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Evolution of Eigenvalues with Learning of Linear Regression

Learning

Hessian
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Stern, Guzman, Martins, Liu, Balasubramanian arXiv (2024)



Evolution of Eigenvalues with Learning of Linear Regression
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But how to extract insight from many low
eigenmodes of physical Hessian?
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Maximally Localized Basis

o Start with low eigenvectors of physical Hessian B = {V¥, U5, V3, ...}

* Construct spreading functional that measures spatial extent of eigenvectors
QB =) (VIR*T; — (UIRY;)?)

* Minimize functional

* Minimum of functional gives new basis vectors that span same space

B — {\Ij 159 29 3y v .} ?3:05:552.:: .@ 3
: T | R
Lowest eigenvectors i
|| ?::;‘
Maximally localized basis; 75 o) o SERT S
Felipe Martins, Marcelo Guzman B I




Getting Insight from Maximally Localized Basis
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modes
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Getting Insight from Maximally Localized Basis

Binarize maX
localized
modes

Construct
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regions of
differentV

Combine
boundaries
together
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Boundary Edge and Boundary Edge Frequency

* The number of boundary edges ~ \sqrt{N_ m}

— For each N, assign index n_i to each edge | so that n_i=1 if the edge is a boundary edge, O if
not

— Define a weighted boundary frequency for each edge,f i = \sum{N_m=I, N _mtot= dN}
n_i/sqrt{N_m}



Boundary Frequency vs. Number of Modes

Modes accumulated up to 2

Frequency Boundary Distribution . Projection onto Stiff Modes Hyperplane
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Boundary Frequency vs. Number of Modes

Modes accumulated up to 2

Frequency Boundary Distribution . Projection onto Stiff Modes Hyperplane
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ow to Determine

Reasonable N, Without

Knowing Cost Hessian

Modes up to 2

Modes up to 14

Modes up to 26

Mcdes up to 33

Macdes up to 50

30¢ 300 300 300 - 300
250 250 50 250 250
200 + 200 - 200 - 200 4 200 +
SR 180 4 150 ™0 180 4
004 ¥ 4 1K 004 10
e ou D) b oo l
0 ' [ 1 [ a ¢ I.I' L!'_Il' =i T 0 "h'—l By g l-L_ll_ o g 'L'l—lﬁ
00 0z 04 06 02 1.0 00 0z 04 06 02 10 a0 0z 04 0£ 03 19 00 0z 04 05 03 10 o0 02 04 06 02 10
Modes up to 62 Modes up to 74 Modes up to 86 Modes up to 98 Modes up to 110
3¢ 32C 30C 3¢ 32C
280 4 250 #5004 280 ELNE
200 1 200 1 200 1 200 1 200 1
59 150 100 59 o
200 100 100
50 e S0 .
0 a- -
00 02 04 06 04 10 00 0z 04 06 04 10 0o 02 04 06 08 LC 00 02 04 05 03 10 00 02 04 06 04 10
Modes up Lo 122 Modes up Lo 134 Modes up to 14% Modes up tu 158 Modes up Lo 170
I 3 U JL ol
250 250 50 250 250
200 200 00 200 200
N0 180 4 150 ™0 L
o oo 1 a0 1
0 w0 L0 a0 e
o Lﬁ‘*‘ a .l , MU—H p M‘-‘* a
00 0z 04 06 02 10 00 0z 04 06 02 10 a0 0z 04 05 03 1l¢ 00 0z 04 05 03 10 o0 0z 04 06 02 10
Modes up to 182 Modes up to 194 Modes up to 206 Mades up tno 218 Modes up to 230
x: ax ENe ERT X
280 4 EEE #5004 280 280
m 200 200 200 200 200
59 150 00 59 o
a0 oo i 00 100
50 e 0 0 S
.]-wu..,_ " " " ‘ _ML;_
00 0z 04 06 03 10 00 0z 04 06 08 10 a0 0z 04 08 03 L 00 02 04 05 03 10 00 02 04 06 03 10
- Modes up Lo 242 - Modes up Lo 234 . Modes up to 268 - Modes up Lo 278 - Modes up Lo 290
250 250 250 250 250
200 200 00 200 200
80 150 4 150 04 150
00 4 0 4 1 S 1
50 S0 I 50 50 50
R Le 04 g% 03 1.0 R I el 04 ob U8 LY R I 04 0% 03 Le o0 Le U4 0.5 03 1.0 wu a2 04 o 03 1.0

Jensen-Shannon Divergence

Jensen-Shannon Divergence of Smocthed Frequancy Distributions
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Compare Optimal N,

e Number of modes to retain is similar

0.8
Jensen-Shannon Divergence of Smoothed Frequency Distributions
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Physical Insight Into How Task |Is Accomplished

Vr1 = 0.15Vg; + 0.3Ves Barriers direct flow to make target more
sensitive to one source than the other
Vg = 0.2Vs1 + 0.1V Felipe Martins, Marcelo Guzman
S2 S2
Tl o ¥ TI 4
Vo, 2 Vgan %74,\,, L
llu\[\ “ 0
S| o2 AN RGNS

from cost Hessian from physical Hessian



“Statistical Physics” from Big Data

* Summary of our approach:
* Create ensembles of networks that learn the same thing
* |dentify microscopic origin of learning with PH analysis/Hessian analysis
* Dimensional reduction to relevant microscopic quantities: mechanism reduced to
* sectors/strain pathways (PH)
* Barriers/pipelines (physical Hessian)
* ANNs vs learning metamaterials
* |In ANNs, must rely on cost Hessian (or NTK) for insight
* So must know cost function
* That’s ok because cost function is required to train
* Learning metamaterials learn by local rules—don’t use cost function

* Can use physical Hessian to gain insight into emergent learning without knowing
what network was trained to learn



Structure/Function Relation from “Statistical Physics”

* Holy Grail for proteins: understand sequence/mechanics/structure/function
relations

* ability to create ensembles of networks with desired functions allows study of statistics

* new application of persistent homology for identifying structure/function relation that can
be applied to real systems

* Learning sculpts both the learning landscape and the physical landscape and
leaves detectable signatures

* e.g.connection between allostery and low-frequency vibrational modes

(Jacobs/Rader/Kuhn/MF Thorpe Proteins (2001), Yan/Ravasio/Brito/VVyart
(2017), Husain/Murugan Mol Biol Evol (2020)
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Training for Cooperative Binding vs.Allostery
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Differences Between Allostery and Cooperative Binding

Cooperative Binding

* Cooperative binding . Alostery L

response projects more s | L s ||

strongly onto lowest i 1l £

eigenmode of physical < | <

Hessian | I S
* Energy required to apply g I g I

strain at B (to bind B) is TR w B owoow S R NN

much higher for cooperative -

binding but energy to 4 o

bind B once A is bound is 5 =

small, as desired . T
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Strains and Thermal Fluctuations

* Thermal fluctuations wipe out T
cooperative binding at ~T* 1.2
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Crossover Temperature is Non-Monotonic in Response A

* As A increases, so do the fluctuations (lowest eigenfrequency drops)
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* As A increases, so do the fluctuations (lowest eigenfrequency drops)
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Energy Regularization Improves I hermal Resilience
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