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—xact Diagonalization: Applications

® Quantum Magnets: nature of novel phases, critical points in 1D,
dynamical correlation functions in 1D & 2D

® Fermionic models (Hubbard/t-J): gaps, pairing properties,
correlation exponents, etc

® Fractional Quantum Hall states: energy gaps,
overlap with model states, entanglement spectra

® Quantum dimer models or other constrained models (anyon
chain..)

® Full Configuration Interaction in Quantum Chemistry
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(Topological) Entanglement Entropy

® Let us look at reduced density matrices, and their entanglement entropies

p = Trg|y) (Y]

S(p) = Tr[—plogp

—nvironment

For topologically ordered phases:
Area Law

S(,O):CVL—’)/—F v = logD

D Total quantum dimension

Topological entanglement entropy Kitaev & Preskill PRL "06
Levin & Wen PRL '06
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Fractional QH states on the torus

® The torus can be tuned continuously by varying L1 and L2 (L1 L2 = 211 Ns).

® We study orbital partitioning, which is expected to correspond to real space
partitioning
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Area law at constant L1 (v=1/3 Laughlin)

® Increasing Ns (and thus Lp) at constant L1 = Saturation at large Ia

L,=8

o—o N =24
G—O N;=30

. L,=10

0
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-ntanglement entropy S(L1) (v=1/3 Laughlin)

® For large enough Ns, S(L1) converges for each L1

. S(Ll):2&L1—2’}/—|—

Boundary entropy
density (x)

AML, Bergholtz & Haque, NJP (2010)
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—xtracting the topological entanglement entropy

® Use a running Y extraction, and monitor L1 convergence

0

O
U1

(L)-L,dS /AL,
o .

S,
N

-Ln(3)

X

v=1/3, Laughlin _

® 2y converges towards expected Log(3) !
Most accurate numerical determination for FQH states to date.
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—xact Diagonalization: Applications

® Quantum Magnets: nature of novel phases, critical points in 1D,
dynamical correlation functions in 1D & 2D

® Fermionic models (Hubbard/t-J): gaps, pairing properties,
correlation exponents, etc

® Fractional Quantum Hall states: energy gaps,
overlap with model states, entanglement spectra

® Quantum dimer models or other constrained models (anyon
chain..)

® Full Configuration Interaction in Quantum Chemistry
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Outline

® Correlation Density Matrices
® Concept
® Applications to spin chains and the Kagome AFM

® “Tower of States” spectroscopy
® Continuous symmetry breaking: magnetic vs spin nematic order
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The correlation density matrix (CDM)

~

V>
@ = |

® |s there a systematic way to detect important correlations between
parts A and B embedded in a larger system 7

® The correlation density matrix:

PAB = PAB — PA X pB

contains all the required information
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The correlation density matrix (CDM)

~

V>

PAB = PAB — PA ® PB m @

\_ J

® Contains all information on any connect correlation function between
A and B: LA A ~ o~ ~ ~
Tr(p350408) = (Oa0g) — (Oa)(OB)
® The key step is to perform a singular value decomposition
c _ VAV
PAB — Z oiXi Y
=1

where the 0; give the strength of the correlation i and the Xi and Vi are the
operators of the correlator acting in A and B.

S.-A. Cheong & C.L. Henley, PRB 2009
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CDM I\ SAVAAVAVE
J1-Jo frustrated Heisenberg Chain (all AF)

I I | | [
A B
0.2 o - |[eeleecieciene ® Benchmark on
Dimerized = existing phase
d‘me"Z@ diagrams.
0.151 - 14
O L 13 .
= T “=_ @ singular values
~ — 128
= = ST respect SU(2)
@ - .
F 0.1 © | : | 1 % symmetry in S=0 GS
= 0 005 01 (multiplicities).
2 1N
";‘; F correlations [ [
I lll s! | polynomial fl —4 028
0.05 R - ® works very well for the
S A ™S T N losesf  well understood
2D DA AR - =T .
‘\ B | _ Majumdar-Ghosh
o] | | chain
005 1 5. il2 oo mo o ~ |
J2/J1 quadrupolar correlations 1/N

J. Sudan & AML
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CDM
J1-do frustrated

iIsenberg Cham (F AF)

-3.75

1

hexa- [o  octupolar quadrupolar
A decupolar

-1

® vector chiral phase

at low m
0.8

e ® spin multipolar liquids
0.6 SDW (p=2) at high m

—4

sat

m/m

CDM helped us under-
stand that spin
multipolar phases are
generically imprinted in
close-by magnetically
ordered states

0.4

0.2

()
I‘: :
Vector Chiral Order

ol T | L
021 03 935 032 §A505 A

J M,
J. Sudan, A. Lischer, AML, PRB 2009, ED/DMRG

F. Heidrich-Meisner et al. PRB ‘06
T. Hikihara et al., PRB ‘08
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he Kagome Antiferromagnet




Some kagome facts so far

400 | ® Absence of magnetic order for S=1/2,

Spin gap probably finite ~0.05 - 0.1 J
Waldtmann et al, EPJB '98, Jiang et al, PRL 08

36 sites Kagome spectrum
Waldtmann et al. EJP B (1998) S=1

300 |-
® Puzzlingly high density of singlets

“1  below the finite size spin gap.
Lecheminant et al PRB ‘97, Mila PRL 98

200 -

# of states

| ® Nature of the ground state unclear,
nature and origin of high singlet
density not really understood

100 |-

20438  -0.436 0.434
E/N
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Kagome AFM
Static Spin Structure Factor

® Ring of enhanced
S(aer ) scattering at the
20 extended BZ
boundary

No magnetic order!
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Kagome AFM
Dynamical Spin Structure Factor (~ INS)

® Broad response
INn energy

Spiky features
at lowest energies,
Remnant of VBC?

Relation to INS
experiments on

Herbertsmithite 7
Lee et al ‘07,

Helton et al. ‘07,
deVries et al, ‘09

ED, 306 sites AML, C. Lhuillier, arXiv:0901.1065
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Groundstate of the Kagome AFM

® \alence Bond Solid ? ?
. .
@ @ eb @-@ )@ @

e \

Model state
- 0 e B2 ED Results
Q 36 sites

@@@@@@

Marston & Zheng, JAP '91 I \ )
@ @3pe(24) 2De2d) (3
Singh & Huse, PRB 07 YES
Evenbly & Vidal, arXiv:0903 . III .

© ©

NO,

Leung & Elser, PRB 93
or very weak
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Groundstate of the Kagome AFM

S.S correlator, reference black bond is (0I1)

® \alence Bond Solid ? GS 36 sites

y—direction

x—direction

. y - [
JING0.w0.01 Excited state at
do Y LX) X AE=0.03 J
Marston & Zheng, JAP '91 s 2 A g XX
L OIQ-H S ikely VBC,
- YES ? -A.A.A XX ) but not MZ crystal
Singh & Huse, PRB 07 LN |
Evenbly & Vidal, arXiv:0903 PO on 36 sites

A.A.A’A.A.A
DOMQ-pme

Sudan & AML, ‘09

X— dlrectlon
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Low Energy Singlet Spectrum (N=36 sites)

-15.6 | | |
SPIN QAP [ === R oo ST @ -------- —
L + —
*
A H o © <
-15.65 |- = % =
® © q
N=36 MERA Energy ®)
Evenbly & Vidal i O 0 ]
PRL 2010 T
= A
ﬁ7 B O + @ B
S + ® ®)
B + * @ o _
® C A q
-15.75 O + @ —
@ ® © _
*
158 | | | | | | | | | | | | | | |

Al [LA] [DE] [DE] LB [TB] [XAT XA [KA] [KA] [GE] [MA] MAJ] [MB,] [MB,)]

IRREP Sudan & AML, ‘09

Friday, July 16, 2010



Dimer correlations of low lying singlets (N=306)
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Dimer correlations of low lying singlets (N=36

(S

|
n

log 0 (singular value)
&

|
)]

/N Av
A A4
HA.I’A

| |
N —

|
N

log 0 (singular value)
b

|
(@)

2 o

A £ eoa

AV 4 i

AY oY R
o ¥V v

v oAi Ay A

3y ¥ v

1

2 3 4
Manhattan distance

Friday, July 16, 2010

Manhattan distance

(X X X

] A. .V

@‘_1 :A i
T 2174 o
5 ®iy
8” -3 AY
-\% [
© -4
B
ke
-5 1
Manhattan distance
-15.6
spin gap
-15.65
=
8 157
[0]
C
[0
-15.75
[ J
158 | | | | | | | | | | | |
[FA] [FA) [FEJ[IME) [MB] [MB) XA] XAT [KA] [KA] [KE MANMA] MB] [MB,
IRREP
xR
_ -1
T 1l © 3 ot
2§ " i, S 2les
< v A 3
> A >
o -3 AY v ! A \/ 5 -3
Bl SR
©_4 ; ; AHA’AQA A’AvA A e -4
o) \/ o))
: i 80w 7
_5 -1 2 3 4 ".H.‘A /\ -

Manhattan distance




Outline

® Correlation Density Matrices
® Concept
® Applications to spin chains and the Kagome AFM

® “Tower of States” spectroscopy
® Continuous symmetry breaking: magnetic vs spin nematic order
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“Tower of States” spectroscopy

® What are the finite size manifestations of a continuous symmetry breaking ?
(eg in superfluids/superconductors, magnetic order, spin nematic order)

® Order parameter is zero on a finite system ! (symmetric partition function)

® So usually one looks into order parameter correlations [(order parameter)?]

= /
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“Tower of States” spectroscopy

® Order parameter is not a conserved quantity

® Order parameter is zero on a finite size sample (Wigner-Eckart) /

® How does one get spontaneous symmetry breaking anyway ?

® Ground state degeneracy is building up as we approach
the thermodynamic limit, which will allow to form a symmetry breaking
wave packet at zero energy cost
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“Tower of States” spectroscopy

® What are the finite size manifestations of a continuous symmetry breaking ?
(eg in superfluids/superconductors, magnetic order, spin nematic order)

® |ow-energy dynamics of the order parameter
Theory: PW. Anderson 1952, Numerical tool: Bernu, Lhuillier and others, 1992 -

® Dynamics of the free order

Continuum parameter is visible in the finite size
spectrum. Depends on the continuous
- H symmetry group.
9 Magno;ws T
GCJ H ® U(1): (892 SU(2): S(S+1)
] s

ﬁ Tower of
States ® Symmetry properties of levels in the
I /N Tower states are crucial and constrain
), > the nature of the broken symmetries.

S(S+1)

‘-—--—-- R
—_—
~
—
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Square lattice Heisenberg antiferromagnet

® Hamiltonian H=J Z S;-S;
(4,5)
® Fourier transform H = ZJZ% Sk - S_g
k

® Keep only the (0,0) and (rt,11) mode

® Lieb Mattis model recovered

0>

4.
Hy = _(51;201; — 5124 — SJQB)

P g

C. Lhuillier, cond-mat/0502464
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Symmetry decomposition of order parameter

® Order parameter manifold forms a representation space for the symmetry
group of the Hamiltonian

® Decompose this (reducible) representation into irreducible representations

1 step translation
bond reflection

A 3 plaguette rotation

2) operation
vvlth non-collinear

axis
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Symmetry decomposition of order parameter

® As a result of the group theoretical analysis one obtains

® 1 irrep with S=0, (0,0) A1

® 1 irrep with S=1, (11,m1) AT

® 1 irrep with S=2, (0,0) A

® 1 irrep with S=3, (11,m1) AT

Friday, July 16, 2010
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Seyond the collinear Neel state

® Bilinear-biguadratic S=1 model on the triangular lattice (model for NiGaSa).

H =Y cos(d)S;-S; +sin(d) (S;-8,)°
)

(2,7

AML, F. Mila, K. Penc, PRL ‘06
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Tower of States
S=1 on triangular lattice: Antiferromagnetic phase

® 93=0: coplanar magnetic order,
— 120 degree structure

® Breaks translation symmetry. Tree site unit cell
= nontrivial momenta must appear in TOS

-10

® non-collinear magnetic structure
B = SU(2) is completely broken,
-15

' number of levels in TOS increases with S

20 gf/ - ® Quantum number are identical to the S=1/2 case
AFM, 6=0 ]

_25- L1 1 | | | |
®612 20 30 42 S(S+1)
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Tower of States
S=1 on triangular lattice: Ferroquadrupolar phase

- ® 3=-1/2 : ferroquadrupolar phase, finite
guadrupolar moment, no spin order

-60 ® No translation symmetry breaking.

= only trivial momentum appears in TOS

ol <l ® Ferroquadrupolar order parameter, only even S

® all directors are collinear
= SU(2) is broken down to U(1),

number of states in TOS is independent of S.

75|

80 |

|
®612 20 30 42 S(S+1)
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Tower of States
S=1 on triangular lattice: Antiferroquadrupolar phase

i ~ ® 95=31/8 : antiferroguadrupolar phase, finite
quadrupolar moment, no spin order,
three sublattice structure.

-7/2

36 roEE

® Breaks translation symmetry. Tree site unit cell

35 = nontrivial momenta must appear in TOS

34

® Antiferroquadrupolar order parameter, complicated
S dependence. Can be calculated using group
theoretical methods.

33

32

31

AFQ, 6=3m/8 -

30 11 1 | | | |
®6 12 20 30 42 S(S+1)
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—xact Diagonalization: Applications

® Quantum Magnets: nature of novel phases, critical points in 1D,
dynamical correlation functions in 1D & 2D

® Fermionic models (Hubbard/t-J): gaps, pairing properties,
correlation exponents, etc

® Fractional Quantum Hall states: energy gaps,
overlap with model states, entanglement spectra

® Quantum dimer models or other constrained models (anyon
chain..)

® Full Configuration Interaction in Quantum Chemistry
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Tower of states in a quantum dimer model

® We study the quantum dimer model on the square lattice

Ho=—ty (= +He) + V> (] +[=)(=))

plaq plaq

® RK point (V/t=1) is gapless, all other points are believed to be confining,
..e. VBS phases.

® For V/t very large and negative a columnar phase is expected.

® Still ongoing debate on the nature of phase(s) for -1 <V/t <1
columnar, plaguette, mixed columnar-plaguette, ...

Leung, Syljuasen, Poilblanc, ...
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—nergy spectrum of the square lattice RK QDM

. D. Schwandt, S. Capponi, AML
ED up to 72 sites

Square Lattice RK QDM

9" B8s BER
TR
AR

— e e e o . o o e - E— R

NA

DD AP PPN .
SESESERSNRSNRSNEY

0 1

Vi
Collapse of levels associated to columnar VBS Quadratic prefactor of 1/N
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U(1) Tower in a Dimer model

® Appearance of a divergent U(1) to VBS crossover length scale in dimer histograms
upon approaching the RK point

0.5 05

0.5 . 0.5

® “Sz" tower despite non-obvious “Sz” in dimer model
D. Schwandt, S. Capponi, AML
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Thank you !



