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Introduction 
• What is the BCS-BEC crossover?
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the interactions at fixed density. The former “density-driven” crossover is
typical of Coulomb systems like excitons9 where the interactions cannot be
easily altered and there is always a two-body bound state, while the latter
“interaction-driven” crossover is achieved in atomic gases via the use of
the Feshbach resonance (see Chapter 4). The fact that there is a crossover
rather than a phase transition is non-trivial to prove theoretically, but can
be argued heuristically on the grounds that both limits are captured by the
same wave function, as discussed below. Note, however, that for pairing at
non-zero angular momentum, e.g., p-wave pairing,8 there is in fact a phase

transition between the BCS and BEC regimes at zero temperature rather
than a crossover. Thus, this chapter will be confined to a discussion of
isotropic s-wave pairing only.

Fig. 1.1. Crossover from BCS to BEC regimes in a two-component Fermi gas.

1.2. The two-component Fermi gas

For low energy, s-wave interactions, such as those found in the cold-atom
system, Pauli exclusion forbids scattering between identical fermions and
thus we require at least two species of fermions to produce pairing. The
di↵erent species can correspond to di↵erent hyperfine states of the same
atom, or single hyperfine states of di↵erent atomic species such as 6Li and
40K. The physics of pairing in a Fermi gas is best elucidated by consider-
ing a uniform, two-component (", #) Fermi gas in three dimensions (3D),
described by the Hamiltonian:

Ĥ � µN̂ =
X

k�

(✏k � µ) ĉ†k� ĉk� +
U

V

X

k,k0,q

ĉ
†
k"ĉ

†
k0#ĉk0+q#ĉk�q" (1.1)

Outline of lectures

• Two-body physics
• Feshbach resonance

• BCS-BEC crossover
• Ground state & excitations
• Unitarity

• Finite temperature

• Spin-imbalanced Fermi gas
• Quantum phase transitions
• The polaron problem

• Why study it?

• First realization in cold-atom experiments
• Relevant to a range of systems

e.g., neutron stars, superconductors, excitons… 
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Feshbach resonance
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the interactions at fixed density. The former “density-driven” crossover is
typical of Coulomb systems like excitons9 where the interactions cannot be
easily altered and there is always a two-body bound state, while the latter
“interaction-driven” crossover is achieved in atomic gases via the use of
the Feshbach resonance (see Chapter 4). The fact that there is a crossover
rather than a phase transition is non-trivial to prove theoretically, but can
be argued heuristically on the grounds that both limits are captured by the
same wave function, as discussed below. Note, however, that for pairing at
non-zero angular momentum, e.g., p-wave pairing,8 there is in fact a phase

transition between the BCS and BEC regimes at zero temperature rather
than a crossover. Thus, this chapter will be confined to a discussion of
isotropic s-wave pairing only.

Fig. 1.1. Crossover from BCS to BEC regimes in a two-component Fermi gas.

1.2. The two-component Fermi gas

For low energy, s-wave interactions, such as those found in the cold-atom
system, Pauli exclusion forbids scattering between identical fermions and
thus we require at least two species of fermions to produce pairing. The
di↵erent species can correspond to di↵erent hyperfine states of the same
atom, or single hyperfine states of di↵erent atomic species such as 6Li and
40K. The physics of pairing in a Fermi gas is best elucidated by consider-
ing a uniform, two-component (", #) Fermi gas in three dimensions (3D),
described by the Hamiltonian:

Ĥ � µN̂ =
X

k�

(✏k � µ) ĉ†k� ĉk� +
U

V

X

k,k0,q

ĉ
†
k"ĉ

†
k0#ĉk0+q#ĉk�q" (1.1)

MMP, arXiv:1402.5171 
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Fig. 1.3. Behavior of the chemical potential µ/"F and the order parameter �/"F as
the interaction 1/kF aS is varied.

BCS and BEC limits, as expected from the form of the wave function (1.3).
Likewise, the momentum distribution v

2
k in Fig. 1.2 evolves continuously

from a step-like function to one spread out in momentum with increasing
1/kFaS . In the BCS regime 1/kFaS ⌧ �1, the chemical potential µ ' "F ,
while � tends to zero exponentially as 1/kFaS ! �1, which is consistent
with the existence of pairing for arbitrarily weak interactions. Of course,
the non-interacting state � = 0 is also a trivial solution of Eq. (1.7), but
one can show that this always has a higher energy than the paired state,
i.e., it corresponds to a maximum rather than a minimum of ⌦. Note that
we must vary aS to achieve the crossover if we want to remain in the dilute
limit ⇤ � kF . For a density-driven crossover where aS is fixed and kF is
varied, we will always have kFaS > 0. Thus, in order to access the BCS
regime, we must eventually depart from the universal curves in Fig. 1.3 as
kFaS ! 1 and instead have behavior that is sensitive to the details of the
interaction.17

1.3.1. Low energy excitations

The low-energy excitations of the ground state wave function (1.3) are
best elucidated by considering an alternative derivation of the mean-field
equations (1.7)–(1.9). We can equivalently define � = U

V

P
khĉ�k#ĉk"i and

then take the fluctuations about this expectation value to be small, i.e.,
X

k,q

ĉq�k#ĉk" = V
�

U
�q0 + ⌘̂q (1.10)
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