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Cirac and Zoller (1995)
Mølmer & Sørensen (1999)

Solano, de Matos Filho, Zagury (1999)
Milburn, Schneider, James (2000)

δ ~ 10 nm
eδ ~ 500 Debyedipole-dipole coupling ∆𝐸𝐸 =

𝑒𝑒2

𝑟𝑟2 + 𝛿𝛿2
−
𝑒𝑒2

𝑟𝑟 ≈ −
𝑒𝑒𝛿𝛿 2

2𝑟𝑟3

| ⟩↓↓ → | ⟩↓↓
| ⟩↓↑ → 𝑒𝑒−𝑖𝑖𝑖𝑖| ⟩↓↑
| ⟩↑↓ → 𝑒𝑒−𝑖𝑖𝑖𝑖| ⟩↑↓
| ⟩↑↑ → | ⟩↑↑

𝜑𝜑 =
∆𝐸𝐸𝐸𝐸
ℏ =

𝑒𝑒2𝛿𝛿2𝐸𝐸
2ℏ𝑟𝑟3 =

𝜋𝜋
2

for full 
entanglement

Native Ion Trap Operation: “Ising” gate

𝑍𝑍𝑍𝑍 𝜑𝜑 = 𝑒𝑒−𝑖𝑖𝜎𝜎𝑧𝑧
(1)𝜎𝜎𝑧𝑧

(2)𝑖𝑖

Spin-dependent force (simple/fast version)



Rabi frequency  ℏ𝑔𝑔

Spin-motion coupling: 2LS+QHO
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interaction frame, “rotating wave approximation”
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δ = ωL − ω0 = detuning

k = 2π/λ = wavenumber
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frequency of
applied radiation

= (𝜔𝜔2 − 𝜔𝜔1) − 𝜔𝜔0

= (𝑘𝑘2 − 𝑘𝑘1)

Raman 2-photon 
configuration
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Stationary terms arise in H at particular values of δ :

≈ ℏ𝑔𝑔 �𝜎𝜎+ + �𝜎𝜎− 1 − 𝑛𝑛𝑛𝑛2 ≈ ℏ𝑔𝑔 �𝜎𝜎+ + �𝜎𝜎−

(1) 𝛿𝛿 = 0

𝑛𝑛 = 𝑘𝑘𝑘𝑘0 = “Lamb-Dicke parameter” ~ 0.1

𝑘𝑘𝑘𝑘0 𝑛𝑛 + 1 ≪ 1
“Lamb-Dicke limit”

"𝐶𝐶𝐶𝐶𝑟𝑟𝑟𝑟𝐶𝐶𝑒𝑒𝑟𝑟": ↓,𝑛𝑛 𝐻𝐻0 ↑,𝑛𝑛 = ℏ𝑔𝑔

𝐻𝐻0 = ℏ𝑔𝑔 �𝜎𝜎+ + �𝜎𝜎− { 1 −
𝑛𝑛2

2! 𝐶𝐶†𝐶𝐶 + 𝐶𝐶𝐶𝐶†

+
𝑛𝑛4

4! 𝐶𝐶†𝐶𝐶†𝐶𝐶𝐶𝐶 + 𝐶𝐶†𝐶𝐶𝐶𝐶†𝐶𝐶 + 𝐶𝐶𝐶𝐶†𝐶𝐶𝐶𝐶† + 𝐶𝐶𝐶𝐶†𝐶𝐶†𝐶𝐶

− 𝑛𝑛6 𝐶𝐶†𝐶𝐶†𝐶𝐶†𝐶𝐶𝐶𝐶𝐶𝐶 + ⋯ }

|↓〉

|↑〉

|n=0〉
|n=1〉

|n=0〉
|n=1〉
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Stationary terms arise in H at particular values of δ :

≈ ℏ𝑔𝑔 �𝜎𝜎+𝐶𝐶 + �𝜎𝜎−𝐶𝐶†

(2) 𝛿𝛿 = −𝜔𝜔

𝑛𝑛 = 𝑘𝑘𝑘𝑘0 = “Lamb-Dicke parameter”

𝑘𝑘𝑘𝑘0 𝑛𝑛 + 1 ≪ 1
“Lamb-Dicke limit”

𝐻𝐻− = ℏ𝑔𝑔 �𝜎𝜎+ 𝑛𝑛𝐶𝐶 −
𝑛𝑛3

3! 𝐶𝐶†𝐶𝐶𝐶𝐶 + 𝐶𝐶𝐶𝐶†𝐶𝐶 + 𝐶𝐶𝐶𝐶𝐶𝐶† + ⋯ + ℎ. 𝑐𝑐.

|↓〉

|↑〉

|n=0〉
|n=1〉

|n=0〉
|n=1〉

"Red Sideband": ↑,𝑛𝑛 − 1 𝐻𝐻− ↓,𝑛𝑛 = ℏ𝑔𝑔 𝑛𝑛
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Stationary terms arise in H at particular values of d :

≈ ℏ𝑔𝑔 �𝜎𝜎+𝐶𝐶† + �𝜎𝜎−𝐶𝐶

(3) 𝛿𝛿 = 𝜔𝜔

𝑛𝑛 = 𝑘𝑘𝑘𝑘0 = “Lamb-Dicke parameter”

𝑘𝑘𝑘𝑘0 𝑛𝑛 + 1 ≪ 1
“Lamb-Dicke limit”

"Blue Sideband": ↑,𝑛𝑛 + 1 𝐻𝐻+ ↓,𝑛𝑛 = ℏ𝑔𝑔 𝑛𝑛 + 1

𝐻𝐻+ = ℏ𝑔𝑔 �𝜎𝜎+ 𝑛𝑛𝐶𝐶† −
𝑛𝑛3

3! 𝐶𝐶†𝐶𝐶†𝐶𝐶 + 𝐶𝐶𝐶𝐶†𝐶𝐶† + 𝐶𝐶†𝐶𝐶𝐶𝐶† + ⋯ + ℎ. 𝑐𝑐.

|↓〉

|↑〉

|n=0〉
|n=1〉

|n=0〉
|n=1〉
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2S1/2

P1/2,3/2

|↓〉

|↑〉

excitation on 1st lower (“red”) motional sideband (n=0)

ω ~ few MHz
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0
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2S1/2

P1/2,3/2

|↓〉

|↑〉

excitation on 1st lower (“red”) motional sideband (n=0)



Mapping: (α|↓〉 + β|↑〉) |0〉m → |↓〉 (α|0〉m + β|1〉m)
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|↑〉S1/2

P1/2,3/2



Mapping: (α|↓〉 + β|↑〉) |0〉m → |↓〉 (α|0〉m + β|1〉m)
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Internal states of these ions entangled

Cirac and Zoller, Phys. Rev. Lett. 74, 4091 (1995)
CM, et al., Phys. Rev. Lett. 74, 4714 (1995)

Q. Turchette, et al., Phys. Rev. Lett. 81, 3631 (1998)
F. Schmidt-Kaler, et al., Nature 422, 408 (2003)

Entangling Trapped Ions
Cirac and Zoller model



Cirac-Zoller: need pure (“Fock”) states of motion

• extreme cooling to ⟩|𝑛𝑛 = 0 : possible, but gate error 𝑃𝑃 𝑛𝑛 > 0 ~�𝑛𝑛

• not scalable: for large # qubits, cooling harder and modes overlap

𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟 ≪ 1 𝑜𝑜𝑟𝑟 �𝑛𝑛 ≪
ℏ𝜔𝜔
𝐸𝐸𝑅𝑅

Better: “spin-dependent displacements”

• only requires cooling to the Lamb-Dicke limit

• “virtual” coupling to phonons possible (detuned force)

Mølmer & Sørensen (1999)
Solano, de Matos Filho, Zagury (1999)
Milburn, Schneider, James (2000) �𝑛𝑛 ≪ 50

�𝑛𝑛𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑟𝑟~
𝛾𝛾
2𝜔𝜔

~ 10

ℎ × 1 𝑀𝑀𝐻𝐻𝑀𝑀

ℏ2𝑘𝑘2

2𝑟𝑟
= ℎ × 20 𝑘𝑘𝐻𝐻𝑀𝑀 (171Yb+)



Recall: 171Yb+ Qubit Manipulation

∆ = 33 THz

355 nm

2P3/2
γ/2π = 20 MHz

|↓〉

D. Hayes et al., PRL 104, 140501 (2010)

66 THz

2P1/2

2S1/2
|↑〉

𝑔𝑔1

𝑔𝑔2

ωHF/2π = 12,642,812,118 + 311 B2 Hz



2S1/2

2P1/2

369 nm

Spin-dependent resonant force (single ion)

|↑〉

1,-1 1,11,0

0,0

1,-1 1,1
1,0

0,0

𝐻𝐻 = 𝑛𝑛Ω 𝜎𝜎+𝐶𝐶 + 𝜎𝜎−𝐶𝐶†

+𝑛𝑛Ω 𝜎𝜎−𝐶𝐶 + 𝜎𝜎+𝐶𝐶†

= 𝑛𝑛Ω 𝜎𝜎𝑥𝑥 𝐶𝐶 + 𝐶𝐶†

= Ω 𝜎𝜎𝑥𝑥(Δ𝑘𝑘 � �𝑘𝑘)

D

g

g

g

Red+blue sideband applied
simultaneously

𝑛𝑛 = Δ𝑘𝑘𝑘𝑘0
Ω = 𝑔𝑔

2

2∆

Lamb-Dicke 
parameter|↓〉

K. Molmer and A. Sorenson, PRL 82, 1835 (1999)



2S1/2

2P1/2

369 nm

Spin-dependent detuned force (single ion)

|↑〉

1,-1 1,11,0

0,0

1,-1 1,1
1,0

0,0

𝐻𝐻 = 𝑛𝑛Ω 𝜎𝜎+𝐶𝐶𝑒𝑒−𝑖𝑖𝛿𝛿𝑡𝑡 + 𝜎𝜎−𝐶𝐶†𝑒𝑒𝑖𝑖𝛿𝛿𝑡𝑡

+𝑛𝑛Ω 𝜎𝜎−𝐶𝐶𝑒𝑒−𝑖𝑖𝛿𝛿𝑡𝑡 + 𝜎𝜎+𝐶𝐶†𝑒𝑒𝑖𝑖𝛿𝛿𝑡𝑡

= 𝑛𝑛Ω 𝜎𝜎𝑥𝑥 𝐶𝐶𝑒𝑒−𝑖𝑖𝛿𝛿𝑡𝑡 + 𝐶𝐶†𝑒𝑒𝑖𝑖𝛿𝛿𝑡𝑡

D

g

g

g

Red+blue sideband applied
simultaneously, symmetrically detuned

𝑛𝑛 = Δ𝑘𝑘𝑘𝑘0
Ω = 𝑔𝑔

2

2∆

Lamb-Dicke 
parameter|↓〉

K. Molmer and A. Sorenson, PRL 82, 1835 (1999)

𝛿𝛿

𝛿𝛿



transverse modes

frequency

axial modes

𝜔𝜔𝑥𝑥

N ions in a line transverse trap frequency     ωx,y = high as possible

axial trap frequency 𝜔𝜔𝑧𝑧 <
𝜔𝜔𝑥𝑥
𝑁𝑁0.86

𝜔𝜔𝑧𝑧

~
𝜔𝜔𝑥𝑥
𝑁𝑁0.86 ~

𝜔𝜔𝑥𝑥
𝑁𝑁1.72

laser

µ

Many ions: many phonon modes

A. Steane, Appl. Phys. B 64, 623 (1997)

laser (beatnote) 
detuned from 
sidebands!



𝑈𝑈(𝜏𝜏) = exp �
𝑖𝑖

𝜁𝜁𝑖𝑖(𝜏𝜏)𝜎𝜎𝑥𝑥
(𝑖𝑖) + 𝐶𝐶�

𝑖𝑖,𝑗𝑗

𝜒𝜒𝑖𝑖,𝑗𝑗(𝜏𝜏)𝜎𝜎𝑥𝑥
(𝑖𝑖)𝜎𝜎𝑥𝑥

(𝑗𝑗)

evolution operator (Magnus expansion)
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ttt

tHtHtHdtdtdtitHtHdtdttdtHiU
τττ

τ

𝐻𝐻 = �
𝑖𝑖,𝑟𝑟

𝑛𝑛𝑖𝑖𝑟𝑟Ω𝑖𝑖𝜎𝜎𝑥𝑥𝑖𝑖 𝐶𝐶𝑟𝑟𝑒𝑒−𝑖𝑖(𝜇𝜇−𝜔𝜔𝑚𝑚)𝑡𝑡 + 𝐶𝐶𝑟𝑟
† 𝑒𝑒𝑖𝑖(𝜇𝜇−𝜔𝜔𝑚𝑚)𝑡𝑡

ion 𝐶𝐶
mode 𝑚𝑚

𝑛𝑛𝑖𝑖𝑟𝑟 =
ℏ𝑘𝑘2

2𝑚𝑚𝜔𝜔𝑟𝑟
𝑏𝑏𝑖𝑖,𝑟𝑟

displacement eigenvector
mode 𝑚𝑚 with ion 𝐶𝐶

Many ions: many phonon modes

�
𝑖𝑖=1

𝑁𝑁

𝑏𝑏𝑖𝑖,𝑟𝑟𝑏𝑏𝑖𝑖,𝑛𝑛 = 𝛿𝛿𝑟𝑟𝑛𝑛 �
𝑟𝑟=1

𝑁𝑁

𝑏𝑏𝑖𝑖,𝑟𝑟𝑏𝑏𝑗𝑗,𝑟𝑟 = 𝛿𝛿𝑖𝑖𝑗𝑗



𝜁𝜁𝑖𝑖(𝜏𝜏) = �
𝑟𝑟

[𝛼𝛼𝑖𝑖𝑟𝑟(𝜏𝜏)𝐶𝐶𝑟𝑟
† − 𝛼𝛼𝑖𝑖𝑟𝑟∗(𝜏𝜏)𝐶𝐶𝑟𝑟]

𝛼𝛼𝑖𝑖𝑟𝑟(𝜏𝜏) =
−𝐶𝐶𝑛𝑛𝑖𝑖,𝑟𝑟Ω𝑖𝑖

2(𝜇𝜇 − 𝜔𝜔𝑟𝑟)
1 − 𝑒𝑒−𝑖𝑖(𝜇𝜇−𝜔𝜔𝑚𝑚)𝜏𝜏

𝑈𝑈(𝜏𝜏) = exp �
𝑖𝑖

𝜁𝜁𝑖𝑖(𝜏𝜏)𝜎𝜎𝑥𝑥
(𝑖𝑖) − 𝐶𝐶�

𝑖𝑖,𝑗𝑗

𝜒𝜒𝑖𝑖,𝑗𝑗(𝜏𝜏)𝜎𝜎𝑥𝑥
(𝑖𝑖)𝜎𝜎𝑥𝑥

(𝑗𝑗)

𝛼𝛼𝑖𝑖𝑟𝑟(𝜏𝜏) is a circle in phase space
𝑘𝑘𝑖𝑖𝑟𝑟~𝑅𝑅𝑒𝑒 𝛼𝛼𝑖𝑖𝑟𝑟 𝜏𝜏
𝑝𝑝𝑖𝑖𝑟𝑟~𝐼𝐼𝑚𝑚 𝛼𝛼𝑖𝑖𝑟𝑟(𝜏𝜏)

Many ions: many phonon modes

𝜒𝜒𝑖𝑖,𝑗𝑗(𝜏𝜏) = Ω𝑖𝑖Ω𝑗𝑗𝜔𝜔𝑅𝑅�
𝑟𝑟

𝑏𝑏𝑖𝑖,𝑟𝑟𝑏𝑏𝑗𝑗,𝑟𝑟

2𝜔𝜔𝑟𝑟(𝜇𝜇 − 𝜔𝜔𝑟𝑟)
𝜏𝜏 −

sin(𝜇𝜇 − 𝜔𝜔𝑟𝑟)𝜏𝜏
𝜇𝜇 − 𝜔𝜔𝑟𝑟

𝜔𝜔𝑅𝑅 =
ℏ𝑘𝑘2

2𝑚𝑚
“recoil
frequency”

Soln 1: Modulate Laser  Quantum Computer

Soln 2: Detune far  Quantum Simulator



Segment pulse in time Ω𝐶𝐶 = Ω𝐶𝐶(𝐸𝐸)

for all modes 𝑚𝑚

S.-L. Zhu, et al., Europhys Lett. 73 (4), 485 (2006)

2N motional 
conditions

1 gate 
condition

2N+1 constraints 
 break Ω(𝐸𝐸) into 2N+1 segments

𝛼𝛼𝑖𝑖𝑟𝑟(𝜏𝜏) =
−𝐶𝐶𝑛𝑛𝑖𝑖,𝑟𝑟Ω𝑖𝑖(𝐸𝐸)
2(𝜇𝜇 − 𝜔𝜔𝑟𝑟)

1 − 𝑒𝑒−𝑖𝑖(𝜇𝜇−𝜔𝜔𝑚𝑚)𝜏𝜏

𝜒𝜒𝑖𝑖,𝑗𝑗(𝜏𝜏) = Ω𝑖𝑖Ω𝑗𝑗𝜔𝜔𝑅𝑅�
𝑟𝑟

𝑏𝑏𝑖𝑖,𝑟𝑟𝑏𝑏𝑗𝑗,𝑟𝑟

2𝜔𝜔𝑟𝑟(𝜇𝜇 − 𝜔𝜔𝑟𝑟)
𝜏𝜏 −

sin(𝜇𝜇 − 𝜔𝜔𝑟𝑟)𝜏𝜏
𝜇𝜇 − 𝜔𝜔𝑟𝑟

=
𝜋𝜋
4

Solution 1: Individual addressing of ions.  
UNIVERSAL QUANTUM GATES



Beatnote frequency
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Phase Space evolutions



constant pulse (3rd, 4th, 5th modes are not closed) tuned blue of COM

Com 2nd 3rd 4th 5th
Modulated pulse (9 segments AM) (all modes are “mostly” closed)

0 2 4 6 8

-4

-2

0

2

4

P
X

Com

0.0 0.5 1.0 1.5
-1.0

-0.5

0.0

0.5

1.0

P

X

2nd

0.0 0.5 1.0 1.5
-1.0

-0.5

0.0

0.5

1.0

P

X

3rd

0.0 0.5 1.0 1.5
-1.0

-0.5

0.0

0.5

1.0

P

X

4th

0.0 0.5 1.0 1.5
-1.0

-0.5

0.0

0.5

1.0

P

X

5th

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5

P

X

 1st
 2nd
 3rd
 4th
 5th
 6th
 7th
 8th
 9th

-3.0 -1.5 0.0 1.5 3.0 4.5

-4.5

-3.0

-1.5

0.0

1.5

3.0

P

X -2 -1 0 1 2
-2

-1

0

1

2

P

X
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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S.-L. Zhu, et al., Europhys Lett. 73 (4), 485 (2006)
T. Choi, et al., Phys. Rev. Lett. 112, 19502 (2014)

S. Debnath, et al., Nature 536, 63 (2016)

Closing Phase Space(s)  N=5 ions: Addressing ions #2 & #5

𝑋𝑋𝑋𝑋2,5 𝜑𝜑 = 𝑒𝑒−𝑖𝑖𝜎𝜎𝑥𝑥
(2)𝜎𝜎𝑥𝑥

(5)𝑖𝑖



~5 µm
↑

↓

↑

↓ δ

r

Cirac and Zoller (1995)
Mølmer & Sørensen (1999)

Solano, de Matos Filho, Zagury (1999)
Milburn, Schneider, James (2000)

δ ~ 10 nm
eδ ~ 500 Debyedipole-dipole coupling ∆𝐸𝐸 =

𝑒𝑒2

𝑟𝑟2 + 𝛿𝛿2
−
𝑒𝑒2

𝑟𝑟 ≈ −
𝑒𝑒𝛿𝛿 2

2𝑟𝑟3

| ⟩↓𝑥𝑥↓𝑥𝑥 → | ⟩↓𝑥𝑥↓𝑥𝑥
| ⟩↓𝑥𝑥↑𝑥𝑥 → 𝑒𝑒−𝑖𝑖𝑖𝑖| ⟩↓𝑥𝑥↑𝑥𝑥
| ⟩↑𝑥𝑥↓𝑥𝑥 → 𝑒𝑒−𝑖𝑖𝑖𝑖| ⟩↑𝑥𝑥↓𝑥𝑥
| ⟩↑𝑥𝑥↑𝑥𝑥 → | ⟩↑𝑥𝑥↑𝑥𝑥

𝜑𝜑 =
∆𝐸𝐸𝐸𝐸
ℏ =

𝑒𝑒2𝛿𝛿2𝐸𝐸
2ℏ𝑟𝑟3 =

𝜋𝜋
2

for full 
entanglement

Native Ion Trap Operation: “Ising” gate

𝑋𝑋𝑋𝑋 𝜑𝜑 = 𝑒𝑒−𝑖𝑖𝜎𝜎𝑥𝑥
(1)𝜎𝜎𝑥𝑥

(2)𝑖𝑖

Spin-dependent force (simple/fast version)



Raman Sideband Spectrum of 32 171Yb+ ions (Harmonic trap)
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Raman Sideband Spectrum of 15 171Yb+ ions (Quartic trap)

Quartic well

near-isotropic ion spacing

• surprise: nearly equally spaced modes
• easy to close all phase spaces by tuning in 

between modes: detunings are 
commensurate (±𝛿𝛿, ±3𝛿𝛿, ±5𝛿𝛿,…)

Park Laser 
(beat note)

here!

red sideband
blue sideband



21 qubits
Fully-Connected

21 qubits
Nearest-Neighbor Connected

Fully Connected Graphs are Nice!



Laser

…………………………..

32-channel
AOM

power
stabilizer

rep rate
stabilizer

beam-pointing
stabilizer

beam-pointing
stabilizer

DOE

rf inputs
(200MHz)

AOM

S. Debnath, et al., Nature 536, 63 (2016)
N. Linke, et al., PNAS 114, 13 (2017)

Full “Quantum Stack” architecture

Programmable/Reconfigurable Quantum Computer
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