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• interacting photons in Rydberg media

(• dynamics of quantum systems with 
long-range interactions)

Outline for the three lectures
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Interacting photons in Rydberg media 

Thanks to colleagues whose slides I am borrowing: 
Misha Lukin, Bill Phillips, Thomas Pohl,…

References: 

Quantum optics: 
• lecture notes for Misha Lukin’s class Modern Atomic and Optical Physics II, 
compiled by Lily Childress: https://lukin.physics.harvard.edu/teaching 
• Meystre and Sargent, “Elements of Quantum Optics” 
• Loudon, “Quantum Theory of Light” 

Waveguide QED: 
• Roy, Wilson, Firstenberg, “Colloquium: Strongly interacting photons in one-
dimensional continuum,” RMP 89, 021001 (2017) 

Interacting photons in Rydberg media: 
• Murray, Pohl, “Quantum and Nonlinear Optics in Strongly Interacting Atomic 
Ensembles”, Adv. At., Mol., Opt. Phys. 65, 321 (2016)

Homework: check these out, 
especially the last two
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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Ph Photons interact only in Sci-Fi
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But light CAN act on light 
under the right circumstances
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One of the first scientific achievements  
following the first laser…

…was the first demonstration of non-linear optics
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The first non-linear optics needed the first laser

nonlinear 
crystal

ω 2ωω

prism
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Editor re-touched signal out!  
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Electrons vs. Photons

e- e-

(large)

transistor

small electrical signals 
control huge currents even huge optical intensities 

only control tiny optical signals 

nonlinear 
crystal

photons hardly interact

10



Electronics vs. Photonics
electrons 

process information
photons 

transmit information
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on-chip optical  
routing



Electronics vs. Photonics
electrons 

process information
photons 

transmit information

converting photons to electrical signals is “expensive” 
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Electronics vs. Photonics
electrons 

process information
photons 

transmit information

Can we make photons process 
without conversion?
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• photon-photon interactions too weak for processing 
information    

14



Typical approach to achieving interactions between optical photons:

• nonlinearity induced by individual atoms (or artificial atoms) 

components and propagates to nodes B and C, where the entangled 
photon state is coherently mapped into an entangled state between col-
lective excitations at each of the two nodes13,19. Subsequent read-out of 
entanglement from the memories at node B and/or node C as photon 
pulses is implemented at the ‘push of a button’. 

Cavity QED
At the forefront of efforts to achieve strong, coherent interactions 
between light and matter has been the study of cavity QED20. In both 
the optical12,21 and the microwave22–25 domains, strong coupling of single 
atoms and photons has been achieved by using electromagnetic reso-
nators of small mode volume (or cavity volume) Vm with quality fac-
tors Q ≈ 107–1011. Extensions of cavity QED to other systems26 include 
quantum dots coupled to micropillars and photonic bandgap cavities27, 
and Cooper pairs interacting with superconducting resonators (that is, 
circuit QED; see ref. 28 for a review). 

Physical basis of strong coupling
Depicted in Fig. 2a is a single atom that is located in an optical resona-
tor and for which strong coupling to a photon requires that a single 
intracavity photon creates a ‘large’ electric field. Stated more quanti-
tatively, if the coupling frequency of one atom to a single mode of an 
optical resonator is g (that is, 2g is the one-photon Rabi frequency), 
then 
 ________
 !ε•μ0!

2 ωC g = ________ (1)
 √ 2"ε0Vm

where μ0 is the transition dipole moment between the relevant atomic 
states (with transition frequency ωA), and ωC ≈ ωA is the resonant fre-
quency of the cavity field, with polarization vector ε. Experiments in cav-
ity QED explore strong coupling with g >> (γ, κ), where γ is the atomic 
decay rate to modes other than the cavity mode and κ is the decay rate 
of the cavity mode itself. Expressed in the language of traditional opti-
cal physics, the number of photons required to saturate the intracavity 
atom is n0 ≈ γ2/g2, and the number of atoms required to have an appreci-
able effect on the intracavity field is N0 ≈ κγ/g2. Strong coupling in cavity 
QED moves beyond traditional optical physics, for which (n0, N0) >> 1, 
to explore a qualitatively new regime with (n0, N0) << 1 (ref. 12). 

In the past three decades, a variety of approaches have been used to 
achieve strong coupling in cavity QED12,20–25. In the optical domain, a 
route to strong coupling is the use of high-finesse optical resonators 
(F ≈ 105–106) and atomic transitions with a large μ0 (that is, oscillator 
strengths near unity). Progress along this path is illustrated in Fig. 2c, 
with research now far into the domain (n0, N0) << 1. 

As the cavity volume Vm is reduced to increase g (equation (1)), the 
requirement for atomic localization becomes more stringent. Not sur-
prisingly, efforts to trap and localize atoms in high-finesse optical cavi-
ties in a regime of strong coupling have been central to studies of cavity 
QED in the past decade, and the initial demonstration was in 1999 
(ref. 29). Subsequent advances include extending the time for which an 
atom is trapped to 10 s (refs 30, 31); see ref. 32 for a review. Quantum 
control over both internal degrees of freedom (that is, the atomic dipole 
and the cavity field) and external degrees of freedom (that is, atomic 
motion) has now been achieved for a strongly coupled atom–cavity 
system33. And an exciting prospect is cavity QED with single trapped 
ions, for which the boundary for strong coupling has been reached34. 

Coherence and entanglement in cavity QED
Applying these advances to quantum networks has allowed single pho-
tons to be generated ‘on demand’ (Box 1). Through strong coupling of 
the cavity field to an atomic transition, an external control field Ω(t) 
transfers one photon into the cavity mode and then to free space by 
way of the cavity output mirror, leading to a single-photon pulse !ϕ1(t)# 
as a collimated beam. The temporal structure (both amplitude and 
phase) of the resultant ‘flying photon’ !ϕ1(t)# can be tailored by way of 

the control field Ω(t) (refs 6, 35), with the spatial structure of the wave 
packet being set by the cavity mode. 

Several experiments have confirmed the essential aspects of this 
process for the deterministic generation of single photons30,34,36. Sig-
nificantly, in the ideal (adiabatic) limit, the excited state !e# of the atom 
is not populated because of the use of a ‘dark state’ protocol37. By deter-
ministically generating a bit stream of single-photon pulses from single 
trapped atoms, these experiments are a first step in the development of 
quantum networks based on flying photons. 

Compared with the generation of single photons by a variety of other 
systems38, one of the distinguishing aspects of the dark-state protocol 
(Box 1) is that it should be reversible. That is, a photon that is emitted 
from a system A should be able to be efficiently transferred to another 
system B by applying the time-reversed (and suitably delayed) field Ω(t) 
to system B (Fig. 1c). Such an advance was made18 by implementing 
the reversible mapping of a coherent optical field to and from internal 
states of a single trapped caesium atom. Although this experiment was 
imperfect, it provides the initial verification of the fundamental primi-
tive on which the protocol for the physical implementation of quantum 
networks in ref. 6 is based (an important theoretical protocol that has 
been adapted to many theoretical and experimental settings).
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Figure 2 | Elements of cavity QED. a, Shown is a simple schematic of an 
atom–cavity system depicting the three governing rates (g, κ, γ) in cavity 
QED, where g ≈ χ in Fig. 1. Coherent exchange of excitation between the 
atom and the cavity field proceeds at rate g, as indicated by the dashed arrow 
for the atom and the green arrows for the cavity field. b, A photograph of 
two mirror substrates that form the Fabry–Pérot cavity, which is also shown 
schematically. The cavity length l = 10 μm, waist w0 = 12 μm transverse to the 
cavity axis, and finesse F ≈ 5 × 105. The supporting structure allows active 
servo control of the cavity length to δl ≈ 10−14 m (ref. 12). Scale bar, 3 mm. 
c, The reduction in the critical photon number n0 over time is shown for 
a series of experiments in cavity QED that were carried out by the Caltech 
Quantum Optics Group. These experiments involved either spherical-mirror 
Fabry–Pérot cavities (circles) or the whispering-gallery modes of monolithic 
SiO2 resonators (squares). The data points shown for 2006 and 2008 are for a 
microtoroidal SiO2 resonator75,76; those for 2009 and 2011 (open squares) are 
projections for this type of resonator77.
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Coherent generation of non-classical light
on a chip via photon-induced tunnelling
and blockade
ANDREI FARAON1*, ILYA FUSHMAN1*, DIRK ENGLUND1*, NICK STOLTZ2, PIERRE PETROFF2
AND JELENA VUČKOVIĆ1†

1E. L. Ginzton Laboratory, Stanford University, Stanford, California 94305, USA
2Department of Electrical and Computer Engineering, University of California, Santa Barbara, California 93106, USA
*These authors contributed equally to this work
†e-mail: jela@stanford.edu

Published online: 21 September 2008; doi:10.1038/nphys1078

Quantum dots in photonic crystals are interesting because of

their potential in quantum information processing
1,2

and as a

testbed for cavity quantum electrodynamics. Recent advances in

controlling
3,4

and coherent probing
5,6

of such systems open the

possibility of realizing quantum networks originally proposed

for atomic systems
7–9

. Here, we demonstrate that non-classical

states of light can be coherently generated using a quantum

dot strongly coupled to a photonic crystal resonator
10,11

. We

show that the capture of a single photon into the cavity

aVects the probability that a second photon is admitted. This

probability drops when the probe is positioned at one of the two

energy eigenstates corresponding to the vacuum Rabi splitting, a

phenomenon known as photon blockade, the signature of which

is photon antibunching
12,13

. In addition, we show that when the

probe is positioned between the two eigenstates, the probability

of admitting subsequent photons increases, resulting in photon

bunching. We call this process photon-induced tunnelling. This

system represents an ultimate limit for solid-state nonlinear

optics at the single-photon level. Along with demonstrating

the generation of non-classical photon states, we propose an

implementation of a single-photon transistor
14

in this system.

The optical system consists of a self-assembled InAs quantum
dot with decay rate �/2⇡⇡ 0.1 GHz coupled to a three-hole defect
cavity15 in a two-dimensional GaAs photonic crystal, as described
in ref. 5. The quantum-dot/cavity coupling rate g/2⇡= 16 GHz
equals the cavity field decay rate /2⇡= 16 GHz (corresponding
to a cavity quality factor Q = 10,000), which puts the system
in the strong coupling regime10,11. We first characterize the
system in photoluminescence by pumping the structure above the
GaAs bandgap. The photoluminescence scans in Fig. 1b show the
anticrossing characteristic of strong coupling between the quantum
dot and the cavity. Here, the quantum dot is tuned into resonance
using local temperature tuning16 around an average temperature
of 20 K maintained in a continuous He flow cryostat. To generate
non-classical light, we coherently probe the system with linearly
polarized laser beams (Fig. 1a) and observe the cross-polarized
output, as described in our previous work5. The cross-polarized
set-up enables us to separate the cavity-coupled signal from the
direct probe reflection, which is essential for achieving large
signal-to-noise ratios needed in autocorrelation measurements.
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Figure 1 Schematic diagram of the experimental set-up. a, Laser pulses (40 ps
FWHM) are reflected from a photonic crystal cavity that is linearly polarized at 45�

relative to the input polarization set by the polarizing beam splitter (PBS). The output
light, observed in cross-polarization and carrying the cavity-coupled signal, is
analysed using an HBT set-up that measures second-order correlation. The inset
shows the suspended structure with the photonic crystal cavity and the metal pad
for local temperature tuning16. BS: beam splitter; QD: quantum dot; D1 and D2:
single-photon detectors. b, Anticrossing observed in photoluminescence as the
quantum dot is tuned into resonance with the cavity. The temperature tuning is done
by linearly increasing the power (P ) of the heating laser16. The right panel shows the
spectrum at the anticrossing point marked by the blue line. The red lines mark the
cavity and quantum-dot resonance as if they were decoupled.

Our set-up is such that the measurement on the reflected port from
this single-sided cavity is analogous to a transmission measurement
in a Fabry–Perot arrangement.

nature physics VOL 4 NOVEMBER 2008 www.nature.com/naturephysics 859

Vuckovic @ Stanford

Photon-photon interactions
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Typical approach to achieving interactions between optical photons:

• nonlinearity induced by individual atoms (or artificial atoms) 

Map strong atom-atom interactions onto  
strong photon-photon interactions

This talk: 

Photon-photon interactions
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interaction 
between 
Rydberg 
states

photon photonatom atom

excite 
to 

Rydberg 
state 

via EIT

excite 
to 

Rydberg 
state 

via EIT

Experiments: Adams, Kuzmich, Lukin & Vuletic, Pfau & Löw,  Grangier, Weidemüller, 
Hofferberth, Dürr & Rempe, Simon, Firstenberg, Ourjoumtsev, H. de Riedmatten, etc…  
Theory: Kurizki, Fleischhauer, Petrosyan, Mølmer, Pohl, Lesanovsky, Kennedy, Brion, 
Büchler, Sørensen, most experimental groups above, etc...

Map strong atom-atom interactions onto  
strong photon-photon interactions

Medium where photons interact strongly

EIT = electromagnetically induced transparency
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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<latexit sha1_base64="8VO08L+zuNVivG/2OZq0ec3vcAc="></latexit>

r2E� 1

c2
@2E

@t2
= 0

L

E&M field quantization

• Meystre and Sargent, ``Elements of Quantum Optics"

• consider free field (no sources)

• Maxwell’s equations ⇒ wave equation

• knowing     , find     via E B r⇥B =
1

c2
@E

@t
(SI units used)

• large cavity of length     & volume    ,  
  with             on mirrors

L
E = 0

V

• eigenmodes = standing waves 
sin(kjz) kjL = ⇡j

j = 1, 2, 3, . . .

19

• Lukin/Childress lecture notes



Ex(z, t) =
X

j

s
2⌫2j
✏0V

qj(t) sin kjz

• consider    -polarized field x̂

amplitude

⌫j = ckj

By(z, t) =
1

c2

X

j

q̇j(t)

kj
Aj cos kjz⇒ 

( • could do periodic boundary conditions => running waves )

o

Aj

20



• classical energy:

H =
1

2

Z
dV

✓
✏0E

2 +
1

µ0
B

2

◆

=
X

j

⌫2j q
2
j

2
+

q̇2j
2

• independent harmonic oscillators with frequency     , 
unit mass, position  

⌫j
qj

• Quantization: qj ! q̂j q̇j ! p̂j [q̂j , p̂j0 ] = i~�j,j0

• creation/annihilation:

âj =
1p
2~⌫j

(⌫j q̂j + ip̂j) q̂j =

s
~
2⌫j

⇣
âj + â†j

⌘

â†j =
1p
2~⌫j

(⌫j q̂j � ip̂j) p̂j = �i

r
~⌫j
2

⇣
âj � â†j

⌘

! 1

2

X

j

�
⌫2j q̂

2
j + p̂2j

�
=

X

j

~⌫j
✓
â†j âj +

1

2

◆

<latexit sha1_base64="mN2xxVEUeXcscRFhrNboKEqh/2c="></latexit>

[âj , â
†
j0 ] = �j,j0
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= electric field per photon

(makes sense:                                        )~⌫j ⇠ energy ⇠ ✏0E
2V

Êx(z) =
X

j

Aj

s
~
2⌫j

(âj + â†j) sin kjz

•    component of electric field operatorx̂

o

r
~⌫j
✏0V

Ê(r) = Ê(r) + Ê†(r)

transverse 
polarization

• for running waves, including all polarizations & directions

Ê(r) =
X

k,↵

✏↵

r
~⌫j
2✏0V

âk,↵e
ik·r
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• starting point: dipole Hamiltonian for a 2-level atom

Atom-field interactions

• 4 types of terms:
â†|1ih2|â†|2ih1|â|2ih1| â|1ih2|

|1i

|2i

(Heisenberg evolution under                       :                                   )âj(t) = âj(0)e
�i⌫jtĤ = ~⌫j â†j âj

• RWA ≃ energy conservation

• with RWA: V̂af = �
X

k,↵

~gk,↵|2ih1|âj,↵ + ~g⇤k,↵|1ih2|â
†
k,↵

• single-photon Rabi frequency: gk,↵ =
µ↵

~

r
~⌫j
2✏0V

eik·r

(• if standing wave mode,                        )|g| / sin(kz)

= �(Ê + Ê†) · (h2|d̂|1i|2ih1|+ h1|d̂|2i|1ih2|)
V̂af = �Ê · d̂

µ↵ = h2|d↵|1i
23



Remarks

⇒ didn’t need     ; used A V̂af = �Ê · d̂
• no sources (                ), wave equation                           r ·E = 0

⇒ didn’t need to choose gauge

⇒ need A

⇒ choose Coulomb gauge r ·A = 0

⇒ quantized similarly to this lecture 
[see Cohen-Tannoudji et al., “Photons and Atoms”]

• with sources (                ), no wave equationr ·E 6= 0
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interaction 
between 
Rydberg 
states

photon photonatom atom

excite 
to 

Rydberg 
state 

via EIT

excite 
to 

Rydberg 
state 

via EIT

Medium where photons interact strongly

EIT = electromagnetically induced transparency
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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Three-level medium

Ê1(z) = ϵ1 ( ℏω1

4πcϵ0A )
1/2

∫ dω ̂aωeiωz/c + h . c .

[ ̂aω, ̂a†
ω′ ] = δ(ω − ω′ )

A

A = cross section of beam and of ensemble

ω1 = ωeg + Δ ω2 = ωre − Δ

E2(t) = ϵ2ℰ2(t)cos(ω2t) Fleischhauer, Lukin, PRA 65, 022314 (2002)
AVG, Adre, Lukin, Sorensen, PRA 76, 033805 (2007) 27

Loudon, “Quantum Theory of Light”

Ê1

E2



Ĥ = Ĥ0 + ̂V

Ĥ0 = ∫ dωℏω ̂a†
ω ̂aω +

N

∑
i=1

(ℏωrg ̂σi
rr + ℏωeg ̂σi

ee)
̂V = −

N

∑
i=1

̂di ⋅ [E2(t) + Ê1(zi)]

= − ℏ
N

∑
i=1

(Ω(t) ̂σi
ree−iω2t + g

1
2πc ∫ dω ̂aωeiωzi/c ̂σi

eg + h . c . )
̂σi
μν = |μ⟩ii⟨ν |

Ω(t) = ⟨r | ( ̂d ⋅ ϵ2) |e⟩ℰ2(t)/(2ℏ) = Rabi frequency

28

Three-level medium

Ê1

E2



Ĥ = Ĥ0 + ̂V

Ĥ0 = ∫ dωℏω ̂a†
ω ̂aω +

N

∑
i=1

(ℏωrg ̂σi
rr + ℏωeg ̂σi

ee)
̂V = −

N

∑
i=1

̂di ⋅ [E2(t) + Ê1(zi)]

= − ℏ
N

∑
i=1

(Ω(t) ̂σi
ree−iω2t + g

1
2πc ∫ dω ̂aωeiωzi/c ̂σi

eg + h . c . )
̂σi
μν = |μ⟩ii⟨ν |

Ω(t) = ⟨r | ( ̂d ⋅ ϵ2) |e⟩ℰ2(t)/(2ℏ)

g = ⟨e | ( ̂d ⋅ ϵ1) |g⟩
ω1

2ℏϵ0A

= Rabi frequency
•    pulse takes time π/(2Ω)π

29

Three-level medium

ℏ = 1• I will often set

Ê1



Ê1

0 L

̂P†(z, t) = n
1
Nz

Nz

∑
i=1

̂σi
eg(t)e−iω1(t−zi/c)

̂S†(z, t) = n
1
Nz

Nz

∑
i=1

̂σi
rg(t)e−iω1(t−zi/c)−iω2t

ℰ̂†(z, t) =
1

2πc
e−iω1(t−z/c) ∫ dω ̂a†

ω(t)e−iωz/c

atomsNz ≫ 1

• thin enough that fields continuous

[ ̂S(z, t), ̂S†(z′ , t)] = δ(z − z′ )

[ ̂P(z, t), ̂P†(z′ , t)] = δ(z − z′ )

• assume almost all atoms in 
ground state at all times

excitation at creates z

creates photon at z
30

Three-level medium

excitation at creates z

define slowly varying operators

n•   = atom density
homework 
exercise



0 L

̂P†(z, t) = n
1
Nz

Nz

∑
i=1

̂σi
eg(t)e−iω1(t−zi/c)

̂S†(z, t) = n
1
Nz

Nz

∑
i=1

̂σi
rg(t)e−iω1(t−zi/c)−iω2t

ℰ̂†(z, t) =
1

2πc
e−iω1(t−z/c) ∫ dω ̂a†

ω(t)e−iωz/c

atomsNz ≫ 1

• thin enough that fields continuous

[ℰ̂(z, t), ℰ̂†(z′ , t)] = δ(z − z′ )

[ ̂S(z, t), ̂S†(z′ , t)] = δ(z − z′ )

[ ̂P(z, t), ̂P†(z′ , t)] = δ(z − z′ )

• assume almost all atoms in 
ground state at all times

excitation at creates z

creates photon at z
31

Three-level medium

excitation at creates z

ℰ̂

define slowly varying operators

n•   = atom density
homework 
exercise



Ĥ
ℏ

= − ic∫ dzℰ̂†(z)
∂
∂z

ℰ̂(z)

+∫ dz [−Δ ̂P†(z) ̂P(z) − (Ω(t) ̂S†(z)P(z) + g n ̂P†(z)ℰ̂(z) + h . c . )]

(∂t + c∂z)ℰ̂ = ig n ̂P

∂t
̂P = iΔ ̂P + ig nℰ̂ + iΩ ̂S

∂t
̂S = iΩ* ̂P

⟨ ̂FS(z, t) ̂F†
S(z′ , t′ )⟩ = δ(z − z′ )δ(t − t′ )

⟨ ̂F⟩ = ⟨ ̂F ̂F⟩ = ⟨ ̂F† ̂F⟩ = 0

γ

γS

32

Three-level medium

ℰ̂

collective 
enhancement 

−γ ̂P + 2γ ̂FP

Langevin noise 

⟨ ̂FP(z, t) ̂F†
P(z′ , t′ )⟩ = δ(z − z′ )δ(t − t′ )

only nonzero noise correlations are:

−γs
̂S + 2γs

̂FS

Heisenberg evolution:



ℰ̂

(∂t + c∂z)ℰ̂ = ig n ̂P

∂t
̂P = − (γ − iΔ) ̂P + ig nℰ̂ + iΩ ̂S + 2γ ̂FP

∂t
̂S = − γs

̂S + iΩ* ̂P + 2γs
̂FS

• assume all atoms initially in ground state, i.e.  
no P or S excitations
• assume 1 incoming photon

|ψ(t)⟩ = ∫ dzE(z, t)ℰ̂†(z) |0⟩ + ∫ dzP(z, t) ̂P†(z) |0⟩ + ∫ dzS(z, t) ̂S†(z) |0⟩

(∂t + c∂z)E = ig nP

∂tP = − (γ − iΔ)P + ig nE + iΩS

∂tS = − γsS + iΩ*P
E(z = 0,t) = Ein(t)

E(z, t = 0) = P(z, t = 0) = S(z, t = 0) = 0

• same as equations for coherent input
33

Three-level medium

γ

γS



(∂t + c∂z)ℰ̂ = ig n ̂P

∂t
̂P = − (γ − iΔ) ̂P + ig nℰ̂ + iΩ ̂S + 2γ ̂FP

∂t
̂S = − γs

̂S + iΩ* ̂P + 2γs
̂FS

• assume all atoms initially in ground state, i.e.  
no P or S excitations
• assume 1 incoming photon

|ψ(t)⟩ = ∫ dzE(z, t)ℰ̂†(z) |0⟩ + ∫ dzP(z, t) ̂P†(z) |0⟩ + ∫ dzS(z, t) ̂S†(z) |0⟩

(∂t + c∂z)E = ig nP

∂tP = − (γ − iΔ)P + ig nE + iΩS

∂tS = − γsS + iΩ*P
E(z = 0,t) = Ein(t)

E(z, t = 0) = P(z, t = 0) = S(z, t = 0) = 0

• same as equations for coherent input
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Three-level medium

γ

γS

E



(∂t + c∂z)E = ig nP
∂tP = − (γ − iΔ)P + ig nE + iΩS
∂tS = iΩ*P

sanity check: no atoms

g n = 0

E(z, t) = E(0,t − z /c)

(∂t + c∂z)E = 0

undistorted propagation at C

35

γE

No atoms



assume: resonant incoming photon, no control
Ω = 0Δ = 0

36

γ

(∂t + c∂z)E = ig nP
∂tP = − (γ − iΔ)P + ig nE + iΩS
∂tS = iΩ*P

Two-level medium

E



assume: resonant incoming photon, no control
Ω = 0

(∂t + c∂z)E = ig nP

∂tP = − γP + ig nE

E(z, t) = ∫ dωẼ(ω, t)e−iωt

P(z, t) = ∫ dωP̃(ω, t)e−iωt

Δ = 0

37

Two-level medium
(∂t + c∂z)E = ig nP

∂tP = − (γ − iΔ)P + ig nE + iΩS
∂tS = iΩ*P

γE



assume: resonant incoming photon, no control
Ω = 0

(∂t + c∂z)E = ig nP

∂tP = − γP + ig nE

E(z, t) = ∫ dωẼ(ω, t)e−iωt

P(z, t) = ∫ dωP̃(ω, t)e−iωt

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ = − γP̃ + ig nẼ

Δ = 0

38

(∂t + c∂z)E = ig nP
∂tP = − (γ − iΔ)P + ig nE + iΩS
∂tS = iΩ*P

ω

γE

Two-level medium



P̃ =
ig n
γ − iω

Ẽ

c∂zẼ = (iω −
g2n

γ − iω ) Ẽ

Ẽ(L, ω) = Ẽ(0,ω) exp[iω
L
c

−
g2nL/c
γ − iω ]

d =
g2nL

γc
Ẽ(L, ω) = Ẽ(0,ω) exp[iω

L
c

−
dγ

γ − iω ]
| Ẽ(L, ω) |2 = | Ẽ(0,ω) |2 exp[ −

2d
1 − (ω/γ)2 ]

39

Two-level medium

ω

γE

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ = − γP̃ + ig nẼ



| Ẽ(L, ω) |2 = | Ẽ(0,ω) |2 exp[ −
2d

1 − (ω/γ)2 ]
• on resonance: Iout = Iine−2d

absorption line

d ≫ 1• assume
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∼ γ d
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Two-level medium

ω

γE 2d = optical depth•



• assume     realΩ

E(z, t) = ∫ dωẼ(ω, t)e−iωt

P(z, t) = ∫ dωP̃(ω, t)e−iωt

S(z, t) = ∫ dωS̃(ω, t)e−iωt• at          :ω = 0

(−iω + c∂z)Ẽ = ig nP̃
−iωP̃ = − γP̃ + ig nẼ + iΩS̃

−iωS̃ = iΩP̃

P̃ = 0

S̃ = −
g n

Ω
Ẽ

∂zẼ = 0 perfect transmission, i.e. no scattering
Dark-state polariton: coupled atom-photon excitation 
[Fleishhauer & Lukin, 2000, 2002]

Electromagnetically induced transparency (EIT)

41

ω

γE

(∂t + c∂z)E = ig nP
∂tP = − γP + ig nE + iΩS
∂tS = iΩ*P

• destructive interference



| Ẽ(L, ω) |2 ≈ | Ẽ(0,ω) |2 exp[ −
2dγ2ω2

Ω4 ] homework 
exercise

Electromagnetically induced transparency (EIT)

absorption line|gi!|ei
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ω

γE

(−iω + c∂z)Ẽ = ig nP̃
−iωP̃ = − γP̃ + ig nẼ + iΩS̃

−iωS̃ = iΩP̃

ωEIT
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ωEIT ∼
Ω2

γ d
• EIT transparency window of bandwidth

• near ω = 0



• near ω = 0

∂zẼ ≈ i
ω
vg

Ẽ vg ≈
Ω2

g2n
c ≪ c

(∂t + vg∂z)E = 0 reduced group velocity

Electromagnetically induced transparency (EIT)

“slow light”

43

(−iω + c∂z)Ẽ = ig nP̃
−iωP̃ = − γP̃ + ig nẼ + iΩS̃

−iωS̃ = iΩP̃

ω

γE
homework 
exercise

• pulse compressionE



∂zẼ ≈ i
ω
vg

Ẽ vg ≈
Ω2

g2n
c ≪ c

(∂t + vg∂z)E = 0 reduced group velocity

Electromagnetically induced transparency (EIT)

“slow light”
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ω

γE

• pulse compressionE
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Photon storage and retrieval

|ψ⟩ ∼ ∫ dz f(z − vgt)(Ωℰ̂(z) − g n ̂S†(z)) |0⟩

• dark state polariton

vg ≈
Ω2

g2n
c reduced group velocity

• while pulse is inside medium, turn     off Ω

|ψ⟩ ∼ ∫ dz f(z)S†(z) |0⟩ photon stored in “spinwave”

• when turn      back on, photon is retrievedΩ

45

• pulse compressionE

ω

γE



Off-resonant two-level medium

46

γE

large Δ
(∂t + c∂z)E = ig nP

∂tP = − (γ − iΔ)P + ig nE

• Fourier transform in time & drop   : γ

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ ≈ iΔP̃ + ig nẼ



(∂t + c∂z)E = ig nP
∂tP = − (γ − iΔ)P + ig nE

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ ≈ iΔP̃ + ig nẼ

Off-resonant two-level medium

47

large Δ

γ

ω

E

• Fourier transform in time & drop   : γ

• near          : ω = 0

0 ≈ iΔP̃ + ig nẼ

c∂zẼ ≈ ig nP̃

P̃ ≈ −
g n

Δ
Ẽ

∂zẼ ≈ − i
g2n
cΔ

Ẽ

Ẽ(z = L, ω ≈ 0) ≈ Ẽ(z = 0,ω ≈ 0) exp[−i
dγ
Δ ]

• atoms imprint a phase on photon



• at          :ω = 0
γ

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ = − (γ − iΔ)P̃ + ig nẼ + iΩS̃

−iωS̃ = iΩP̃

P̃ = 0 S̃ = −
g n

Ω
Ẽ

∂zẼ = 0 perfect transmission due to EIT

Dark-state polariton: coupled atom-photon excitation 
[Fleishhauer & Lukin, 2000, 2002]

ω

same as for Δ = 0

large Δ

(∂t + vg∂z)E = 0 reduced group velocity
“slow light”

48

EIT with large single-photon detuning

E



interaction 
between 
Rydberg 
states

photon photonatom atom

excite 
to 

Rydberg 
state 

via EIT

excite 
to 

Rydberg 
state 

via EIT

Medium where photons interact strongly

EIT = electromagnetically induced transparency

Summer school lectures by Browaeys, Hazzard,  
and possibly Kaufman, Bakr, etc…
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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n=1

nucleus

electron wavefunction

electronic levels in atom:
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n=2

n=1

electronic levels in atom:
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n=1

n=2
n=3

electronic levels in atom:
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n=4

n=1

n=2

electronic levels in atom:
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n=1

n=2
n=5

• large size: r ⇠ n2

Rydberg states n = 100e.g.
r ⇠ 1µm

r ⇠ 0.1 nm

electronic levels in atom:

55



n = 1

56



n = 100

57



• huge size: r ⇠ n2

Rydberg states

• huge electric dipole moment
• strong, distant interactions

map on strong, distant photon-photon interactions
58



Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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interaction 
between 
Rydberg 
states

photon photonatom atom

excite 
to 

Rydberg 
state 

via EIT

excite 
to 

Rydberg 
state 

via EIT

60

Medium where photons interact strongly

EIT = electromagnetically induced transparency

Map strong atom-atom interactions onto  
strong photon-photon interactions



• one photon (polariton) drags along a Rydberg excitation

       ground-state atoms

Basic idea
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• one photon (polariton) drags along a Rydberg excitation

• Rydberg excitations feel strong, distant interactions

⇒ strong, distant photon-photon interactions

• another photon drags along a Rydberg excitation

       ground-state atoms

Basic idea
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate

63



<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,
V(z − z0)

• control atom at      prepared in 
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0iz0

• atoms in       experience van der Waals potential V(z − z0) =
C6

(z − z0)6

absorbing resonant 
2-level medium

transparent  
EIT medium

AVG et al, PRL 107, 133602 (2011)64

Photon interacting with stationary excitation

z0

E

rbrb
blockade 
     radius



<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i
V(z − z0)

65

Photon interacting with stationary excitation

E

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i, absorbing resonant 
2-level medium

transparent  
EIT medium z0

rbrb
blockade 
     radius



<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i
V(z − z0)

66

Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i, absorbing resonant 
2-level medium

transparent  
EIT medium z0

rbrb
blockade 
     radius

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ = − γP̃ + ig nẼ + iΩS̃

−iωS̃ = − iV(z − z0)S̃ + iΩP̃

Ẽ(L, ω = 0) = Ẽ(0,ω = 0) exp[ − i
1
L ∫

L

0
dz

dγV(z − z0)
Ω2 + iγV(z − z0) ]

C6 = 0 perfect transmission (EIT)•            :
•              :C6 → ∞ Ẽ(L, ω = 0) = Ẽ(0,ω = 0) e−d

resonant 2-level medium of 
length L and optical depth d

• general     :C6

) resonant 2-level medium▫ V(z − z0) > Ω2/γ
) EIT▫ V(z − z0) < Ω2/γ

V(rb) = Ω2/γ

db ≫ 1 incoming photon scatters•
db = 2drb/L blockaded optical depth•



Single-photon switch

Applications: classical optical information processing, ideal non-
demolition photon detector, …

source 
pulse

single 
gate 

photon
source 
pulse

source 

gate 

67



Single-photon switch
|r0i

⌦0

• spin wave

rb

V (z)
X

i

C(zi)|gg . . . ri . . . gi

⌦0
  theory: Murray, AVG, Pohl, NJP (2016) 
              Li, Lesanovsky, PRA (2015)             
  experiment: Gorniaczyk et al (Hofferberth),   
              Nat Commun (2016) [also Rempe]

gatesource

                    Another switch expt: 
Chen et al (Vuletic), Science 341, 768 (2013)68



Single-photon switch

⌦0

• spin wave

rb

• localized excitation

X

i

C(zi)|gg . . . ri . . . gi

⌦0

- indeed can’t retrieve spin wave

gatesource

                    Another switch expt: 
Chen et al (Vuletic), Science 341, 768 (2013)

|r0i
V (z)

  theory: Murray, AVG, Pohl, NJP (2016) 
              Li, Lesanovsky, PRA (2015)             
  experiment: Gorniaczyk et al (Hofferberth),   
              Nat Commun (2016) [also Rempe]
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Single-photon switch

rb

• spin wave
X

i

C(zi)|gg . . . ri . . . gi

gate

|r0i
V (z)

⌦0

source

• localized excitation

                    Another switch expt: 
Chen et al (Vuletic), Science 341, 768 (2013)

• single-photon subtractor (theory&expt)   
   [Murray et al, PRL 120, 113601 (2018)] 

- indeed can’t retrieve spin wave

  theory: Murray, AVG, Pohl, NJP (2016) 
              Li, Lesanovsky, PRA (2015)             
  experiment: Gorniaczyk et al (Hofferberth),   
              Nat Commun (2016) [also Rempe]

• multi-photon subtractor
Stiesdal et al,  
arXiv:2103.15738
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Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,
V(z − z0)

• control atom at      prepared in 
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0iz0

• atoms in       experience van der Waals potential V(z − z0) =
C6

(z − z0)6

off-resonant 2-level 
medium

transparent  
EIT medium

AVG et al, PRL 107, 133602 (2011)72

Photon interacting with stationary excitation

z0

E

rbrb
blockade 
     radius

Δ ≫ γ
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|r0i
V(z − z0)
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Photon interacting with stationary excitation

E

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

off-resonant 2-level 
medium

Δ ≫ γ
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|r0i
V(z − z0)
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Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

(−iω + c∂z)Ẽ = ig nP̃

−iωP̃ = iΔP̃ + ig nẼ + iΩS̃

−iωS̃ = − iV(z − z0)S̃ + iΩP̃

Ẽ(L, ω = 0) = Ẽ(0,ω = 0) exp[ − i
1
L ∫

L

0
dz

dγV(z − z0)
Ω2 + ΔV(z − z0) ]

C6 = 0 no phase picked up (EIT)•            :
•              :C6 → ∞ Ẽ(L, ω = 0) = Ẽ(0,ω = 0) e−idγ/Δ

off-resonant 2-level medium of 
length L and optical depth d

• general     :C6

) off-resonant 2-level medium▫ V(z − z0) > Ω2/Δ
) EIT▫ V(z − z0) < Ω2/Δ

V(rb) = Ω2/Δ

db = 2drb/L blockaded optical depth•

Δ ≫ γ

imprints phase            on photon•
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i dbγ/Δ

off-resonant 2-level 
medium



<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i
V(z − z0)

75

Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

V(rb) = Ω2/Δ

imprints phase            on photon•
db = 2drb/L blockaded optical depth•

Δ ≫ γ

<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i dbγ/Δ

Applications:
• atom-photon gate

|g⟩ |0⟩ → |g⟩ |0⟩

|r′ ⟩ |1⟩ → − |r′ ⟩ |1⟩
|r′ ⟩ |0⟩ → |r′ ⟩ |0⟩
|g⟩ |1⟩ → |g⟩ |1⟩

off-resonant 2-level 
medium
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|r0i
V(z − z0)
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Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

V(rb) = Ω2/Δ

imprints phase            on photon•
db = 2drb/L blockaded optical depth•

Δ ≫ γ

<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i dbγ/Δ

Applications:
• atom-photon gate

• photon-photon gate using  Duan, Kimble, PRL (2004)

off-resonant 2-level 
medium
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|r0i
V(z − z0)
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Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

V(rb) = Ω2/Δ

imprints phase            on photon•
db = 2drb/L blockaded optical depth•

Δ ≫ γ

<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i dbγ/Δ

Applications:
• atom-photon gate

• photon-photon gate using  Duan, Kimble, PRL (2004)

• photon-photon gate using storage and retrieval:
▫︎ store control photon as         spinwave 

<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i
▫ run target photon through as above
▫ retrieve control photon

Experimental demonstration: 
Tiarks et al., Sci. Adv. 2, e1600036 (2016) 
Tiarks et al., Nat Phys 15, 124 (2019)  
Similar gate: Thompson et al, Nature 542, 206 (2017) 
See also: Busche et al, Nature Phys 13, 655 (2017)

off-resonant 2-level 
medium
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|r0i
V(z − z0)

78

Photon interacting with stationary excitation

E

ω

 = Rydberg states
<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i,

transparent  
EIT medium z0

rbrb
blockade 
     radius

V(rb) = Ω2/Δ

imprints phase            on photon•
db = 2drb/L blockaded optical depth•

Δ ≫ γ

<latexit sha1_base64="SW1g/2+RJplkVklg/LnX+VtO/4I="></latexit>

|r0i dbγ/Δ

Applications:
• atom-photon gate

• photon-photon gate using  Duan, Kimble, PRL (2004)

• photon-photon gate using storage and retrieval:

Experimental demonstration: 
Tiarks et al., Sci. Adv. 2, e1600036 (2016) 
Tiarks et al., Nat Phys 15, 124 (2019)  
Similar gate: Thompson et al, Nature 542, 206 (2017) 
See also: Busche et al, Nature Phys 13, 655 (2017)

▫ applications: quantum computing, networking, …

off-resonant 2-level 
medium



Outline

• E&M field quantization 
• motivation and basic idea 

• propagation of light through atomic ensembles; 
   electromagnetically induced transparency (EIT)
• Rydberg atoms
• basic idea revisited
• photon interacting with stationary excitation

• dynamics of multiple photons
- on resonance: source of single photons
- off resonance: two-photon gate, bound states, 
  many-body physics

• more applications

- on resonance: single-photon switch, subtractor
- off resonance: two-photon quantum gate
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