Statistical Mechanics of
Jamming

Lecture 1: Timescales and Lengthscales,
Jamming vs thermal critical points

Lecture 2: Statistical ensembles: inherent
structures and blocked states

Lecture 3: Example of thermal system with
constraints

Lecture 4: Statistical mechanics of grain
packings
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Lecture 1

What falls under the rubric of jamming?
Universality?
Signatures of jamming

Anomalously slow dynamics

Growing length scales?
Dyamical heterogeneities
Supercooled liquids (experiments, models)

Granular packings (experiments, models)
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Jamming

“A wide variety of systems, including granular media, colloidal suspensions
and molecular systems, exhibit non-equilibrium transitions from a fluid-like to a
solid-like state characterized solely by the sudden arrest of their dynamics.” [1]

Qualification: No obvious structural signature
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Universal Jamming Phase diagram
Bringing thermal and athermal systems in to same framework
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Signatures of jamming

M Anomalously slow
dynamics

® Absence of any purely
static, structural
signatures

® Simulations of soft
spheres, possible
exception

® Dynamical
heterogeneities
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Two schools of thought

B Purely kinefic:
arrest of flow with
no structural
correlations
developing

® There is an
underlying ideal
glass transition



Slow Dynamics
Athermal system
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Why is this anomalously slow?

Dynamics near a critical Vogel-Fulcher law
point: controlled by a

diverging correlation

length

T~ &7

(More in Lecture 3)
Jamming:
(1) No diverging length
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Models with quenched disorder such as the
random field Ising model are described by
this type of activated scaling [3]

Supercooled liquids do not have quenched
disorder. Is this type of scaling realized in
non-disordered models?

Granular packings are non-equilibrium
systems. Is there a generic mechanism for
generating the Vogel-Fulcher scaling?
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scattering function [4](density
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rely on a static transition it is a

purely dynamic theory

® Deficiencies: predicted glass

transition temperature too high,

absence of activated scaling
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Dynamical heterogeneities
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Supercooled liquids

Simulations, measurement and theories of 4-
point susceptibility [5-9]

Definition:
C((r—r');(t—t)) =< p(r',t)p(r,t) >

Measures how the densities at separated by a certain distance decorrelate with
time (remember: incoherent scattering function)

G((T - T/)) =< p(r’,t)p(r, t) >

Static correlation function or equal time, spatial correlation function which is
independent of time for a system in equilibrium. Normally, we pick up a
diverging length scale from this correlation function

Ga((r —r"); (t =) =< p(r', ') p(r", ) p(r, ") p(r, 1) >

A length scale (time-dependent) obtained from here provides a measure of
the extent of correlation between two snapshots separated by time t
remain correlated
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Supercooled liquids

Simulations, measurement and theories of 4-
point susceptibility [5-9]

Ga((r=7"); (t =) =< p(r', t")p(r", 1) p(r, t") p(r, t) >

This correlation function is

related to a susceptibility Compare fo ferromagnet

1

Y4 =< q*>>— < q>° X:N(<m2>—<m>2)

- / drp(r,t)p(r, ') m=3_5;

Compare to the overlap function
of spin glasses
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Supercooled liquids

Simulations, measurement and theories of 4-
point susceptibility [5-9]
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Supercooled liquids

Simulations, measurement and theories of 4-
point susceptibility [5-9]

xgtmkr;.:;;%fz—ﬁmmﬂk (analog of the dynamical
scaling hypothesis for usual
critical points)

Within mode-coupling theory, this particular response can
be related to the dynamical correlation length, I.[6]

Experiments have measured a growing length scale based on
this relationship [7]

Monday, June 26, 2006

14



Granular packings:

Behringers experiments on
stress fluctuations [10]

2
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O’Hern, Silbert simulations
[11]: growing length scale
from phonon spectrum
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Length scales ?

Dinsmore
bubble
experiments[12]
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Blocked states and inherent structures: A promising
approach to a unified framework

Stillinger's construction of inherent
structures[13]

Edwards’ idea of blocked states [14]
Simulations

Properties of inherent structures (LJ
systems)[15]

Properties of inherent structures of
purely repulsive systems[16]
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Ensemble of Blocked states (inherent structures)
Consider all mechanically stable states

One way in thermal systems is to set an energy scale to
infinity

athermal systems enforce mechanical stability
Either way, dealing with constraints
In thermal ensembles, assume Boltzman distribution

In athermal systems, what is the appropriate probability
distribution? Edwards’ ?

Phase transition in this restricted ensemble, diverging correlation
length?

Is the 4-point correlation a manifestation in the real system of this
underlying phase fransition?
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