
Lecture 3: 
Decodability transition in error corrupted topological states
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Ground state topological order

(iii) Topological entanglement entropy

(i) Topological ground state degeneracy

(ii) Anyonic excitations



Recent demonstrations of topological order

Semeghini et al. Science 2021

Google quantum AI Science 2021

1. Z2 topological order in Rydberg atom arrays

2. Toric code state realized in a SC qubit array

But these systems are not prepared in their ground state!
They are mixed states due to decoherence.

• Measured Wilson and t’Hooft lines
(Open string order parameters)

• Measured the  topological 
entanglement entropy
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Km,i (·)K†
m,i

Local channel Kraus operator

Corrupted topological states

• Is topological order sharply defined in such  corrupted mixed states?

• What are the possible phases?

• How to diagnose mixed topological states ? 



Two conflicting perspectives on the fate of 
topological order in the corrupted mixed state

1. Existence of an error threshold

“Logical error”!No logical error

i) Detect error syndromes: 
projects onto a configuration of anyons 

ii) Attempt to correct errors by 
annihilating anyons in pairs

For Toric Code: Dennis et al., J. Math. Phys. 2002

Phase transition in the failure 
probability at a critical error rate.
In principle can depend on the 
matching algorithm

Intrinsic Topological transition in the underlying mixed state r ? 

Topological transition in r ?



Two conflicting perspectives on the fate of 
topological order in the corrupted mixed state

2. Local decoherence = finite depth unitary circuit

From this perspective, the mixed state remains 
topological for any finite decoherence strength. 
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Ui(p)Topologically ordered state Ancillas

Cannot get singular change in any expectation value:
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h�|Ô|�i = tr(⇢ Ô)

How to resolve the conflict ? 



Resolution: transitions in an errorfield double

Treat the density matrix as a state vector in a doubled Hilbert space:
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NEFD

Decoherence is a non-unitary transformation of the state vector. 

 Can drive phase transitions in     , diagnosed by super-observables:
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Decoherence induced anyon condensation
Example: bit-flip errors in the toric code
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Drives condensation of
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mm̄
Diagnosed by the open string order parameter
(creation operator of          )

= Overlap between the corrupted state and the same corrupted state injected     
   with a single m anyon. If vanishing, then the anyon excitation is well defined.



Mapping to a boundary transition
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Path integral for the norm
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Two TQFTs in 2+1d space time 
coupled by the decoherece 
channel on the defect plane t=0



Important distinction from bulk anyon condensation

10

boundary ferromagnetic transition in a 3D Ising param-
agnet3.

The symmetry breaking transition is due to the con-
densation of symmetry charges Zi ⌦ Zi and can be de-
tected by the correlation function

hhe⇢|Zi`Zir ⌦ Zi`Zir |e⇢ii
hhe⇢|e⇢ii .

It is exponentially decaying in the symmetric phase and
non-decaying in the symmetry breaking phase. The tran-
sition maps to an anyon condensation transition in the
EFD detected by the open string operator dual to the
correlation function

hhWmm(C)ii = hh⇢|wm(C)⌦ wm(C)|⇢ii
hh⇢|⇢ii , (34)

where wm(m)(C) :=
Q

e2C Xe is an operator along an
open string C with endpoints at i` and ir. Such an open
string operator with a finite expectation value along an
arbitrary path indicates the condensation of anyon bound
state mm. We remark that the expectation value of
wm(C) in a single copy of density matrix, i.e. tr(⇢wm(C))
cannot detect the transition as m is not condensed in the
EFD.

The open string operator also has an information the-
oretical meaning: it measures the overlap between ⇢ and
⇢m = wm(C) ⇢wm(C)†, i.e. the error corrupted state be-
fore and after applying the string operator wm(C). In
the topological phase, the string operator creates a pair
of anyon mm leading to a state orthogonal to ⇢, whereas
the anyon excitation is not well-defined in the anyon con-
densed phase, and two states have a finite overlap. Mo-
tivated by the open string operator, in Sec. IV, we pro-
pose the quantum relative entropy which measures the
distinguishability between ⇢ and ⇢m as a diagnostic of
error-induced phases.

This anyon condensation is di↵erent from that in the
(2 + 1)D ground state. The condensed object mm can
only fluctuate near the ⌧ = 0 time slice as shown in the
path integral (represented by the red loops in Fig. 3(a).
As a comparison, when anyon is condensed in the ground
state, the worldline can contain large loops of arbitrary
sizes in the (2 + 1)D path integral [Fig. 3(b)].

This clear distinction has important consequences on
the diagnostics of the transition. Condensing anyon mm
in (2 + 1)D ground state leads to the confinement of
anyons that have non-trivial mutual statistics with mm,
such as e anyon. Hence, one can use the Wilson loop
or more generally the Fredenhagen-Marcu operator to

3
The bit-flip errors can also induce a transition in the ground

state of the 2D Toric code with a small magnetic field
P

e hxXe.

Here, the ground state maps to the 3D Ising paramagnet with

a finite correlation length on the dual side. Similarly, increasing

the error rate can tune a boundary ferromagnetic transition.

⌧

y

0+

0

0�

x

(a) (b)

FIG. 3. Expectation value of the closed loop operator We in
the condensed phase of mm. (a) In the condensed phase of
the EFD, anyon mm is proliferated only on a 2D slice (shaded
pink). Large loop of mm has exponentially decaying weight,
and hence We exhibits a perimeter-law scaling. (b) In the
condensed phase in ground states, anyon mm is proliferated
in the entire (2 + 1)D spacetime. Thus, large loop appears
with the same weight leading to an area-law scaling We.

detect the transition [36–39]. Yet, in the error-induced
anyon condensate of mm, the large anyon worldline is
created by the error channel along the path and occurs
with an exponentially decaying probability in its size.
Thus, the Wilson loop of e only intersects with a number
of mm worldlines proportional to the length of the Wil-
son loop giving rise to a perimeter-law scaling regardless
of the error rate. This indicates that the anyon conden-
sation in the EFD does not lead to the confinement, and
the Wilson loop cannot detect the phase transition.

Another diagnostics of the transition is the topologi-
cal entanglement entropy (TEE) in the EFD. The EFD
is a ground state of a gapped local Hamiltonian as it is
related to the double Toric code ground state by a ten-
sor product of local imaginary time evolution [Eq. (33)].
Thus, the TEE that characterizes the topological order
is expected to change discontinuously at the anyon con-
densation transition. In our example, in the absence of
errors, the TEE is 2 log 2 given by the two copies of the
Toric code topological order. The condensation of mm
reduces TEE to log 2 as shown in Appendix A. Further
condensing ee in the EFD by turning on local phase er-
rors results in a vanishing TEE.

We close this subsection with a few remarks. First, the
anyon condensation picture is general for abelian topo-
logical order subject to incoherent errors. The Kraus
operators Km,i in the incoherent error channel are anyon
creation operators, and Km,i⌦K⇤

m,i
creates anyon bound

states ↵↵ in the EFD. These bound states are self-boson,
and ↵↵ and �� have trivial mutual statistics regardless
of the statistics of ↵ and �. Thus, di↵erent anyon bound
states in the EFD can condense independently when tun-
ing the corresponding error rate.

The picture is more complicated for the coherent er-
rors, of which the Kraus operator can create a super-
position of anyons in | 0i. For example, the amplitude

§ Wilson loop
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𝑚"𝑚

e

Boundary condensation of  doesn’t lead to confinement of e 

Boundary 
condansate

Bulk 
condansate

§ Large world lines occur with decaying probability

§ Wilson loop always follows a perimeter law

§ Condensing  on the boundary doesn’t confine e



ØPauli-Y and –Z errors can give condensed phases of 𝑒�̅� and 𝑓 ̅𝑓

ØHow to classify the possible error-induced phases?

2x(TQFT)

2x(TQFT)

Pauli-X errors

Condensed phase of 𝑚"𝑚



Mapping to one dimensional edge states

Edge of quadruple topological order



K-matrix classification for Abelian topological order

Generalized Chern-Simons edge theory:
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Lswap

Generally classified by “Lagrangian subgroups” of anyon condensates
Levin PRX 2013, Barkeshli et al, PRB 2013

Restrict to incoherent errorsDifferent ways to gap the edge:

topological trivial

intermediate states

<latexit sha1_base64="+uyjWzkbJrN0pam4EAnOa5txigI="></latexit>

+Lswap + LN

Restrict to incoherent errors (don’t create 
superpositions of different anyon pairs)

<latexit sha1_base64="c+7GdTkpPD72+4u/h9Vsf72X2oo="></latexit>

Ki = ↵r↵r0



K-matrix classification for Abelian topological order

Generalized Chern-Simons edge theory:
<latexit sha1_base64="6DNtvF7mu3JnnTW62vGrQOCEap0="></latexit>

L[�] = 1

4⇡

X

I,J

KIJ@⌧�
I@y�

J � VIJ@y�
I@y�

J + Lswap + LEFD
<latexit sha1_base64="DET0Zn1OLGAXADKy9LGUtmnvdYs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkoiRV0W3LhwUcE+oA1hMp20QycPZm7UEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceLxZcgWV9GwuLS8srq6W18vrG5ta2ubPbUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXeZ++45JxaPwFsYxcwIyCLnPKQEtueZ+LyAwpESk15mb9oA9QKruSZxlrlmxqtYEeJ7YBamgAg3X/Or1I5oELAQqiFJd24rBSYkETgXLyr1EsZjQERmwrqYhCZhy0skLGT7SSh/7kdQVAp6ovydSEig1DjzdmR+sZr1c/M/rJuBfOCkP4wRYSKeL/ERgiHCeB+5zySiIsSaESq5vxXRIJKGgUyvrEOzZl+dJ67Rqn1VrN7VK/aSIo4QO0CE6RjY6R3V0hRqoiSh6RM/oFb0ZT8aL8W58TFsXjGJmD/2B8fkDvBuYPQ==</latexit>

Lswap

<latexit sha1_base64="+uyjWzkbJrN0pam4EAnOa5txigI="></latexit>

+Lswap + LN

• Because of the doubling this applies also to chiral topological states

• Can be generalized to chiral non abelian states



Ground state topological order

(iii) Topological entanglement entropy

(i) Topological ground state degeneracy

(ii) Anyonic excitations

How to generalize these defining properties to corrupted mixed states?



(i) Coherent information

• Encode information into the degenerate ground state

• Apply decoherence channel

• How much of the information can be recovered?

• For successful quantum error correction need Ic = SR

Information theoretic diagnostics



(ii) Quantum relative entropy

Information theoretic measure of the 
integrity of anyon excitations

<latexit sha1_base64="IlJHlFKXXQV1TqrX7KMt1zC4Tf0=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRStMeCF48V7Ac0sWy2k3bpZhN2N0qJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekHCmtON8W4W19Y3NreJ2aWd3b/+gfHjUVnEqKbZozGPZDYhCzgS2NNMcu4lEEgUcO8H4euZ3HlAqFos7PUnQj8hQsJBRoo10/+Q1Fes7niRiyLFfrjhVZw57lbg5qUCOZr/85Q1imkYoNOVEqZ7rJNrPiNSMcpyWvFRhQuiYDLFnqCARKj+bXz21z4wysMNYmhLanqu/JzISKTWJAtMZET1Sy95M/M/rpTqs+xkTSapR0MWiMOW2ju1ZBPaASaSaTwwhVDJzq01HRBKqTVAlE4K7/PIqaV9U3ctq7bZWadTzOIpwAqdwDi5cQQNuoAktoCDhGV7hzXq0Xqx362PRWrDymWP4A+vzB2WYkm0=</latexit>

| 0i
<latexit sha1_base64="367FaH460YZgLAggcwLU7pqs72A=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRStBeh4MVjBfsBTQiT7bZdutmE3Y1SYn+FF/+KFw+KeBVv/hu3bQ7a+mDg8d4MM/PChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtEBTlTNCGZprTdiIpRCGnrXB4NfFbd1QqFotbPUqoH0FfsB4joI0U2KcPXl2xwAOeDMCTIPqc4kt8nyt4Zju5E9glp+xMgReJm5MSylEP7C+vG5M0okITDkp1XCfRfgZSM8LpuOiliiZAhtCnHUMFRFT52fStMT42Shf3YmlKaDxVf09kECk1ikLTGYEeqHlvIv7ndVLdq/oZE0mqqSCzRb2UYx3jSUa4yyQlmo8MASKZuRWTAUgg2iRZNCG48y8vkuZZ2T0vV24qpVo1j6OADtEROkEuukA1dI3qqIEIekTP6BW9WU/Wi/Vufcxal6x85gD9gfX5AwfIn0M=</latexit>

| ↵i = w↵| 0i

𝛼’𝛼

<latexit sha1_base64="MUibP1fifjbEwdMCyF1vpbphrmM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5idzCZD5rHMzAphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7SxubW9U96t7O0fHB5Vj086RqWa0DZRXOlehA3lTNK2ZZbTXqIpFhGn3Wh6l/vdJ6oNU/LRzhIaCjyWLGYE21wa6IkaVmt+3V8ArZOgIDUo0BpWvwYjRVJBpSUcG9MP/MSGGdaWEU7nlUFqaILJFI9p31GJBTVhtrh1ji6cMkKx0q6kRQv190SGhTEzEblOge3ErHq5+J/XT23cCDMmk9RSSZaL4pQjq1D+OBoxTYnlM0cw0czdisgEa0ysi6fiQghWX14nnat6cFO/friuNRtFHGU4g3O4hABuoQn30II2EJjAM7zCmye8F+/d+1i2lrxi5hT+wPv8AR+YjkY=</latexit>⇢ <latexit sha1_base64="4bLOYUAFOuyw83XkYtl/taYdNwc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48V7AckoUy2m2bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KONMG9f9diobm1vbO9Xd2t7+weFR/fikp2WuCO0SyaUaRKApZ4J2DTOcDjJFIY047UeTu7nff6JKMykezTSjYQpjwWJGwFjJD1QihwHwLIFhveE23QXwOvFK0kAlOsP6VzCSJE+pMISD1r7nZiYsQBlGOJ3VglzTDMgExtS3VEBKdVgsTp7hC6uMcCyVLWHwQv09UUCq9TSNbGcKJtGr3lz8z/NzE7fCgoksN1SQ5aI459hIPP8fj5iixPCpJUAUs7dikoACYmxKNRuCt/ryOuldNb2b5vXDdaPdKuOoojN0ji6Rh25RG92jDuoigiR6Rq/ozTHOi/PufCxbK045c4r+wPn8AWKQkU0=</latexit>⇢↵

𝛼’𝛼

Doubled string order parameter

Information theoretic diagnostics

Distinguishability between the corrupted 
state and the with an extra anyon.



(iii) Topological entanglement entropy

Information theoretic diagnostics

Sub-system logarithmic negativity

A measure of quantum entanglement in a mixed state 
<latexit sha1_base64="9Gl1k0D5ev1nosIqa0Pucrgsbcc="></latexit>

EA(⇢) := log ||⇢TA ||
=c|@A|� �N

Conjectured topological term





The toric code as a test case

<latexit sha1_base64="y2mFhnQfbnHFx74sUzGxEmJq9k0="></latexit>

⇢0 =
Y

s

1 +As

2

Y

p

1 +Bp

2
=

X
gxgz

Errors add loop tension:

Deconfined Confined

ppc

Pauli-X and Z errors
<latexit sha1_base64="DMgfd06uwHfCftxC7HIw9Fycug0="></latexit>

NX [⇢] = (1� px)⇢+ pxXi⇢Xi

NZ [⇢] = (1� pz)⇢+ pzZi⇢Zi

Density matrix as an effective loop model:

<latexit sha1_base64="uqzbiwmlby+TYM3A3YgpyyxxlYQ="></latexit>

⇢ =
X

gx,gz

e�µx|gx|�µz|gz|gxgz

No errors:



The toric code as a test case
Information theoretic quantities derived from the stat-mech model for

<latexit sha1_base64="gpP+Sf+PVJ3L7haSJxR3dPIR/Wg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfvAzlgyaaYNTTJDkhHKMB/gxl9x40IRt36AO//GzHQW2nogcDjnXHLv8SNGlbbtb6u0srq2vlHerGxt7+zuVfcPuiqMJSYdHLJQ9n2kCKOCdDTVjPQjSRD3Gen506vM7z0QqWgobvUsIh5HY0EDipE20rBacznSE8kTLVNXTsJ7AS9hrmHEkrt0mIjUpOy6nQMuE6cgNVCgPax+uaMQx5wIjRlSauDYkfYSJDXFjKQVN1YkQniKxmRgqECcKC/Jj0nhiVFGMAileULDXP09kSCu1Iz7JpmtqRa9TPzPG8Q6uPASKqJYE4HnHwUxgzqEWTNwRCXBms0MQVhSsyvEEyQR1qa/iinBWTx5mXQbdees3rxp1lqNoo4yOALH4BQ44By0wDVogw7A4BE8g1fwZj1ZL9a79TGPlqxi5hD8gfX5A7dknAA=</latexit>

tr⇢n = Zn

1 2 3 4 5 6
0

0.1

0.2

0.3

n flavors of loops (with one constraint)
= n-1 flavor Ising model

<latexit sha1_base64="hlCX2tWni4DmWFnF1pKXiM1DRPI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3bpZhN2J0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6T/1C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+qenl3WanX8jiKcAKncA4eXEMdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNuEI3g</latexit>pz

<latexit sha1_base64="inZknV2/Xcz28EB7I5sgfTSj7nU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6T/1C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+qenl3WanX8jiKcAKncA4eXEMdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNrCI3e</latexit>px

<latexit sha1_base64="k8ju5r8ltQMjqdHJEjMCWh1oqLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8lgOihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw7qfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVe+6WruvVRr1PI4inME5XIIHN9CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBsjI3f</latexit>py

<latexit sha1_base64="yTWqaB+lidfsvr27K8z4b38I66k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRmwQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk/ZV1buu1u5rlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0s0jck=</latexit>pc

<latexit sha1_base64="yTWqaB+lidfsvr27K8z4b38I66k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRmwQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk/ZV1buu1u5rlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0s0jck=</latexit>pc

0.2 0.22 0.24
0

0.1

0.2(a)

-5 0 5
0

0.2
0.4

0.15 0.2 0.25 0.3
1

2

3
(b)

-2 0 2
1

2

3

Para Ferro



Information theoretic diagnostics in the stat-mech model
All three diagnostics detect ferromagnetic ordering and undergo transition simultaneously
- Relative entropy is order parameter correlation

- Coherent info is related to inserting large defects

- Negativity is excess free energy for spin pinning

0 0.1 0.2 0.3
-0.5

0

0.5

1

<latexit sha1_base64="aC1A0VvPdNOxN09KdQoDk+TAW/o=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXspuKepFKHjRWwX7Ae1asmm2DU2yS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UaVZJB/MJKa+wEPJQkawsVLvrk8e07I8n6Jr1C+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n85ik6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNAsADZiixPCJJZgoZm9FZIQVJsbGVLAheMsvr5JWteJdVGr3tVK9msWRhxM4hTJ4cAl1uIUGNIFADM/wCm9O4rw4787HojXnZDPH8AfO5w9VXZCI</latexit>

I(n)c =

Ferro: 

Para: 

<latexit sha1_base64="wS9QSMXXy33exq+V2fHyZtFmJ8I=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJKeqy4sZlBfuAJpTJdNIOnTyYmYgljRt/xY0LRdz6F+78G6dtFtp64MLhnHtn7j1ezJlUlvVtFFZW19Y3ipulre2d3T1z/6Alo0QQ2iQRj0THw5JyFtKmYorTTiwoDjxO297oeuq376mQLArv1DimboAHIfMZwUpLPfPI8QUm6cSJsVAMc3Q1yVLngWU9s2xVrBnQMrFzUoYcjZ755fQjkgQ0VIRjKbu2FSs3nT5LOM1KTiJpjMkID2hX0xAHVLrp7IIMnWqlj/xI6AoVmqm/J1IcSDkOPN0ZYDWUi95U/M/rJsq/dFMWxomiIZl/5CccqQhN40B9JihRfKwJJoLpXREZYh2J0qGVdAj24snLpFWt2OeV2m2tXK/mcRThGE7gDGy4gDrcQAOaQOARnuEV3own48V4Nz7mrQUjnzmEPzA+fwA8DZdb</latexit>

|@A|
⇠

<latexit sha1_base64="WvHyTu9giWa7luWTJARI47JZ/Ks=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiQWqqSqgLGIhbFI9CE1UeW4TmvVsSPbQVRpZxZ+hYUBhFj5Ajb+BqfNAC1HutLROffa954gZlRpx/m2lpZXVtfWCxvFza3tnV17b7+pRCIxaWDBhGwHSBFGOWloqhlpx5KgKGCkFQyvM791T6Sigt/pUUz8CPU5DSlG2khd+8gLJcLp2IuR1BQxeDWepN4DncAz6DHRh5WuXXLKzhRwkbg5KYEc9a795fUETiLCNWZIqY7rxNpPs/cxI5OilygSIzxEfdIxlKOIKD+dnjKBJ0bpwVBIU1zDqfp7IkWRUqMoMJ0R0gM172Xif14n0eGln1IeJ5pwPPsoTBjUAma5wB6VBGs2MgRhSc2uEA+QyUab9IomBHf+5EXSrJTd83L1tlqqVfI4CuAQHINT4IILUAM3oA4aAINH8AxewZv1ZL1Y79bHrHXJymcOwB9Ynz+A/poS</latexit>

|@A|
⇠

� log 2

Topo. negativity

<latexit sha1_base64="oRrcnxmHvBkKz+QYqjWKs3SNkcQ=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS9ktRb0IBT14rGA/sF1LNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ99VtPVGkWyXszjqkv8ECykBFsrPRw85iW5NkEXaFeoeiW3RnQMvEyUoQM9V7hq9uPSCKoNIRjrTueGxs/xcowwukk3000jTEZ4QHtWCqxoNpPZxdP0KlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa89FMm48RQSeaLwoQjE6Hp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DcFbfHmZNCtl77xcvasWa5UsjhwcwwmUwIMLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPNHMEfOJ8/1cWPrQ==</latexit>

D(n) =
Ferro: O(1)

Para: 
<latexit sha1_base64="xW9U8hk9Mk/f1Gc9KlemfUrjsbE=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjJTirosuHFZwT6gHYZMmrahmSQkGWGY1l9x40IRt36IO//GtJ2Fth64cDjnXu69J5KMauN5305hY3Nre6e4W9rbPzg8co9P2lokCpMWFkyoboQ0YZSTlqGGka5UBMURI51ocjv3O49EaSr4g0klCWI04nRIMTJWCt1yXyohjYBTGjJ4CWmopqFb8areAnCd+DmpgBzN0P3qDwROYsINZkjrnu9JE2RIGYoZmZX6iSYS4QkakZ6lHMVEB9ni+Bk8t8oADoWyxQ1cqL8nMhRrncaR7YyRGetVby7+5/USM7wJMsplYgjHy0XDhEH77DwJOKCKYMNSSxBW1N4K8RgphI3Nq2RD8FdfXiftWtW/qtbv65VGLY+jCE7BGbgAPrgGDXAHmqAFMEjBM3gFb86T8+K8Ox/L1oKTz5TBHzifPwoilFU=</latexit>

/ |il � ir|



Connection to quantum error correction

Dennis et. al. 2002: Optimal algorithm for correcting incoherent errors in 
the toric code. Maps to critical point of random bond Ising model (RBIM)

Indeed we can show an exact duality between the n-flavor Ising and the 
replicated RBIM

Quantum error correction algorithm:
• Detect anyons by syndrome measurements
• Annihilate anyons in pairs

non-unitary, partial loss of coherent info.

<latexit sha1_base64="/E2jVZE1fpT1RoYE9t3pWGZyjBo=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWdKUTdC0Y0uhCr2ge04ZNK0Dc0kQ5IRyjCf4cZfceNCEbfd+TemD0FbDwQO55xL7j1BxKjSjvNlZRYWl5ZXsqu5tfWNzS17e6emRCwxqWLBhGwESBFGOalqqhlpRJKgMGCkHvQvRn79kUhFBb/Tg4h4Iepy2qEYaSP59lErRLonw0TLtCV74oHDMzjWMGLJfeonP4Hb86vrNPXtvFNwxoDzxJ2SPJii4tvDVlvgOCRcY4aUarpOpL0ESU0xI2muFSsSIdxHXdI0lKOQKC8ZH5bCA6O0YUdI87iGY/X3RIJCpQZhYJKjLdWsNxL/85qx7px6CeVRrAnHk486MYNawFFLsE0lwZoNDEFYUrMrxD0kEdamy5wpwZ09eZ7UigX3uFC6KeXLxWkdWbAH9sEhcMEJKINLUAFVgMETeAFv4N16tl6tD+tzEs1Y05ld8AfW8BswUKER</latexit>

tr⇢n = ZRBIM

<latexit sha1_base64="YaNlA2Xge2bhIztRW8jJiu3cMVA="></latexit>

⇢ =
X

Cx,Cz

P (Cx, Cz)XCxZCz | 0ih 0|ZCzXCx

Error configuration picture (low-T expansion)



- Decoherence induced topologically ordered 
phases map to boundary anyon condensation 

- Characterized by information theoretic measures

(i) Quantum relative entropy

(ii) Coherent information

(iii) Topological entanglement negativity

Summary

<latexit sha1_base64="85W7xnLFyy+9hMt4l53I/ULDgM4="></latexit>

EA := log ||⇢TA ||1 = a|@A|� �N



Outlook

• Quantization of log negativity demonstrated only for Toric 
code. More general understanding?

• Generalize the edge theory to information theoretic 
quantities (replica limit of n-copy CS theory)

• Characterize non abelian states subject to dissipation

• Intrinsic error thresholds for quantum computation with 
non-abelian anyons.


