UIF EJTUJO�
HVJTIFE PCTFSWBCMF UIBU FODPEFT
UIF UJNF FWPMVUJPO PG UIF TUBUFT�)FSNJUJBO PQFSBUPS IBT UXP FYUSFNFMZ JNQPSUBOU QSPQFSUJFT� JUT FJHFOWBMVFT BSF

SFBM BOE BT NFOUJPOFE BCPWF JUT FJHFOWFDUPST GPSN B DPNQMFUF PSUIPHPOBM TFU PG
WFDUPST� 0SUIPHPOBMJUZ DBO CF XSJUUFO BT

ha|bi = da,b, 	ͼ�ͽͻ


XIFSF da,b JT UIF ,SPOFDLFS EFMUB

di,j =

8
<

:
1, JG i = j.

0, PUIFSXJTF.

	ͼ�ͽͼ


8IFO TPMWJOH 1%&T OVNFSJDBMMZ XF BSF HPJOH UP QSPKFDU BO BQQSPYJNBUJPO UP UIF
TPMVUJPO GVODUJPO f (x) POUP B WFDUPS TQBDF PG PSUIPHPOBM QPMZOPNJBMT�

ͼ� 5IF 1TFVEPTQFDUSBM .FUIPE
5P BQQSPYJNBUF B GVODUJPO f (x) XF XSJUF JU BT BO FYQBOTJPO

f (x) ' fN(x) ⌘
N�1

Â
i=0

f̂ifi(x) 	ͼ�ͽͽ


JO UFSNT PG CBTJT GVODUJPOT fi(x)� fN(x) JT UIF QPMZOPNJBM BQQSPYJNBUJPO UP PVS
GVODUJPO f (x)� 8F DBO XSJUF UIJT JO CSBLFU OPUBUJPO BT

f (x) ' fN(x) ⌘
N�1

Â
i=0

f̂i |fi(x)i . 	ͼ�ͽ;


5IF NPTU JNQPSUBOU UIJOH BCPVU UIJT GPSNVMBUJPO JT UIBU UIF TFU f̂i BSF DPOTUBOUT
JO x� 5IBU NFBOT UIBU JG XF XBOU UP DPNQVUF g(x) = ∂x f (x) XF POMZ OFFE UP UBLF
UIF EFSJWBUJWFT PG UIF CBTJT GVODUJPOT fi(x)�

5IF CBTJT GVODUJPOT XF VTF TBUJTGZ B TFSJFT PG QSPQFSUJFT UIBU NBLF UIFN VTFGVM
UP EP DPNQVUBUJPOT XJUI�
u UIFZ BSF DPNQMFUF PSUIPHPOBM CBTFT JO UIF EPNBJO PG JOUFSFTU�

u 5IFZ BSF FBTZ UP EJêFSFOUJBUF

u 5IFSF JT B SFBTPOBCMZ FëDJFOU USBOTGPSN CFUXFFO UIF DPFëDJFOUT BOE UIF HSJE
QPJOUT�
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5IF TJNQMFTU CBTJT GVODUJPOT BSF UIF 'PVSJFS QPMZOPNJBMT� 5IF 'PVSJFS QPMZOP�
NJBMT BSF EFaOFE CZ

fn = e
i2pnx/L

, 	ͼ�ͽͿ

XIFSF L JT UIF MFOHUI PG UIF EPNBJO XF BSF DPOTJEFSJOH� 5ZQJDBMMZ XF DMFBO VQ UIF
OPUBUJPO CZ XSJUJOH kn = 2pn/L CVU FRVBUJPO 	ͼ�ͽͿ
 TIPXT UIF FYQMJDJU JODMVTJPO
PG UIF JOUFHFS n�

5IFS EFSJWBUJWFT PG 'PVSJFS QPMZOPNJBMT BSF RVJUF TJNQMF

∂fn(x)
∂x

= iknfn(x). 	ͼ�ͽ


5IFSFrT UXP UIJOHT IFSF UP OPUF� 'JSTU UIF EFSJWBUJWF JT TJNQMZ NVMUJQMJDBUJPO CZ
ikn� 4FDPOE BT B 	WFSZ JNQPSUBOU�
 DPOTFRVFODF UIF EFSJWBUJWF PG UIF nUI 'PVSJFS
CBTJT GVODUJPO JOWPMWFT POMZ UIF nUI CBTJT GVODUJPO JUTFMG� 4P XIZ EP XF OPU VTF
'PVSJFS CBTFT BMM UIF UJNF *O GBDU XF EP VTF UIFN JO OFBSMZ FWFSZ DBMDVMBUJPO�
)PXFWFS UIF NBJO XFBLOFTT PG UIF 'PVSJFS CBTJT JT UIBU JU POMZ XPSLT GPS QFSJPEJD
EPNBJOT� 5IFSF BSF WFSZ NBOZ bVJE TZTUFNT ZPV NJHIU XBOU UP TPMWF UIBU IBWF
CPVOEBSJFT PG TPNF TPSU PS BOPUIFS� 5IVT XF IBWF UP DPOTJEFS PUIFS GBNJMJFT PG
CBTJT GVODUJPOT�

ͼ� $IFCZTIFW $MBTTJDBM 0SUIPHPOBM 1PMZOPNJBMT
%FEBMVT NBLFT VTF PG NBOZ PG UIF DMBTTJDBM PSUIPHPOBM QPMZOPNJBMT CVU XF XJMM
POMZ GPDVT PO POF PG UIFN UIF $IFCZTIFW QPMZOPNJBMT� *O GBDU qqUIFrr $IFCZTIFW
QPMZOPNJBMT JT B CJU PG B NJTOPNFS� 5IFSF BSF GPVS TFUT PG GVODUJPOT JO DPNNPO
VTF UIBU HP CZ UIF OBNF PG $IFCZTIFW� 8F XJMM VTF POMZ UXP PG UIFN

ͼ� $IFCZTIFW T

ͽ� $IFCZTIFW U

5IFTF BSF PVS XPSLIPSTF QPMZOPNJBMT JO $BSUFTJBO EPNBJOT� 8IFO XF DPOTJEFS
DVSWJMJOFBS EPNBJOT XF VTF PUIFS GBNJMJFT NPTU JNQPSUBOUMZ UIF +BDPCJ QPMZOP�
NJBMT� 'PS NVDI NPSF JOGPSNBUJPO BCPVU UIF DMBTTJDBM PSUIPHPOBM QPMZOPNBJMT
TFF $IBQUFS ͼ PG UIF /*45 %JHJUBM -JCSBSZ PG .BUIFNBUJDBM 'VODUJPOTͼͼ� ͼͼ 5�)� ,PPSOXJOEFS 3� '� 4XBSU�

UPVX 3� ,PFLPFL BOE 3� 8POH
$IBQUFS ͼ� 0SUIPHPOBM 1PMZOPNJBMT
https://dlmf.nist.gov/18��

-FUrT DPOTJEFS UIF aSTU PG UIFTFͼͽ�

ͼͽ TPNFUJNFT BMTP DBMMFE qq$IFZCZ�
TIFW QPMZOPNJBMT PG UIF aSTU LJOErr�
U BSF UIF qqTFDPOE LJOErr�ͽͻͽͽ�ͻ�ͻͿ ͻ΄�ͼ�ͽ�ͻͿ�ͻͻ Ģķĝĥĺ� ĸģıĢ Ġĳİİģıĺĸ ĺĳ īĳĨĸħĨ!ğĝĺģĸ�ģĢļ
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5IF aSTU TFWFO $IFCZTIFW T QPMZOPNJBMT DBO CF XSJUUFO
T0(x) = 1 	ͼ�ͽ

T1(x) = x 	ͼ�ͽ

T2(x) = 2x

2 � 1 	ͼ�ͽ

T3(x) = 4x

3 � 3x 	ͼ�ͽ΄

T4(x) = 8x

4 � 8x
2 + 1 	ͼ�;ͻ


T5(x) = 16x
5 � 20x

3 + 5x 	ͼ�;ͼ

T6(x) = 32x

6 � 48x
4 + 18x

2 � 1. 	ͼ�;ͽ

5IFSF JT TP NVDI UP TBZ BCPVU $IFCZTIFW QPMZOPNJBMT CVU XF XJMM MJNJU PVSTFMWFT
UP UIF NPTU JNQPSUBOU UIJOHT GPS OVNFSJDBM TJNVMBUJPO�

"HBJO MFUrT DPOTJEFS B USVODBUFE TFSJFT FYQBOTJPO fN(x) PG B GVODUJPO f (x) UIBU
XF XPVME MJLF UP BQQSPYJNBUF� 5IJT UJNF XFrMM FYQBOE JU JO Tn

fN(x) =
N�1

Â
n=0

f̂nTn(x). 	ͼ�;;


-FUrT DPOTJEFS UIF EFSJWBUJWFT PG UIJT GVODUJPO g(x) = ∂x f (x)� "HBJO XF IBWF
POMZ UP DPNQVUF UIF EFSJWBUJWFT PG Tn(x)�

gN(x) =
N�1

Â
n=0

f̂n

∂Tn(x)
∂x

. 	ͼ�;Ϳ


-FUrT MPPL BU UIF aTSU GFX EFSJWBUJWFT PG T QPMZOPNJBMT
∂T0(x)

∂x
= 0 	ͼ�;


∂T1(x)
∂x

= 1 = T0(x) 	ͼ�;

∂T2(x)

∂x
= 4x = 4T1(x) 	ͼ�;


∂T3(x)
∂x

= 12x
2 � 3 = 6T2(x) + 3T0(x) 	ͼ�;


∂T4(x)
∂x

= 32x
3 � 16x = 8T3(x) + 8T1(x) 	ͼ�;΄


∂T5(x)
∂x

= 80x
4 � 60x

2 + 5 = 10T4(x) + 10T2(x) + 5T0(x) 	ͼ�Ϳͻ

∂T6(x)

∂x
= 192x

5 � 192x
3 + 36x = 12T5(x) + 12T3(x) + 12T1(x). 	ͼ�Ϳͼ
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5IF MBTU DPMVNO PG FRVBUJPOT 	ͼ�;� 	ͼ�Ϳͼ

 TIPX UIF QSPKFDUJPO PG UIF EFSJWBUJWFT
CBDL POUP UIF Tn(x)� 5IFSF BSF B GFX JOUFSFTUJOH UIJOHT UP OPUF IFSF� 5IF EFSJWBUJWFT
BSF OPU BT TJNQMF BT UIFZ BSF JO UIF 'PVSJFS DBTF� *G XF SFUVSO UP UIJOLJOH BCPVU
PVS QPMZOPNJBM BQQSPYJNBUJPO BT B WFDUPS PG DPFëDJFOUT f̂n ! | f i XF DBO UIJOL
BCPVU IPX g(x) = ∂x f (x) DBO CF SFQSFTFOUFE JO UIF Tn CBTJT ĝn ! |gi� -FUrT XPSL
UIJT PVU�

g(x) = ∂x f (x) 	ͼ�Ϳͽ

|gi = Â

n

f̂n∂x |Tni . 	ͼ�Ϳ;


/PX XF DBO BTL XIBU UIF DPFëDJFOUT PG gN(x) BSF

ĝn = hTn|gi = Â
i

f̂i hTn|∂xTii . 	ͼ�ͿͿ


*G XF MPPL CBDL BU FRVBUJPOT 	ͼ�;
� 	ͼ�Ϳͼ
 XF OPUF UIBU UIF UIF EFSJWBUJWFT PG
Tn(x) BSF OPU PSUIPHPOBM UP Tn(x) UIFNTFMWFT TP XF DBOOPU TJNQMZ EJBHPOBMJ[F
UIF CSBLFU JO UIJT FRVBUJPO� *G XF SFUVSO UP UIF JEFB UIBU ∂x JT B MJOFBS PQFSBUPS
XIFO XF EJTDSFUJ[F JU JO B QBSUJDVMBS CBTJT XF FYQFDU UP HFU B NBUSJY KVTU MJLF
JO RVBOUVN NFDIBOJDT� )PXFWFS KVTU MJLF JO RVBOUVN XF NVTU CF DBSFGVM UP
EJTUJOHVJTI UIF PQFSBUPS GSPN UIF NBUSJY� UIF MBUUFS EFQFOET PO B UIF DIPJDF PG
CBTJT� &RVBUJPO 	ͼ�ͿͿ
 TIPXT VT UIBU CFDBVTF UIF DPFëDJFOUT f̂n BSF JOEFQFOEFOU
PG x UIF EFSJWBUJWF PG PVS GVODUJPO EFQFOET POMZ PO UIF NBUSJY HJWFO CZ

Di,j = hTi|∂xTji . 	ͼ�Ϳ


&YFSDJTF ͼ�ͽ� 4IPX UIBU POF DBO HFOFSBMJ[F FRVBUJPOT 	ͼ�;
� 	ͼ�Ϳͼ
 UP BSSJWF BU

Di,j =
2j((j � i)mod2)

1 + di,0

[i < j], 	ͼ�Ϳ


XIFSF [i < j] FWBMVBUFT UP ͼ JG UIF BSHVNFOU JT USVF BOE [FSP PUIFSXJTF�

'JHVSF ͼ�ͼ TIPXT UIF Di,j NBUSJY BOE TPNF TJNQMF QZUIPO DPEF UP HFOFSBUF
JU� 8JUI UIJT NBUSJY JO IBOE XF DBO OVNFSJDBMMZ DBMDVMBUF EFSJWBUJWFT GPS GVOD�
UJPOT BQQSPYJNBUFE VTJOH $IFCZTIFW T QPMZOPNJBMT TJNQMZ CZ EPJOH NBUSJY
NVMUJQMJDBUJPO PO UIF WFDUPS PG DPFëDJFOUT | f i EFTDSJCJOH UIF EJTDSFUJ[FE GVODUJPO�
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)PXFWFS %FEBMVT EPFT OPU EP UIJT� "OE ZPV TIPVMEOrU FJUIFS� 8IZ -PPL BU
aHVSF ͼ�ͼ BHBJO� /PUF UIBU JU JT BO VQQFS USJBOHVMBS NBUSJY� 8F DBMM TVDI B NBUSJY
qqEFOTFrr CFDBVTF ͽ� PG JUT FOUSJFT BSF OPO�[FSP� 3FNFNCFS PVS HPBM IFSF JT OPU
UP DBMDVMBUF EFSJWBUJWFT JO XIJDI DBTF XFrE POMZ OFFE UP EP NBUSJY NVMUJQMJDBUJPO�
0VS HPBM IFSF JT UP TPMWF EJêFSFOUJBM FRVBUJPOT NFBOJOH XF LOPX UIF EFSJWBUJWF
BOE XF XBOU UIF GVODUJPO� 8SJUUFO JO NBUI

L f (x) = g(x), 	ͼ�Ϳ


BOE IFSF XFrSF DPOTJEFSJOH L = ∂x� 6OEFS EJTDSFUJ[BUJPO JO Tn(x) ∂x ! Di,j � 8F
IBWF g BOE XBOU f  TP PVS EJTDSFUJ[FE FRVBUJPO JT

Di,j | f i = |gi 	ͼ�Ϳ

| f i = D

�1

i,j
|gi . 	ͼ�Ϳ΄


4BJE BOPUIFS XBZ XF OFFE UP TPMWF GPS | f i BOE UIBU NFBOT XF SFBMMZ XBOU UP BWPJE
EFOTF NBUSJDFT�

*G ZPV XFSF XBJUJOH GPS UIF Un(x) QPMZOPNJBMT UP BQQFBS XBJU OP MPOHFS� 0OF
PG UIF BNB[JOH GBDUT BCPVU $IFCZTIFW QPMZOPNJBMT JT UIBU JG XF QSPKFDU UIF EFSJWB�
UJWFT PG UIF Tn(x) POUP Um(x) XF HFU

∂Tn(x)
∂x

= nUn�1(x). 	ͼ�ͻ


5IJT JT B TQBSTF NBUSJY XJUI OPO�[FSP FOUSJFT POMZ PO UIF aSTU TVQFSEJBHPOBM�ͼ; " ͼ; 5IJT JEFB PG QSPKFDUJOH UIF EFSJWB�
UJWFT PG GVODUJPOT EJTDSFUJ[FE PO T

POUP U JT BMTP TPNFUJNFT DBMMFE UIF
VMUSBTQIFSJDBM NFUIPE CFDBVTF
Un = C

(1)
n  XIFSF C

(l)
n BSF UIF

VMUSBTQIFSJDBM QPMZOPNJBMT� $PO�
GVTJOHMZ VMUSBTQIFSJDBMT BSF BMTP
DBMMFE (FHFOCBVFS QPMZOPNJBMT�

LFZ JEFB PG %FEBMVT JT UIBU XF VTF EJêFSFOU CBTJT GVODUJPOT BU EJêFSFOU TUBHFT PG
UIF DBMDVMBUJPOT� 5IFSF BSF DPOWFSTJPO NBUSJDFT UIBU DBO DPOWFSU GSPN T UP U BOE
CBDL� 5IF EFUBJMT PG UIFTF NBUSJDFT BSF CFZPOE UIF TDPQF PG UIFTF OPUFT CVU ZPV
DBO SFBE NPSF BCPVU UIFN JO PVS ͽͻͽͻ NFUIPET QBQFS ͼͿͼ�

ͼͿ ,� +� #VSOT (�.� 7BTJM +� 4� 0JTIJ
%� -FDPBOFU BOE #� 1� #SPXO
qq%FEBMVT� " 'MFYJCMF 'SBNFXPSL
GPS /VNFSJDBM 4JNVMBUJPOT XJUI
4QFDUSBM .FUIPETrr 1IZTJDBM 3F�
WJFX 3FTFBSDI ͽ ͻͽ;ͻ ĢĳĨ� 10
.1103/PhysRevResearch.2.02306
8 	ͽͻͽͻ
��
ͼ UIJT DPWFST UIF PMEFS WFSTJPO ͽ
PG UIF DPEF� UIFSF BSF TPNF EJêFS�
FODFT JO d3 CVU GPS QFEBHPHJDBM
QVSQPTFT UIFTF BSF OPU JNQPSUBOU�

5IF aOBM WFSZ OJDF QSPQFSUZ PG UIF $IFZCZTIFW QPMZOPNJBMT BOE UIF SFBTPO
XF VTF UIFN TP NVDI JT CFDBVTF UIFZ DBO BMTP CF XSJUUFO

Tn(cos q) = cos(nq), 	ͼ�ͼ


XIJDI JO UVSO NFBOT XF DBO FYQSFTT UIFN VTJOH B EJTDSFUF DPTJOF TFSJFT� 5IJT
BMMPXT VT UP VTF UIF GBTU 'PVSJFS USBOTGPSN 	''5
 UP DPNQVUF UIF DPFëDJFOUT
hat fn GSPN B TFU PG HSJE QPJOU WBMVFT f (xi) XIFSF xi JT B TFU PG HSJE QPJOUT�

/PX XFrSF JO B QPTJUJPO UP VOEFSTUBOE IPX d3TPMWFT 1%&T�
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N = 7 # first seven T

def Dmatrix(n):
D = np.ones((n, n))
index = np.arange(n)
j,i = np.meshgrid(index,index)
D[:,:] = 2*j*((j-i)%2)
D[i == 0] /= 2
D[i >= j] = 0
return D

Dtt = Dmatrix(N)
plt.imshow(Dtt, cmap='Greys')
plt.savefig('fig/D-T-to-T.pdf')
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/PUF UIBU JU JT BO VQQFS USJBOHVMBS
NBUSJYvB EFOTF NBUSJY�
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