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Abstract

We study resonantly-paired s-wave superfluidity in a degenerate gas of two species (hyperfine
states labeled by T,) of fermionic atoms when the numbers N1 and N, of the two species are
unequal, i.e., the system is “polarized.” We find that the continuous crossover from the Bose-
Einstein condensate (BEC) limit of tightly-bound diatomic molecules to the Bardeen—Cooper—Schri-
effer (BCS) limit of weakly correlated Cooper pairs, studied extensively at equal populations, is inter-
rupted by a variety of distinct phenomena under an imposed population difference AN = Nt — N,.
Our findings are summarized by a “polarization” (AN) versus Feshbach-resonance detuning ()
zero-temperature phase diagram, which exhibits regions of phase separation, a periodic FFLO
superfluid, a polarized normal Fermi gas and a polarized molecular superfluid consisting of a molec-
ular condensate and a fully polarized Fermi gas. We describe numerous experimental signatures of
such phases and the transitions between them, in particular focusing on their spatial structure in the
inhomogeneous environment of an atomic trap.
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1. Introduction
1.1. Background and motivation

One of the most exciting recent developments in the study of degenerate atomic gases
has been the observation [1-9] of singlet paired superfluidity of fermionic atoms interact-
ing via an s-wave Feshbach resonance [10-18].

A crucial and novel feature of such experiments is the tunability of the position (detun-
ing, 0) of the Feshbach resonance, set by the energy of the diatomic molecular (“closed-
channel”’) bound state relative to the open-channel atomic continuum, which allows a
degree of control over the fermion interactions that is unprecedented in other (e.g.,
solid-state) contexts. As a function of the magnetic-field controlled detuning, J, fermionic
pairing is observed to undergo the Bose—Einstein condensate to Bardeen—Cooper—Schrief-
fer (BEC-BCS) crossover [19-29] between the Fermi-surface momentum-pairing BCS
regime of strongly overlapping Cooper pairs (for large positive detuning) to the coordi-
nate-space pairing BEC regime of dilute Bose-condensed diatomic molecules (for negative
detuning).

Except for recent experiments [30-35] that followed our original work [36], and a wave
of recent theoretical [37-83] activity, most work has focused on the case of an equal mix-
ture of two hyperfine states (forming a pseudo-spin 1/2 system), observed to exhibit pseu-
do-spin singlet superfluidity near an s-wave Feshbach resonance. Here, we present an
extensive study of such systems for an unequal number of atoms in the two pairing hyper-
fine states, considerably extending results and calculational details beyond those reported
in our recent Letter [36]. Associating the two pairing hyperfine states with up (T) and down
() projections of the pseudo-spin 1/2, the density difference on = ny — ny between the two
states is isomorphic to an imposed “magnetization” m = dn (an easily controllable exper-
imental “knob”’), with the chemical potential difference du = ur — py corresponding to a
purely Zeeman field i = du/2.

This isomorphism makes a connection to a large body of work in a related condensed-
matter system, namely BCS superconductors under an applied Zeeman magnetic field,
providing further motivation for our study. In contrast to a normal Fermi liquid that
exhibits Pauli paramagnetism, a conventional homogeneous BCS state [84,85] at zero tem-
perature remains unmagnetized until, at a critical Zeeman field A, it is destroyed in a
first-order transition to the unpaired magnetized normal state. A natural question is
whether there can be a “‘compromise” state that exhibits both pairing and nonzero mag-
netization. One proposal for such a state dates back to work of Fulde and Ferrell (FF)
[86] and Larkin and Ovchinnikov (LO) [87], and has been the subject of strong interest
for many years [88-94], finding putative realizations in a variety of systems ranging from
heavy-fermion superconductors [95] to dense quark matter [92,94]. These so-called FFLO
states, theoretically predicted to be the ground state for a narrow range of applied Zeeman
field near the above-mentioned transition, are quite unusual in that, while exhibiting off-
diagonal long-range order (i.e., superfluidity), they spontaneously break rotational and
translational symmetry, forming a crystal of pairing order (i.e., a supersolid [96-99]) with
lattice vectors Q = kgt — kg, where kg, is the spin-o Fermi wavevector.

The observation of such magnetized superfluidity in condensed-matter systems has been
elusive for a variety of reasons, primarily because an applied physical magnetic field H
couples not only to spin polarization (i.e., the Zeeman effect) but also to the orbital motion
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of charged electrons. The latter coupling leads to the Meissner effect, in which a charged
superconductor expels an externally applied magnetic field. For type I superconductors,
for sufficiently large H > H.,, the energy cost of expelling the field exceeds the condensation
energy of the superconducting state and the system is driven normal via a first-order tran-
sition. Because this thermodynamic critical field H. = A/4nN( EF is much smaller than
[100] the critical (Clogston limit [84]) Zeeman field H* = A+/N(er)/zp (Where yp is the
Pauli magnetic susceptibility), i.e., H./H* = \/4ny, < 1, in condensed-matter systems
the effects of a purely Zeeman field are expected to be obscured by the orbital effects of
the physical applied magnetic field [101]. The effects of impurities [88,91], that are always
present in condensed-matter systems, can further complicate the realization of FFLO and
other magnetized superfluid states (see, however, recent work [95]).

In contrast, trapped atomic systems are natural settings where paired superfluidity at a
finite imposed magnetic moment, AN = Ny — N, can be experimentally studied by pre-
paring mixtures with different numbers N1, Ny of two hyperfine-state species, with the
(Legendre-conjugate) chemical potential difference ou = utr — py a realization of the corre-
sponding effective (purely) Zeeman field.

Beyond the aforementioned isomorphism in the weakly-paired BCS regime, atomic gas-
es interacting via a Feshbach resonance allow studies of magnetized paired superfluidity as
a function of Feshbach resonance detuning across the resonance and deep into the strong-
ly-paired molecular BEC regime, inaccessible in condensed-matter systems.

1.2. Theoretical framework and its validity

The goal of our present work is to extend the study of s-wave paired resonant
superfluidity to the case of an unequal number of the two hyperfine-state species,
AN/N = (Nt — N})/N # 0, namely, to calculate the phase diagram as a function of detun-
ing, J, and polarization, AN/N (or, equivalently, the chemical potential difference o).

An appropriate microscopic model of such a Feshbach-resonantly interacting fermion
system is the so-called two-channel model [10,24-26,29] that captures the dynamics of
atoms in the open channel, diatomic molecules in the closed channel and the coupling
between them, which corresponds to the decay of closed-channel diatomic molecules into
two atoms in the open channel.

As we will show, the model is characterized by a key dimensionless parameter

Y= T &’
determined by the ratio of the Feshbach resonance width I'y ~ 4m,uBabg 2/ 7 (where ug is
the Bohr magneton), to the Fermi energy eg, and describes the strength of the atom-mol-
ecule coupling that can be extracted from the two-body scattering length observed [13,17]
to behave as

B,
a, = ahg<1 B—Bo>7 (2)

as a function of the magnetic field B near the resonance position By. Equivalently, vy is the
ratio of the inter-atomic spacing n~'3 (where n is the atom density) to the effective range ry
characterizing the energy dependence of two-body scattering amplitude in the open
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channel. As was first emphasized by Andreev, Gurarie and Radzihovsky [26,29] in the
context of pairing in an unpolarized (symmetric) Fermi gas, in the limit of a vanishingly
narrow resonance, y — 0, the two-channel model is exactly solvable by a mean-field solu-
tion. Consequently, for a finite but narrow resonance y < 1, the system admits a detailed
quantitative analytical description for an arbitrary value of detuning (throughout the
BEC-BCS crossover), with its accuracy controlled by a systematic perturbative expan-
sion in 7.

This important observation also holds for asymmetric mixtures with an arbitrary
magnetization. Hence in the narrow Feshbach resonance limit we can accurately study
this system by a perturbative expansion in y about a variational mean-field solution.
To implement this we compute the energy in a generalized BCS-like variational state,
and minimize the energy over the variational parameters. Explicitly, the variational
state is parametrized by the bosonic condensate order parameter bg, where Q is a cen-
ter of mass wavevector that allows for a periodically modulated condensate. Our choice
of the variational ground state is sufficiently rich as to include the normal state, the
gapped singlet BCS state as well as its molecular BEC cousin, a magnetized paired
superfluid state with gapless atomic excitations, a FFLO state [102,103], and inhomo-
geneous ground states that are a phase-separated coexistence of any two of the above
pure states. Our variational ansatz is not, however, general enough to allow for the
very interesting possibility of a uniform but anisotropic paired superfluid ground state,
e.g., a nematic superfluid [45,49], nor of more exotic multi-Q FFLO superfluids
[102,103].

Most of our work focuses on the narrow resonance (y < 1) limit, studied within the
two-channel model. Although experiments do not lie in this regime, the analysis provides
valuable and quantitatively trustworthy predictions for the behavior of the system
(throughout the phase diagram), at least in this one nontrivial limit. However, typical pres-
ent-day experiments [1-9] fall in a broad Feshbach resonance, y = 10" — 10% > 1, regime
[104] (see Appendix A). To make contact with these experiments we also extend our results
to the broad resonance limit, complementing our two-channel analysis with an effective
single-channel model. For a broad resonance, we can ignore the dispersion of the
closed-channel molecular mode and integrate it out, thereby reducing the two channel
model to an effective single (open) channel model with a tunable four-Fermi coupling
related to the atomic s-wave scattering length. Although in this broad resonance regime
our mean-field variational theory is not guaranteed to be quantitatively accurate, we expect
that it remains qualitatively valid. Indeed, we find a reassuring qualitative consistency
between these two approaches.

Furthermore, to make detailed predictions for cold-atom experiments we extend our
bulk analysis to include a trap, Vr(r). We do this within the local density approximation
(LDA). Much like the WKB approximation, this corresponds to using expressions for the
bulk system, but with an effective local chemical potential u(r) = u — Vr(r) in place of u.
The validity of the LDA approximation relies on the smoothness of the trap potential,
namely that V1 (r) varies slowly on the scale of the longest physical length 4 (the Fermi wave-
length, scattering length, effective range, etc.) in the problem, i.e., (4/V1(r)) dV(r)/dr < 1.
Its accuracy can be equivalently controlled by a small parameter that is the ratio of the
single particle trap level spacing JE to the smallest characteristic energy E,. of the studied
phenomenon (e.g, the chemical potential, condensation energy, etc.), by requiring
SE/E,. < 1.
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1.3. Outline

The rest of the paper is organized as follows. In Section 2, we summarize our main
results. In Section 3, we review the standard two-channel and one-channel models of ferm-
ions interacting via an s-wave Feshbach resonance. Focusing on a narrow resonance
described by the two-channel model, we compute the system’s ground state energy in
Section 4. By minimizing it we map out the detuning-polarization phase diagram. Focus-
ing first on uniformly-paired states (i.e., ignoring the FFLO state), we do this for the case
of positive detuning (the BCS and crossover regimes) in Section 5, and for negative detun-
ing (the BEC regime) in Section 6, finding a variety of phases and the transitions between
them. In Section 7, we revisit the positive-detuning regime to study the periodically-paired
FFLO state. In Section 8, we complement our analysis of the two-channel model with a
study of the one-channel model, finding an expected qualitative agreement. To make pre-
dictions that are relevant to cold-atom experiments, in Section 9 we extend our bulk (uni-
form-system) analysis to that of a trap. We conclude in Section 10 with a discussion of our
work in the context of recent and future experiments and relate it to other theoretical stud-
ies that have recently appeared in the literature. We relegate many technical details to a
number of Appendices.

2. Summary of principal results

Having motivated our study and discussed its theoretical framework and validity,
below we present a summary of the main predictions of our work, thereby allowing
a reader not interested in derivations easy access to our results. As discussed above,
the quantitative validity of our calculations is guaranteed in the narrow resonance
y < 1 limit, with all expressions given to leading order in y. Our results (summarized
by Figs. 1-6) are naturally organized into a detuning-polarization phase diagram (see
Figs. 3 and 4) and our presentation logically splits into predictions for a bulk system
and for a trapped system.

2.1. Bulk system

In this somewhat theoretically-minded presentation of our results, we focus on the two-
channel description, outlining the system’s phenomenology as a function of detuning,
0 = 2up(B — By) (with By the magnetic field at which the Feshbach resonance is tuned
to zero energy), and chemical potential difference /4, or imposed polarization AN/N.

2.1.1. BCS regime: 6 > 2ep

For large positive detuning, the closed-channel molecules are energetically costly, and
the atom density is dominated by open-channel atoms, exhibiting a weak attraction med-
iated by virtual closed-channel molecules. Consequently, for a weak chemical potential
difference (or Zeeman field) /# we find a standard s-wave singlet (non-polarized) BCS super-
fluid ground state, that, as a function of detuning, undergoes a BCS-BEC crossover that is
identical to the well-studied crossover at vanishing /. Deep in the BCS regime, for fixed
chemical potential p, this singlet paired state becomes unstable when the Zeeman field /
overwhelms the superconducting gap Agcs(u). For simplicity, for now ignoring the FFLO
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Fig. 1. (a) Global phase diagram as a function of Feshbach resonance detuning at fixed total atom number N and
chemical potential difference /1 within the two-channel model, showing homogeneous superfluid (SF), magnetized
superfluid (SFy;), FFLO and spin-polarized normal (N) phases as well as a regime of phase separation (PS,
shaded). (b) Zoom-in of the positive-detuning BCS regime, showing the regime of phase separation (gray) and
FFLO state (red online). See Fig. 41 for a similar phase diagram within the one-channel model. 5. =6, /€x,
5M = Oy /er and the tricritical point 3C = 0./er indicate limiting detuning values for FFLO, SFy; and phase
separated states, respectively. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this paper.)

state, the BCS superfluid then undergoes a first-order transition to the partially-polarized
normal Fermi gas state at

A
(1, 6) =% (3a)
:4\/5@72/&:_%, (3b)

consistent with established results first found by Clogston [84] and Sarma [85]. As is gener-
ically the case for first-order transitions, thermodynamic quantities exhibit jump disconti-
nuities as / crosses /.. In particular, we find the discontinuities in the atomic, molecular
and total densities are, respectively,



1796 D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 17901924

am (0, h)/am(9,0)

2h
1.05 1.1 1.15 1.2 1.25 1.3 9

Fig. 2. Plot of molecular scattering length a,,(5,h) Eq. (16), normalized to its value at # =0, as a function of
2h/19).
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Fig. 3. Global phase diagram (a) as a function of Feshbach resonance detuning at fixed population difference
AWN = x;xi The regime of phase separation (PS) is gray, and the FFLO regime (too thin to see on this scale)
intervenes along a thin line at positive detuning, indicated with a thick dark (red online) line. (b) Zoom in of the
BCS regime at positive detuning showing the regime of phase separation and the FFLO regime.
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Fig. 4. Polarization AN/N vs. detuning o —k:—m phase diagram of the one-channel model (appropriate for
resonance width y — oo) within mean-field theory showing regimes of FFLO, superfluid (SF), magnetized
superfluid (SFy), and phase separation (PS). Note that here (in contrast to a narrow Feshbach resonance y < 1,
Fig. 3) at unitarity, (kpa,)~! =0, the boundary between N and PS is at AN/N < 1, consistent with experiments
[30].

Fig. 5. (a) Local magnetization m(r) radial profile confined to the normal outer shell of the cloud, r > r,, for
coupling (kgla,) ™' = 1.5 and &Y= 0.15 (dashed) and 4¥ = 0.20. (b) Sequence of shells, with increasing radius,
implied by the magnetization profiles in (a).
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Fig. 6. (a) Normalized molecular density 7,,(r) and normalized magnetization m(r) of a trapped fermion gas as a
function of radius r (normalized to the radius of the unpolarized cloud, with parameters given in Section 9.2). (b)
Schematic of the sequence of shells, with increasing radius, implied by the curves in (a).

cA? 1. 4
Ang=nl —nl = =B (1 - —In=25) > 0 4
n nSF N \/,H 2 nge,zlu ’ ( a)
AIZSCS
An,, = ng, — njj ~ 2 >0, (4b)
An = nsp — nn,
243 A> 1. 4
g‘;CSJrCBCS(l—ln B§S)>o, (4c)
g Vi 2 8e?u

where ng; and n{ are the free atomic densities in the superfluid and normal states, respec-
tively, ng. and nYj are their molecular analogs and # is the total (whether free or paired)
atom density. Here, ¢ = m*?//2n®h* is defined by the three-dimensional density of states
N(e) = cy/e. The species imbalance (magnetization) m = (N1 — N})/V also exhibits a jump
discontinuity

Am = mgg —mn ~ —2ch./1t <0, (5)

across /..

In the more experimentally-relevant (to cold atoms) fixed total atom number N ensem-
ble, the density difference between the normal and superfluid states makes it impossible for
the normal state to satisfy the imposed number constraint immediately above
ha(N,0) = h(usp(N),0). [Here, usp n are the superfluid (SF) and normal (N) state chemical
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potentials corresponding to the imposed N.] Consequently, we find that in the fixed num-
ber ensemble the transition at /. opens up into a coexistence region /.(0) < h < h.(d) in
which the gas is an inhomogeneous mixture of phase-separated superfluid and normal
states, with respective volume fractions x(%,0) and 1 — x(/4,0) varying according to

n — nnlh, p(h)]

M0 = o )] — T )] ©
to satisfy the imposed total atom number constraint n = N/V = xngg + (1 — x)ny. Here,
L. (h) is the critical chemical potential as a function of 4, implicitly given by Eq. (3b), spec-
ifying the SF-N first-order phase boundary. The coexistence region is bounded by /.,(J)
from above, corresponding to a Zeeman field below which a pure partially-polarized nor-
mal Fermi gas phase cannot satisfy the imposed number constraint while remaining the
ground state.

A more careful analysis, that includes a periodically-paired FFLO state in the varia-
tional ansatz, shows that, in fact, deep in the BCS regime, for detuning ¢ > d. ~ 2e¢p,
the first-order transition is actually (from the singlet BCS state) into a magnetized super-
fluid FFLO state. As illustrated in Fig. 1b and consistent with many deep-BCS studies
[86,87,89], we find that this fragile state only survives over a narrow sliver of Zeeman fields
(or imposed polarization) [103] undergoing a continuous [105-108] transition at /iggpo(9d)
to a partially-polarized normal Fermi gas ground state. Our work is an extension of these
earlier BCS studies to a varying detuning (controlling the strength of the attractive inter-
actions), with our main result in this regime the location of the critical detuning

5. ~ e {2 f% 1n(0.159y)], (7)

accurately predicted for a narrow resonance (y < 1), below which the FFLO state is unsta-
ble for any /& or AN. As seen in Fig. 1b, above 4., deep in the BCS regime, the boundaries
het, heo, and hppro display exponential behavior [defining Ag = Agcs(er)]:

he(6) =~ ! Ap ex 52A2F 0> 2 (8a)
cl \/§ F EXp 8'}/ ;t— €F,
1
2
F

herLo(6) = ndg exp [ ] , 0> 2ep (8¢c)

8yet
never crossing with increasing detuning, the latter two boundaries asymptoting to a ratio
hepLo/he = 12 =~ 1.066 previously found by Fulde and Ferrell [86].

2.1.2. Crossover regime.: 0 <0 < 2¢p

As the detuning is lowered below approximately 2ep, it becomes favorable (for low
chemical potential difference /) to convert a finite fraction of the Fermi sea (between
u =~ /2 and eg) into Bose-condensed molecules. Since in this crossover regime the pairing
strength (proportional to the growing molecular density) is no longer driven by Fermi sur-
face pairing and is therefore no longer exponentially weak, the response to the chemical
potential difference, 4, (or the imposed polarization, AN) changes qualitatively from the
weakly-paired BCS regime discussed above.
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Consequently, the FFLO state, driven by mismatched Fermi-surface pairing, is no long-
er stable for § < 0, [given by Eq. (7)], leading to a direct first-order transition between a
paired superfluid and a partially polarized normal Fermi gas (see Fig. 1).

As above, for imposed atom number the phase boundary splits into a superfluid-normal
coexistence region bounded by /.(d) and Ah.(d). The lower boundary, %.(0), is still deter-
mined by the value of the gap, 4. However, because the gap is in turn set by the molecular
condensate 4 = g/n,,(0), that in this regime is no longer exponentially small but grows as
a power-law with detuning reduced below 2e¢g, h.1(0) is also a power-law in 2eg — 6. We
note, however, that while /.(J) is significantly larger than its exponentially small value
in the BCS regime, it nevertheless remains small compared to u for a narrow resonance,
justifying a linear response (in /) approximation for the normal-state energy near /.

The upper boundary, h.(d), (no longer in the linear Pauli-paramagnetic regime, i.e.,
he Zu) is increased even more dramatically beyond that of Eq. (8b), due to the superflu-
id-normal density difference enhanced by a large molecular density 7, that here is a finite
fraction of the total atom density. This considerably spreads the coexistence region for o
below 2¢g, with A.(J) given by

; 5\ 32

he(0) ~ ep 3 1— (E) , Oy <0 < 2e¢r, 9)
and the critical detuning d,, given by

Oy ~ —1.24ep /). (10)
Here, /.,(9) is implicitly given by

&~ % @ + hcz(é))3/2 ~ (g _ hcz(é))3/2@(§ — hcz(é))] . 0 < 26, (11)

which is well-approximated by
0
hey(9) =~ 2% e — 3 o< 2% 3¢, (12)
over most of the range of interest.

2.1.3. BEC regime: 0 <0

In the BEC regime, a new uniform magnetized superfluid (SFy;) phase appears, for detu-
nings below J,,, when the population imbalance AN = Ny — N is imposed. The SFy;
ground state consists of closed-channel singlet molecules, with the remaining unpaired
atoms forming a fully-polarized Fermi sea that carries the imposed magnetization.

As illustrated in the phase diagram, Fig. 1, for 6 <J,, a spin-singlet (unpolarized)
molecular (BEC) superfluid undergoes a second-order quantum phase transition at

hn(3) 2 10/2, & < du, (13)

to the magnetized SFy; superfluid. The transition turns into a (sharp at low 7)) crossover at
any finite temperature, since then the magnetization is finite for arbitrarily small %, even
below #,,. In the narrow-resonance limit, the phase boundary 4,,(d) is determined by the
vanishing of the majority-species chemical potential wr =/h — |0|/2. Physically, this
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corresponds to the condition that the gain in the Zeeman energy —hAN compensates the
loss of the molecular binding energy |6|/2 per atom.

For intermediate negative detuning d. < § < d,, upon increasing the Zeeman field / the
magnetized superfluid, SFy;, undergoes a first-order transition at /.0) [given by the
implicit Eq. (221b) in the main text]. In the more experimentally-relevant fixed atom num-
ber N ensemble this transition at 4.(d) opens up (as is standard for a first-order transition)
into a phase-separated region of coexistence between the SFy; and a fully-polarized nor-
mal atomic gas. This phase-separated regime is bounded by

hei(8) ~ 0.65[8], d.< <0, (14)

he(8) = 2% er + % 5 <0, (15)

that are continuations of the boundaries [Eqs. (8a), (8b), (9) and (12)] found in the BCS
and crossover regimes above. We find that the SFy;-phase separation instability, initiated
at h., is signaled by an enhanced compressibility and a corresponding suppression (with
increasing /1) of the molecular scattering length

2. a2 2
a“ :L/mﬂ(_h) (16)
16,/m|| 16|

plotted in Fig. 2. The function Fy(x) is defined in Eq. (195) of the main text. In the narrow
resonance limit, y <« 1, indeed /., is determined by the vanishing of a,,,, as given in Eq. (14)
above.

As illustrated in Fig. 1a, for sufficiently large negative detuning, ¢ < o, the /.(d) and
he(0) boundaries cross and the first-order SFy—N transition and the corresponding
phase-coexistence region are eliminated. The SF); then undergoes a direct continuous
transition at s, (0) into a fully-polarized normal state.

It is now straightforward to convert the phase diagram and our other predictions to the
more experimentally-relevant ensemble of fixed total atom number N and imposed atomic
species difference (polarization) AN = Nt — N|. As can be seen in Fig. 3, in this ensemble
for positive detuning (BCS and crossover regimes), the singlet BCS superfluid is confined
to the detuning axis, and is unstable to phase separation and coexistence with a normal
atomic gas for any imposed population imbalance. The upper boundary of the coexistence
region and the phase boundary of the FFLO phase are then, respectively, given by

AN,  34g [ (M%]
~ exp | ——=|, 17
N 2\/56}: 16V€l3? ( )
A 2 2
NErFLO %3774‘F exp | oAy . (18)
N Qe 8ye

As seen from the phase diagram these two boundaries cross at J., thereby eliminating the
FFLO state for lower detuning. For a narrow Feshbach resonance (y < 1) at even lower
detuning (see Fig. 3(a))

5, = 2 3¢p, (19)

the normalized critical polarization AN,,/N reaches unity according to
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Ve e 3,070 - 3,). (20)

This implies that for these lower detunings, < §,, only a fully polarized normal Fermi gas
can appear. In contrast, as illustrated in Fig. 4, for a broad resonance (large y) AN .»/N < 1,
consistent with experiments [30] that find AN_,/N ~ 0.7 near unitarity.

For sufficiently negative detuning, 6 < d,,, the uniform magnetic superfluid state, SFy,
appears at low population imbalance. For ., < 6 < d,, it becomes unstable to phase sep-
aration and coexistence with the fully-polarized atomic Fermi gas for AN > AN,_;, with

3/2
Ax < ~0.029 <£> . (21)
€F

As this population imbalance is approached, the molecular scattering length «,,(5,AN)
drops precipitously and the corresponding molecular condensate Bogoliubov sound veloc-

1ty

AN 27 (AN
~ I ——,|F4l 1 — [ — 22
u(0,AN) ~ uy(9) i 4( + 5 (N) , (22)
(where 6 = 0/er) vanishes according to
1/2 A 1/2
un~ 038140 <1 — Aj]:j]01> (1 — AA]]V1> s AN — ANCl' (23)

Finally, for 6 <., the SFys state is stable for any population imbalance up to the fully
polarized limit of AN = N, where it is identical to the fully polarized (single species) Fermi
gas.

2.2. Trapped system

To make a more direct connection with atomic-gas experiments we summarize the
extension of the above bulk results to the case of a trapped gas. This is particularly simple
to do in the case of a trap potential that varies smoothly on the scale of the Fermi wave-
length, i.e., when the Fermi energy is much larger than the trap level spacing, the regime of
most atomic gas experiments. In this regime, the trap potential can be easily taken into
account via the local density approximation (LDA). Namely, we treat the trapped system
as a locally uniform one (thereby taking advantage of our bulk results), but with a local
chemical potential given by u(r) = u — V#(r). The true chemical potential x and chemical
potential difference / still appear and are determined by constraints of the total atom num-
ber N and species imbalance AN. For simplicity we consider an isotropic trap with
V() = %szTrZ, but our results can be easily generalized to an arbitrary anisotropic trap.

The phase transitions and coexistence discussed above are strikingly accentuated by the
trap. To see this, note that (within the LDA approximation) the local phenomenology of a
trapped cloud is that of the bulk one at an effective chemical potential p(r). Hence, a radial
slice through a trapped cloud is an effective chemical potential “scan” through the bulk-
system phase diagram at fixed u and / (the latter displayed in the main text, Fig. 32). Con-
sequently, as we first predicted in our earlier publication [36], a trapped cloud consists of a
combination of shells of the various superfluid and normal phases, with the exact structure



D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 1790-1924 1803

determined by the value of detuning and population imbalance (or, equivalently, the Zee-
man field /). A critical value of the chemical potential u. separating two phases in the bulk
system translates, within LDA, into a critical radius r., given by u(r.) = u. (more generally
a hypersurface), that is the boundary between two corresponding phase shells in a trapped
gas.

More concretely, on the BCS side of the resonance (ignoring for simplicity the narrow
sliver of the FFLO state), the normal and (singlet BCS-) SF phases translate into two
shells of a trapped cloud. Because the bulk /.(u) [see Eq. (3b)] is an increasing function
of pand u(r) is a decreasing function of r, the SF phase (that in the bulk appears at high
chemical potential and low /) forms the cloud’s inner core of radius r.d,h,N) set by
hJ(r.)) = h. The normal phase forms the outer shell with inner radius r.d,%,N) and outer
shell radius Ry(d,h,N) determined by the vanishing of the normal phase chemical potential,
un(Ro,0,h,N) = 0. The resulting magnetization density profile mi(r), confined to (and there-
by vividly imaging) the outer normal shell, is illustrated in Fig. 5a. Following our original
prediction [36], this shell structure has recently been experimentally observed in Refs.
[30,31], and subsequently calculated theoretically by a number of groups [53,55,59,58].

On the BEC side of the resonance, the appearance of an additional phase, the SFy,,
allows for the possibility of a triple-shell cloud structure SF — SFy; — N with increasing
radius at low population imbalance (small /). The inner (R;) and outer (Rrg) boundaries
of the SFy; shell occur where the population imbalance mi(r) becomes nonzero at the
SF-SFy; boundary and where the molecular density #,,(r) vanishes at the SFy—N
boundary, respectively. The radii of the shells are given by the bulk critical fields
hy((Rp1)) = h and h(u(Rrr)) = h. The cloud’s radial profile for n,,(r) and m(r) for this
case is illustrated in Fig. 6. For larger population imbalance Ry, is driven to zero, resulting
in a double-shell SFy; — N structure. At even higher AN, Rrr vanishes leading to a fully
polarized, normal cloud of radius Rj,.

Another interesting prediction of our work [36] is the possibility to realize in resonantly-
interacting degenerate Fermi gases the enigmatic FFLO state [86,87]. In an idealized
box-like trap the molecular occupation distribution nq = (bgb,,) of this inhomogeneous
superfluid exhibits finite momentum pairing peaks set by Fermi surface mismatch
Q(0) ~ kyr — kry

_ V2idgcs(er)
hUF ’

0(9) (24)

(here 4 = 1.200) corresponding to reciprocal lattice vectors of this supersolid [102]. This
will translate into spontaneous Bragg peaks (observable by projecting onto a molecular
condensate [1]) appearing at 7#Qt/m in the cloud’s shadow images after expansion time
t, akin to that exhibited by a superfluid released from a lattice potential [109], where, in
contrast to the FFLO state, Bragg peaks are explicitly induced by the periodicity of the
optical potential.

However, realistic magnetic and optical traps produce a harmonic (more generally,
power-law, rather than box-like) confining potential, that leads to a large density vari-
ation in the gas. Consequently, following the above arguments, within LDA in a real-
istic trap the gas can only exhibit a thin shell of FFLO phase, whose width ér (among
other parameters, N, AN, and o) is set by the inverse trap curvature and proportional to
the difference in critical chemical potentials for the transition into the FFLO and
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normal phases. Clearly, to resolve the abovementioned Bragg peaks, the Bragg peak
width 7/6r must be much smaller than Q, or, equivalently, the FFLO shell width dr
must be larger than the FFLO period 2n/Q. Since FFLO state is confined to a narrow
sliver of the phase diagram and to be meaningful (i.e., LDA reliable) the shell width
must be much larger than the period 2r/Q, its direct observation in density profiles
may be difficult for present-day experiments. Similar conclusions about the effect of
the trap on the FFLO phase have been found in recent work by Kinnunen et al. [53]
that does not rely on the LDA approximation.

On the other hand, the identification of the FFLO state through less direct probes
maybe possible. For example, its spontaneous breaking of orientational symmetry for
an isotropic trap should be detectable in noise experiments [110-112] sensitive to angle-
dependence of pairing correlations across a Fermi surface.

Furthermore, gapless atomic excitations available in the FFLO and SFy, states should
be observable through Bragg spectroscopy and reflected in thermodynamics such as
power-law (rather than nearly activated paired-superfluid) heat capacity. The latter should
also exhibit a latent heat peak across the first-order SFy; — N, SF —- FFLO, FFLO - N
[105], and SF — N phase transitions, and a nearly mean-field singularity across the
continuous SF — SFy; transition.

Finally, we note that our above results (that are quantitatively accurate at least in the
narrow resonance limit) show no evidence of a homogeneous but magnetized superfluid
near the unitary limit @, — oo, nor in the BCS and crossover regimes defined by positive
detuning. We find unambiguously that this magnetized superfluid phase only appears on
the BEC side for sufficiently negative detuning, 6 < d,,, embodied in the SFy; ground state.
We do, however, find that the corresponding inverse scattering length
(kFClSM)71 = —20,s/my shifts toward the unitary limit with increased resonance width (sat-
urating at (kpayy) ' = 1 within mean-field theory) and upon increasing temperature.
Whether this is sufficient or not to explain the putative existence of such a phase, as
claimed in the Rice experiments [31] (that were based on an apparent observation, in
the unitary limit, of a critical population imbalance for the transition to phase separation),
remains an open question.

3. Two-channel model of s-wave Feshbach resonance

The two-channel model of fermions interacting via an s-wave Feshbach resonance,
briefly discussed in Section 1.2, describes open-channel fermions (¢y,) and closed-channel
molecular bosons (Bq) coupled by molecule-atom interconversion [10,24-26,113]. It is
characterized by the following model Hamiltonian:

H= ; €xlholrr + Xq: (%q + 50) btb + \/—— Z (b G 9 C gy + et T qub )
(25)

where V is the system volume (that we shall generally set to unity) e, = k*/2m, m is the
atom mass and the “bare” detuning J is related to the position of the Feshbach resonance
0 in a way that we determine below. The molecule-atom interconversion term is character-
ized by a coupling g that measures the amplitude for the decay of a closed-channel s-wave
singlet diatomic molecule into a pair of open-channel fermions.
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Although within some approximation the model H, Eq. (25), can be derived from a
more microscopic starting point of purely fermionic atoms interacting via a van der Waals
potential and including exchange and hyperfine interactions (see e.g., Ref. [23]), the mod-
el’s ultimate justification is that, as we will show below, it reproduces the Feshbach reso-
nance phenomenology. Namely, for positive detuning ¢ > 0 the model exhibits a resonance
at rest-energy ¢, whose width is controlled by g, and exhibits a true molecular bound state
at negative detuning ¢ < 0. Associated with the resonance the open-channel s-wave scatter-
ing length ay(d) diverges and changes sign as —1/5, when the resonance at ¢ is tuned
through zero energy.

3.1. Scattering theory in the vacuum

The above properties follow directly from the scattering amplitude fo( E), that can be
easily computed exactly for two atom scattering in the vacuum [26,29]. The latter follows
from the T-matrix fy(E) = — (m/2nh*) T(E) that, in a many-body language, is given by the
diagram in Fig. 7a, with the molecular propagator exactly given by the RPA-like geomet-
ric series of fermion polarization bubbles illustrated in Fig. 7b. With the details of the cal-
culations relegated to Appendix A (see also Refs. [26,29]), we find at low E

N N —
Vi E—5+iyToVE’

where 9 is the renormalized (physical) detuning and I'y is a parameter characterizing the
width of the resonance, respectively given by

So(E) = (26)

dp m
0 =0¢— 2/ —, 27
08 (2nh)3p2 @7)
4,3
g'm
I'=-=>2——. 28
"7 1emn 28)

The integral in Eq. (27) is cut off by the ultraviolet scale A = 2r/d, set by the inverse size d
of the closed-channel (molecular) bound state, so that

ek

:::>::: —-——>——+——>—<:>::§>::

Fig. 7. (a) Feynman diagram corresponding to the atom scattering amplitude, with solid lines indicating atoms
and the single (double) dashed lines indicating the bare (full) molecular propagator. (b) A self-consistent equation
for the molecular propagator.
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2
g'mA
0=0)—>—, 29
* Rl (29)
giving the relation between the bare and physical detuning.
The s-wave scattering length [114] a, = — fo(0) is then given by

a(d) = @% (30)

Thus, to reproduce the experimentally observed dependence of the scattering length on the
magnetic field B, Eq. (2), we take [10] 6 = 2up(B — By), representing the Zeeman energy
splitting (at large two-atom separation) between the open and closed channels. The rele-
vant magnetic moment is naturally dominated by the two-atom electronic spin state (hence
the proportionality constant of the Bohr magneton up above), that is approximately a sin-
glet for the closed channel and a triplet for the open channel. Detailed multi-channel cal-
culations (see, e.g., Ref. [18]) allow a more accurate determination of parameters when
necessary. Equating a, in Eq. (30) with a®®, Eq. (2), allows us to determine the Feshbach
resonance energy width I'y (or equivalently the parameter g) arising in the model in terms
of the experimentally measured “width” B,, defined by the dependence of the scattering
length on B in Eq. (2):

2.2 p2
4m/vtBabng
~—— %

o &)

Iy
The bound states of the model are determined by the real negative-energy poles of fo(E),
that can be shown to appear only at negative detuning [115], 6 <0. For small negative
detuning, || < I'g, the pole is at low energy, £ < Iy, so that E in the denominator of
fo(E) can be neglected relative to /T E. At more negative detuning, |0| > I'y, one can in-
stead ignore the v/I'(E and the pole is simply given by the detuning 6. Together these limits
give:

E

»(0) ~

(‘2 o 2
{ -5 = _2rhna3~, for |6| < Ty, (32)
0

for [0| > T,
a standard result [114] consistent with the observed phenomenology of Feshbach reso-

nances [13,17]. The complete E,(J) interpolating between these limiting expressions is giv-
en by

_ Iy 2|9| 49|
E®) == |1+ =1+ | (33a)
2
mrj dag ag

obtained by solving the quadratic equation 1/fy(E,) = 0. In Eq. (33b) we expressed E, in
terms of the scattering length a, and the effective range parameter o = —27/v/mIy. We
note in passing that, unlike the case of a non-resonant short-range potential where
ro > 0 and measures the range of the potential (hence the name), here, for a resonant inter-
action, ry < 0 is negative, with its magnitude characterizing the closed-channel molecular
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lifetime t ~ 7/+/T'y0 at positive detuning [26,29]. In terms of a, and r, the scattering ampli-
tude takes the standard form [114]

1
—a! +rok? )2 — ik’

folk) = (34)
where k = \/2m,E/ #* and m, = m/2 is the two-atom reduced mass.

As can be seen by analyzing Eq. (26), the physical bound state disappears [115] for posi-
tive 0. However, as illustrated in Fig. 8, a positive energy resonance does not appear until o
reaches the threshold value of 6, = I'y/2, corresponding to |ay(J.)| = |ro|. This absence of a
resonance for a range of positive detuning 0 <o < J, is a property unique (due to the
absence of a centrifugal barrier) to an s-wave resonance, contrasting with finite angular
momentum resonances [116,29].

For larger positive detuning, 6 > I'o/2 (Jay < |ro|), a finite-width resonance appears at a
complex E,(d) given by

E,(0) = E,(8) — iI(&). (35)
with
E, () :5%& i—zg(:?: - 1>, (36a)

G 45 oR y
F(é))—? F_o_l_m_r(% 2|rol/|as| — 1, (36b)

where the imaginary part I" measures the resonance width (i.e., molecular decay rate is
I'/h).

3.2. Scattering at finite density: Small parameter
As already discussed in the Introduction, at finite density 7 = k;./3n? the two-channel

model admits a dimensionless parameter y oc 1/(kg|ro|) that is the ratio of the average atom
spacing n~ ' to the effective range. The parameter y controls a perturbative expansion

mriE

Fig. 8. Plot of the negative-energy bound-state [E < 0, Eq. (33b)] and positive-energy resonance [E > 0, Eq. (36a)]
positions as a function of —|rg|/ay.
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(about an exactly solvable non-interacting g = 0 limit) of any physical quantity and is giv-
en by
_@N(er) V8 Ty g 8 1
- _ V8 _ge 8 1 (37)
€F n Ve er T kg|rol

related to the ratio of the Feshbach resonance width (controlled by the atom-molecule
coupling g) to the Fermi energy. The key observation is that y is independent of the scat-
tering length a, and detuning J, and as such, once set small, remains small throughout the
crossover, even for a Feshbach resonance tuned through zero. Hence, two-channel model
predictions for a narrow Feshbach resonance, (defined by y < 1, i.e., width of the reso-
nance much smaller than the Fermi energy) are quantitatively accurate throughout the
BEC-BCS crossover.

This contrasts qualitatively with a one-channel model characterized by a dimensionless
gas parameter na’ that diverges for a Feshbach resonance tuned to zero (i.e., “on reso-
nance) and therefore does not exhibit a small expansion parameter throughout the
Crossover.

The dimensionless parameter y naturally emerges in a perturbative expansion in atom-
molecule coupling. More physically, it can also be deduced by estimating the ratio of the
energy associated with the atom-molecule Feshbach-resonance interaction to the kinetic
energy, i.e, the non-interacting part of the Hamiltonian Eq. (25). To see this note that
the atom-molecule coupling energy Err per atom scales like

Em ~ gn'/?, (38)

where we estimated the value of B(r) by b~ \/n. This interaction energy is to be compared
to the non-interacting part of the Hamiltonian, i.e., the kinetic energy per atom

EO ~ €F, (39)

with the square of the ratio
y ~ (Em/Eo)’, (40)
~ gn/et, (41)

giving the scale of the dimensionless parameter y in Eq. (37).

Another instructive way to estimate the interaction strength and to derive the dimen-
sionless coupling that controls perturbation theory is to integrate out (in a coherent-state
path-integral sense) the closed-channel molecular field b(r) from the action. As b(r) cou-
ples to atoms only linearly this can be done exactly by a simple Gaussian integration. The
resulting action only involves fermionic atoms that interact via an effective four-Fermi dis-
persive vertex. After incorporating fermion-bubble self-energy corrections of the T-matrix
the latter is given by Ty = (4nh*/m)f,(k) ~ (4nh*/m)fo(ke), with a key factor that is the
finite-density analog of the scattering amplitude, fo(k), Eq. (34). To gauge the strength
of the molecule-mediated interaction energy we compare the interaction per atom
(4nh*[m)fo(k)n to the kinetic energy per atom ep. Hence, the dimensionless coupling that
is a measure of the atomic interaction is

B = (4 ) f ke e (@)
~ kg |fo(kr)l, (43)
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dropping numerical prefactors. At large detuning (i.e., deep in the BCS regime)
Ap ~ kp|aS|A<< 1 and the theory is perturbative in ;. However, as detuning is reduced
lay(9)] and 4 (d) grow, and close to the resonance a; ' may be neglected in the denominator
of Eq. (34). In this regime, the coupling saturates at A;°:

. kr

o~ (44)
© O |rokd /2 — ike|
whose magnitude crucially depends on the dimensionless ratio y oc 1/(kg|ro|), with
. L for |rolkg > 1,
s L o Irolke (45)
1 for |rolkr < 1.

Hence, in contrast to two-particle vacuum scattering, in which the cross section diverges
when the Feshbach resonance is tuned to zero energy, at finite density, for sufficiently large
a,, the effective coupling 4, ceases to grow and saturates at A°, with the saturation value
depending on whether this growth is cut off by the atom spacing 1/kg or the effective range
ro. The former case corresponds to a narrow resonance [y o ([rolkr) ! < 1], with the inter-
action remaining weak (and therefore perturbative) throughout the BCS-BEC crossover,
right through the strong-scattering m = ( point. In contrast, in the latter wide-resonance
case [y o (Irolkr) ™" > 1], sufficiently close to the unitary point 1/a, = 0 the effective cou-
pling 4°, Eq. (45), grows to O(1) precluding a perturbative expansion in atom interaction
near the unitary point.

3.3. Relation to single-channel model

In this latter broad-resonance limit, of relevance to most experimentally-realized Fesh-
bach resonances to date, the rok? contribution to the dispersion (arising from the molec-
ular kinetic energy) of the effective coupling A, can be neglected and one obtains an
effective single (open-) channel description.

The reduction to a single-channel model in the broad resonance limit can be executed in
an operator formalism, with the derivation becoming exact in the infinite Feshbach reso-
nance width (y — oo) limit [28]. The expression for the scattering length

2 2
1:74nh <50 gmA>7 (46)

ay mg? 2R

obtained from Eqgs. (28)—(30) dictates that a proper transition to the broad resonance limit
corresponds to g — oo while adjusting the bare detuning according to

5= -2, (47)

such that the physical scattering length a, remains fixed. This allows us to trade the bare
detuning d, and coupling g for a new coupling / that physically corresponds to a non-res-
onant attractive interaction depth [29] that can be used to tune the scattering length.
Inserting Eq. (47) into H, Eq. (25), we obtain (V' = 1):

2
R “ € g Ay A LR N ot ot ~
H=> altio+ > <3‘1 _ 7) Biby+g> (bjlck%lc,k%T +el gl lbq), (48)
kq

k.o q
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The corresponding Heisenberg equation of motion governing the molecular field Bq
dynamics is given by

T

b= =7 [buH], (49a)
il(e, &

== |(3-%)h e ant ey (49)

Now, in the large g —> oo limit (keeping / fixed) the molecular kinetic energy term o €,/2
on the right and the b term on the left are clearly subdominant, reducing the Heisenberg
equation to a simple constraint relation

chﬂlc K+l (50)

Hence, we see that in the extreme broad-resonance limit the molecular field’s
dynamics is “slaved” to that of pairs of atoms according to Eq. (50). Substituting
this constraint into the Hamiltonian, Eq. (48), allows us to eliminate the closed-
channel molecular field in favor of a purely open-channel atomic model with the
Hamiltonian
H= it T2 ey Ciraipars (51)
k,o kqp
where we redefined the momenta in the interaction term to simplify the final expression.
For future reference, we note that the scattering length in the one-channel model, when
expressed in terms of the coupling A [by combining Egs. (27) and (30)], is

— 52
41tash2 /1 / 2nh)’ Zek 52
a well-known formula that can also be derived from the Hamiltonian Eq. (51) directly.
Evaluating the momentum integral (cut off at A) gives the scattering length in the one-
channel model

T A

a,(1) ==—

SR, 53
24 ) 42121 JmA (53)

whose behavior is controlled by the new coupling A, with a,(1) diverging at Ay = — 2n°A°/
mA.

A clear advantage of the one-channel model is that, as shown above, it naturally emerg-
es as the correct Hamiltonian in the experimentally-relevant case of a wide resonance,
7> 1. However, a notable disadvantage is that, in the most interesting regime of a Fesh-
bach resonance tuned to zero energy, its dimensionless gas parameter kgla,| — oo, preclud-
ing a controlled perturbative calculation throughout the crossover. Thus, in this
manuscript we shall first compute using the two-channel model that is under more strin-
gent theoretical control, obtaining results that are quantitatively accurate for a narrow res-
onance and qualitatively accurate for a wide resonance. Then, with these well-controlled
results as a guide, we shall re-derive the properties of the system within (an uncontrolled)
mean-field theory on the single-channel model, obtaining qualitative agreement with the
results of the two-channel model.
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4. Two-channel model at finite atom density: Ground state energy

Having introduced the two-channel model of fermionic atoms interacting via an s-wave
Feshbach resonance, we now study its ground state at finite atom density. We work in the
grand-canonical ensemble by introducing two chemical potentials

=+ h, (54a)
f=p—h, (54b)

that tune the densities 7, of atoms in hyperfine spin states ¢ = T,J. Comprised of two
opposite-spin fermions, the molecular density is controlled by the sum 2u = ur + uy of
the two chemical potentials. The appropriate grand-canonical Hamiltonian is then given
by

H=H= u,elex—21» blby. (55)
k,o q

Equivalently, it can be written in terms of the total chemical potential y, that tunes the
total (open and closed channel) atom number N and the chemical potential difference,
dp = pr — py, or equivalently Zeeman field 4 = du/2, that tunes the polarization (differ-
ence in the two atom species) AN = Ny — Ny:

H =H — uN — h(AN), (56)
N=Yélen +2> blby, (57)
k.o q
AV =Y (afmém - &L&kl), (58)
k

with NV the total atom number operator and AN = N 1= N | the species asymmetry opera-
tor; their expectation values are the imposed total atom number N and polarization (mag-
netic moment) AN. We shall also find it useful to define the magnetization via

m=(Ny=N)/V, (59)
with 7 the system volume. For future reference, we note that the polarization is related to
m by

AN m

N

with n = (Nt + Ny)/V the total atom density.
Combining Eq. (55) with Eq. (25) then yields the two-channel model in the grand-ca-
nonical ensemble:

H= Z € — Uy) c,mck,r + Z ( + 0g — )Bfll;q
\/_ Z (b bty + a8l g B ) (61)

where henceforth we shall generally set V= 1. We analyze this model, Eq. (61), via a var-
iational mean-field treatment that, as discussed at length above, is quantitatively accurate
for a narrow Feshbach resonance with corrections controlled by powers of y < 1. We

, (60)
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parametrize the variational state by the value of a single complex field Bq, that dominates
the expectation value of the molecular operator b, according to Bg = (bg). Such a varia-
tional state captures a number of possible pure ground states depending on By, such as: (i)
a normal Fermi gas, with Bo =0, (ii) a uniform (BEC-BCS) singlet superfluid, with
BQ o # 0, (iii) a periodically modulated FFLO superfluid, a supersolid, with B, # 0, that
in real space is characterized by a condensate [102] B(r) = BQe‘Qr In addition, we will ad-
mit the important possibility of an inhomogeneous coexistence of a pair of these ground
states, that, as we will see, arises over a large portion of the detuning-polarization phase
diagram (Fig. 3).

The grand-canonical Hamiltonian corresponding to this class of variational states is
given by

At A €
H = kX:(ek — Uy)ChoCre + (EQ + 0o — 2/1) |Bo|®

+gz ( Qck+QLc K9 T & € k+QLBQ> (62)
k

Its quadratic form in atomic operators, ¢, 6;,, allows for an exact treatment, leading to a
ground state energy Eg[Bo], that we compute below using two complementary approach-
es, via Green functions and via a canonical transformation method. The subsequent min-
imization of Eg[Bg] then unambiguously determines the phase behavior (i.e. Figs. 1 and 3)
as a function of detuning and Zeeman field, or equivalently, the polarization.

4.1. Green-function approach

In this subsection, we compute the ground state energy of H, Eq. (62), by simply cal-
culating the average

EG :<BQ|H|BQ>, (633.)
(2 + 00 — 2u) 1Bof” + (Bl |Bo), (63b)

in the variational state |Bg) labeled by B, where Hy = Hg + Hp is the fermion part of the
Hamiltonian with its kinetic and Feshbach resonance parts given by

Hyg =Y (& — 1t,)el k0, (64a)
k.o

Hg = Z (AQck+QLC k+QT + C +QT k+QLAQ> (641’))
k

with the pair field Ag = gBg.

These averages can be computed from the fermion Green function, which can be easily
obtained from the coherent-state action, Sy. The latter is constructed from H;in a standard
way [117], using the fermion anticommutation rules

{Ckos 0l } = 30O (65)

by first writing H; in the Bogoliubov—de Gennes form
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. ¢ .9 Aq
Hy =Y %K) ( e ) )+ 2 b (66)
Q

X fk+91

where &, = ¢, — p, and the Nambu spinor

P(k) = (CT ke ) . (67)
ks

Note that, to get Eq. (66) in this desirable matrix form, the components of the Nambu
spinor are defined with momentum-shifted arguments. From Eq. (66) we construct a
coherent-state path integral for the partition function Z = [ DYDY! exp[—Sy], with effec-
tive action [with w, = n7(2n + 1) the fermionic Matsubara frequency; here 7 = 1]

Z Z Pi(K, 0,) G,y (K, 0,) Pk, 02,), (68)
where
(o) =— [ dreewik o (69)
Yk, w,) = —/ e’ P (k, 1), 69
VB Jo
is an anticommuting Grassman field and
—i(,l),,, + 57 Q AQ
Gk o) =— e . (70)
AQ —1w, — kar%
From Egs. (68) and (70) the Green function G,4(k,w,) [obtained by inverting Eq. (70)]
1 iCO,, + &0 AQ
GQ/;(k,wn) = — - 3 X « ES . 5
(iw, — 51(_%)(160'1 + é]ﬁ.%l) - |AQ‘ AQ 10, — ékf%

(71)
is easily related to averages of the fermion fields through a Gaussian integration, giving

A ~f A A
<C*k+%*(’)nTC—k+%—wnT> <C—k+%7(u,,TCk+%w,,l> )

A ot ot .
<ck+° PR 9 o) <ck+%w,,lck+%wni>

_G“ﬁ(k7wn) = <\Ilo<(k7wn)\{ll/rj(kawn)>7 = (

(72)

Armed with expressions Eqs. (72) and (71), the averages in (Bo|Hg|Bg) can be easily com-
puted. Specializing to the zero temperature limit (continuous w,,, with Matsubara sums re-
placed by integrals), with details relegated to Appendix B, we find:

ZFk + Z (=Ex) — O(Ex)]

+2 (% + h) [1 - O(=Ex) — O(Ey)], (73a)

e =3 2l o g 0, (73b)
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where ©(x) is the Heaviside step function and Ej, is the excitation energy for hyperfine
state ¢ with (taking 4¢ real)

_ K o’
W= o e (74a)
Ey z;@k%-AZ)“Z (74b)
k-Q
E - 4
i =Ec—h-—_%, (74c)
k-Q
Ey,=F —_— 4

Combining Egs. (73a) and (73b) with Eq. (63b), we thus have the following expression for
the mean-field ground-state energy Eg(4¢,Q):
2

Ec(40.Q) = <%Q + 0o — 2#) 2—? =Y (Ex—e)+ > E(l+ O(—Ey) — O(Ey))))
30 (S h) (1 - O-Ew) - (8), (75)

which can be put in the simpler form
2

¢ A
EG(4q,Q) = (?Q + 0o — 2#) 2= (Ei—s)
+Z [Exi O(—Ex;) + Ex O(—Ey))). (76)

Using the Green function Eq. (71), together with Eq. (72), the expectation values of the
total atom number (N) and the number difference (magnetic moment) (AN), can also
be computed:

N_ngz+ k ((ebyeur) + (el (77)
=£+Z( O(Ew) - O(~5)] ). (78)
AN=;(<6;‘;¢M>—<&L&M>), (79)
=3 (0(~E) - O(-Fv)). (80)

k

These expressions will be important for eliminating the chemical potentials appearing
in Eg in favor of the experimentally-controlled atom number N and polarization
AN/N.

Eq. (76) is quite general, encompassing (as noted above) both uniform and periodic
FFLO-type paired states as well as an unpaired normal state. In various limits, how-
ever, it simplifies considerably. In Appendix C we review the most well-studied such
limit, namely the conventional equal-population BEC-BCS crossover at 7 =0 and

Q=0.
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With our primary result Eq. (76) in hand, the remainder of the paper is conceptually
straightforward, simply amounting to minimizing Eg(Bg) over Bg and Q to find their
optimum values as a function of detuning J, polarization AN (or /) and total atom number
N (or p). Although this can be done numerically, considerable insight is obtained by
approximate analytic analysis, possible for a narrow Feshbach resonance, y < 1. Before
turning to this, in the next subsection we present another derivation of Eg(Bg), Eq. (76).

4.2. Canonical transformation approach

In this subsection, we present an alternate derivation of Eq. (76) for Eg, using only the
canonical commutation relations of the fermion operators ¢i,. As in the preceding subsec-
tion, we focus on the fermion portion H; of the total Hamiltonian, with the starting point
Eq. (66):

Hf Z'{IT Hf +Zék+ql7 (81)

R f, o A

A (82)
4q _ék+%l

where without loss of generality we have taken 4 real. The matrix H [can be diagonalized
using the unitary matrix U

b= (Z’i _”Zk) (83)

Here, the coherence factors

1 &
=, /14+= 84a
=V TE (842)
1 &k
o =—=1/1 ——, 84b
SN Ey (84b)

are analogues of those appearing in BCS theory [118-120], whose form is constrained to
preserve the canonical commutation relations, Eq. (65), that require u} + v = 1. Since,
by construction, the left and right columns of U are the eigenvectors of Hf (with
eigenvalues Eytr and —FEy, respectively), this accomplishes a diagonalization of H, in
Eq. (81). We find:

Hf:zk:(&L &k1)<E(l)<T gu)(akl) Zgwa, (85)

with the Bogoliubov (normal mode) operators dy, following from the operation of U on
the Nambu spinor Eq. (67):

&kT = l/lkéikJr%T + vkélt‘*'%l, (863')
o A
Oy = Okl 9y — Wy g - (86b)

Thus, using {, &L} =1, we have
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Hy = Z (Em&b&m +Ekl&£i&kl) + Z (‘fk+2—)1 — Ekl)- (87)
K o ?

Recall that our aim is to compute the ground-state energy. If it were true that Exr and Eyy
were both positive, the first two terms in Eq. (87) would simply count the excitation energy
associated with the excitation quanta &y, (Bogoliubov quasiparticles) above the ground
state defined as the vacuum of &, particles, i.e., dx,;|Bg) = 0. This would also allow an
immediate identification of the constant part of H [the second line of Eq. (87)] with the
fermion contribution Egr = (Hy) + (Hg) to the ground-state energy.

However, because the energies Ey,, are not positive definite, the second line of Eq. (87) is
not the ground state energy when either of Ey, <O0. It is nonetheless possible to write Hr as
a sum of the excitation and ground-state energies. To this end, we use step functions to
separate the sum over momenta into regions that have Ey, > 0 and Ey, <O0:

ZEka&]im&ko' = Z [Eka@(Eka)&Im&ka +Eko‘@(_Eka)(l - &kff&;[m)]a (88)
k k

where, for the momenta satisfying Ej, <0, we used the anti-commutation relation

{840, 04 } = 1. Using Eq. (88), we can write Hyas

Hy = Z (Ekﬂ@(Ek(r)&La&ka - EkGQ(_Ek(r)&ka&Im) + Egr, (89)

ko

with

Eg = Z (EkT@(_EkT) +Ek1@(_Eki) + £k+%l - Eki)~ (90)
k

With these manipulations, each pair of operators in the sum in the first line of Eq. (89) by
construction multiplies a positive excitation energy that is |Ey,|. Thus, they represent exci-
tations above the ground state with the fermion part of the ground state energy given by
(Hp) = Egy. Using the definitions of Ey, (and >,k - Q = 0), it is straightforward to see that
Egy agrees with the result from the preceding subsection, i.e., (Hx) + (Hp):

Egi =Y (e —Ex) + ) (EO(—Exj) + E O(~Ey)), (91)

k

which is our result for the fermion contribution to the ground-state energy Eg(Bg), Eq. (76).

This method for computing the ground-state energy has the additional benefits that (i)
it provides a physical interpretation to the step functions appearing in Eg(Bg) and (ii) it
allows a straightforward computation of the fermion ground-state wavefunction |Bg) that
we now derive. Clearly, |Bg) must be annihilated by the excitation part H{ of the Hamil-
tonian Hy:

H? = Z (Eka@(Ekﬂ)&LU&ko- — EkGQ(—EkJ)&kG&I‘J). (92)
ko

The step functions divide the momentum sum into three regions: (1) k such that Exp >0
and Ey > 0, (2) k such that Ey1 <0 and (3) k such that £y <0. From the explicit expres-
sions Egs. (74c) and (74d) it is easy to see that the Ey, cannot both be negative; thus, these

are the only three possibilities.
Consider momenta such that condition (1) is satisfied, which we denote k;. For such
momenta, the summand in Eq. (92) is Ek]T&LT&m + Ey, 15‘:(1 1%, |, which annihilates factors
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of the form (uy, + vy, EI{ L0 léT . Of course, if we set Q = 0, this is the usual factor in the
177

*k1+%T)
BCS ground-state wavefunction [118-120] that encodes pairing correlations; thus, the
states k; are paired at nonzero center of mass momentum Q. This can also be seen from
the form of the ground-state energy Eq. (91): Since the © functions in the second term of
this equation vanish for states satisfying condition (1) they have the standard BCS contri-
bution to the ground-state energy from the first term of Eq. (91).

Now consider states in region (2). For them, the excitation energy is —Esz&sz&LT—k
Ey, 15‘1t2 |0k, By examining the form of Eq. (86a), it is clear that an operator annihilated
by this summand is simply éikz+81' Thus, states k, are simply filled by unpaired spin-T

fermions, i.e., they are unpairedu. States in region 3 are similarly unpaired, but with
spin-4. Expressing |Bg) as a product over these three regions of momenta yields our var-
iational fermion ground state wavefunction:

1Bo) = [T ¢l.0, kl_k[ aﬁm% [T+ uéy 0,2, 010}, (93)
€ky

keks 2 kek,

with |0) the fermionic atom vacuum.

We now describe our general strategy. The ground state energy Eq. (76) is a function of
4q (or equivalently Bg) and Q. By minimizing it over 4¢ and Q, we find possible ground
states of the two-channel model at particular values of u, # and detuning. Ground states at
fixed imposed atom number (relevant for atomic physics experiments) are stationary with
respect to 4g and Q, and satisfy the total number and polarization constraints:

0— SALZ ’ (94a)
0— @a% , (94b)
=— ?—HG, (94c)
AN = — ag—hG (94d)

the latter two being equivalent to Egs. (78) and (80). We shall refer to Egs. (94a)—(94d) as
the gap, momentum, number and polarization equations, respectively. It is crucial to
emphasize that Eg has numerous stationary points and we must be sure to ascertain that
the particular stationary point we are studying is indeed a minimum [121,122] of Eg. Thus,
while often in studies of the BEC-BCS crossover at & = 0 authors simply simultaneously
solve the number and gap equation, at /2 # 0 this can (and has in a number of works in the
literature [47,67,45,121-123]) lead to incorrect results, especially at negative detunings
where Eg is particularly complicated. Moreover, frequently we shall find that the
ground-state at a particular ¢, V, and AN (or even at fixed o, N, and h) is a phase-separated
mixture of two of these phases, with fractions x and 1 — x that must be determined. With
these caveats in mind, we now turn to the analysis of Eqgs. (76) and (94a)—(94d).

5. Positive-detuning regime of two-channel model at finite population difference

In this section, we consider our system at ¢ > 0 with a finite population imbalance
(polarization) between the species undergoing pairing, encompassing the BCS § > 2¢g



1818 D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 17901924

and crossover 0 < § < 2ep regimes. As discussed in Section 4, it is convenient to first study
the equivalent problem of pairing with a finite chemical potential difference ou=2h
between the species. What phases do we expect in this regime? For equal chemical poten-
tials (ur = py = p), the favored ground state is the paired superfluid (SF) state that (since
1> 0 in this regime) is associated with pairing near the common Fermi surface at momen-
tum kr = +/2mu. This paired SF state is of course described by the BCS ground state. For
very large chemical potential difference 4, we expect pairing to be destroyed (A = 0) and
the ground-state to be a normal (N) Pauli-paramagnetic Fermi gas with N+ > N,. The
remaining logical possibility is that, for intermediate values of A4, we may have a phase
exhibiting nonzero pairing and a nonzero population difference (AN # 0); it remains to
be seen whether such a ground state is stable anywhere in the 6 — AN phase diagram.

One set of possible ground states that accomplish this is the so-called FFLO class of
states, [86,87] already well-studied for a BCS-type superconductor. The fact that our Fesh-
bach resonance model is closely related to the BCS model of interacting fermions ensures
that we will indeed find that FFLO-like states are stable over portions of the phase dia-
gram at large positive detuning.

As we will show, within our restricted ground-state ansatz, these three states (FFLO,
SF and N) are the only homogeneous ground states that are stable at positive detuning, with
the phase diagram dominated by phase separated mixtures of SF and N or SF and FFLO.
Furthermore, the FFLO state is only stable for a very narrow window of / (or AN) values
that vanishes below . = 2¢g. The reason that FFLO states can only exist for a restricted
narrow window of parameters is simply that, in order to accommodate both pairing and a
nonzero polarization AN, the system must pair at a finite wavevector Q ~ kgt — kgy. This
corresponds to a moving superfluid that, at sufficiently high superfluid velocity (corre-
sponding to a critical Q ~ kgt — kg o< /) is unstable (via the Landau criterion) to quasi-
particle proliferation, as seen from the form of Ey, [Eqgs. (74c) and (74d)].

From a pedagogical point of view, it is easiest to proceed by first neglecting the FFLO state
entirely, setting Q = 0 at the outset in our expression for Eg (which simplifies it consider-
ably), before determining the phase diagram (Figs. 9 and 10). Afterwards, in Section 7 we will
return to the FFLO state, finding the regime of the phase diagram in which it is stable.

5.1. Ground-state energy at Q =0

In this subsection, we focus on the Q = 0 case, which greatly simplifies the ground-state
energy Eg. Although this is in preparation for studying possible uniform ground-states at
0 >0, the results of the present section will also apply to the negative-detuning BEC
regime, to be studied in Section 6, where, as we will show, the FFLO state is unstable
and Q =0 is the only possibility. With this in mind, in this subsection we shall make
no approximations that rely on ¢ > 0.

We start with the general expression Eq. (75) at Q = 0, for simplicity of notation drop-
ping the zero subscript on 4 (i.e. 49— A4):

2
€k

+hY (1= 6(—Ey) — O(E)), (95)

Ba= (- 205+ 3 (& Bt 5 ) + OB+ O(-Ei) - OlEw)
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Fig. 9. Positive detuning (J)-chemical potential difference (%) phase diagram of the two-channel model for the
case y = 0.1 showing the superfluid phase (SF), normal phase (N), FFLO phase (along red curve, too thin to see)
and the regime of phase separation (PS). Above the horizontal dashed line the N phase is fully spin-polarized
(Nt =N, Ny =0), consisting of a single Fermi surface, while below the dashed line the N phase has two Fermi
surfaces. The dashed line in the shaded PS regime separates SF-N coexistence from SF-FFLO coexistence and is
derived in Section 7.2.

AN/N

FFLO

7/

1 2 3 4

0/er

Fig. 10. Positive detuning (d)-population difference (AN) phase diagram of the two-channel model for the case
y =0.1 showing the regime of phase separation (PS), the normal phase (N) and the FFLO phase (along red
curve). The SF phase is confined to the AN =0 axis. As in Fig. 9, the dashed line in the shaded PS regime
separates SF-N coexistence from SF-FFLO coexistence (the latter sharing a boundary with the FFLO phase).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

paper.)

where now &, = ¢, — i, the excitation energies are simply

EkT :Ek — h, (963)
Ey =Ej + h, (96b)

plotted for x> 0 in Fig. 11, and we have used Eq. (29) to exchange the bare detuning J, for
the physical detuning J.

Without loss of generality we take 4 > 0, so that ©(E;}) = 1 and Eq. (95) can be written
in the simpler form
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Fig. 11. (Dashed line) Plot of quasiparticle excitation energy E; = \/éf + 4% for a BCS superconductor,
normalized to eg for the case u = e and 4 = 0.15¢g. Solid lines: Spin-up and spin-down quasiparticle excitation
energies for the case & = 0.3¢p.

Eg = (0—2u) 22+Z<ék_Ek+ >+ZEk_ O(h — Ey). 97)

The last s-dependent term is only nonzero when / > E; for some k. For p > 0, this means
Eg is identically h-independent until the spin-up band crosses zero energy (depicted in
Fig. 11) at i > A.

Eq. (97) may be further simplified by rewriting the i-dependent momentum sums in
terms of the magnetization m(/). The simplest way to do this is to recall Eq. (94d) for
the population difference

OEg
oh’
which can be written in terms of the magnetization m(h) as [using Eqs. (59); note we have
taken the system volume V' to be unity]:

O (98)

3
) = [ S5 600~ £ (99a)
(2m)
2
= 5 [+ Vi = 2 o+ Vi - 1)

— (= VB =)o - Vi - 4], (99b)
where in the last equality we evaluated the mtegral over momenta by first converting to an
energy integral using the usual prescription f & " -++ = [N(e)de- - with the three-dimen-
sional density of states per spin

N(e) =cv/e, (100)
32
c= . 101
N (101)

Thus [using the condition that the magnetic contribution of Eq. (97) vanishes at 1 = 0], we
have the following general expression for the Q = 0 ground-state energy (also converting
the first momentum sum to an integral):
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A? &k A? e

The steps connecting the last term of Eq. (97) to the last term of Eq. (102) can also be de-
rived in a more straightforward approach by manipulating the /-dependent momentum
sums in Eq. (97), as shown in Appendix D.
Possible Q = 0 ground-states correspond to minima of Eq. (102) [which thus satisfy the
gap equation, Eq. (94a)] having magnetization m given by Eq. (99b) and density » given by
n=— 1 6& (103)
V ou
Quite frequently, we shall be interested in systems at fixed imposed total atom (as free
atoms and molecules) density n. This introduces another natural scale, eg, that is the Fermi
energy at asymptotically large detuning for g—0:

n= ;06;/2. (104)

We use e as a convenient energy scale to normalize quantities with dimensions of energy.
Thus, we define

a=t, (105a)
€F
~ A
A==, (105b)
€F
3537 (105c¢)
€F
;}EL (105d)
€F
Eg
€ =55 (105e)
cep

with the last definition providing a convenient normalization for the ground-state energy.
We shall typically determine quantities (such as critical chemical potential differences and
polarizations) as a function of the normalized detuning J. To make contact with
experiments that typically plot physical observables as a function of the inverse scattering
length through the dimensionless parameter —(kFaS)*l, we note that our normalized
detuning 5 is proportional to this parameter and given by [combining Eq. (30) with
Egs. (37) and (105c¢)]
n 1

LML
2 kra,

Converting the momentum integral in Eq. (102) to an energy integral, we have for eg:

ec =y A7(6 - 21)
_/0 m(ﬁ’)dﬁ'+/{)xdx\/§<x—ﬂ—w/(x—ﬂ)2+212+%>, (107)

where (k) is the dimensionless form of Eq. (99b):

(106)
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i) =2 [0+ VI 0+ VI ) — (1= Vi o Vi~ )]
(108)
For future reference, we note that the relations between m(/), AN and 7 (h) can be sum-
marized by
m(h) AN 3

. :W:Zﬁ‘(i’)' (109)

With these definitions of dimensionless variables, the gap, number and polarization equa-
tions [i.e., Egs. (94a), (94c), and (94d), respectively] become

0 (110a)
oA
4 66‘@
1= (110b)
4 AN @eG
4AN _ Oec 1
3N oh (110c)

As we have already mentioned, the equations in the present section apply to the Q =0
ground-state energy in the BCS regime (that we now proceed to study) and also in the
BEC regime that we shall study in Section 6.

5.2. Q=0 phases of the ground state energy in the BCS regime

In the present section, we study the phases of Eq. (107) for h#0 in the BCS limit of
large positive detuning. In this regime, it > 4 and the integral in Eq. (107) is well-approx-
imated by (see Appendix C):

00 12
/ dx\/;<x—g— \V(x—p)’ +2|2+A>
0 2x
AS/Z Vi (-—m ) (111)
This yields:

egz—g ( Ly~ —I—\/_Azln

/ di'i(h') AS/Z, (112)

as the BCS-regime normalized ground-state energy that we shall analyze in the remainder
of this section.

5.2.1. Normal phase

Zero-temperature phases are stdtlonary points of eg, satlsfylng the gap equation Eq.
(110a). Since eg is a function only of A2, it is obvious that 4 = 0 is always such a station-
ary point. This solution represents the normal (N) state consisting of spin-up and spin-
down Fermi surfaces characterized by chemical potentials x1 and uy. The corresponding
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ground-state energy simply counts the energetic contributions from these two Fermi seas
[see Eq. (B.19)]:

EGgNn = Z (& =m)O(h — &) + (& + h)O(—h — &), (113a)
=3[ WO R + (= WO )] (113b)

We note that in the normal state Eq. (113b) is valid for an arbitrary relation between 4 and
w and therefore (in contrast to small 4 < pu approximations, valid in the superfluid regime,
used below) allows us to access the high-polarization regime of the normal state.

In terms of our dimensionless variables, the normalized ground-state energy eg n is thus

eG,N:fl“s[(mh)%@( +i)+ (- heG- R, (114a)

A5/2 Vi, h< i (114b)

Eq. (114b) applies in the linear regime h < fi, with \/fth® the harmonic Pauli-paramagnetic
contribution, and will frequently be sufficient in the low-polarization normal phase.

The normal-state atom density ny and polarization my at fixed / and u [following from
Egs. (94c) and (94d)] are also particularly simple:

i =2 [t PO+ h) + (= 100~ h)]. (115a)
=[G+ WO+ ) — (= PO~ ). (115b)

If we impose a total atom density n = %ce;/ * and population imbalance AN, Egs. (115a),

(115b) can be written in the dimensionless form

V=2 [t o+ i) + (- hioG -], (116a)
A S+ e+ iy — G- o). (116b)

Note that the normal state undergoes a transition with increasing /# from a system with
two Fermi surfaces with energies p 4 /i to a system that is fully polarized, with only one
Fermi surface. Clearly, this happens at 4 = ji, namely yy = 0 in terms of the dimensionful
variables. According to Eq. (116a), this implies the transition occurs at fzp =273 which,
when inserted into Eq. (116b) indeed yields AN = N, i.e., a fully polarized state. This crit-
ical fz,, is displayed in Fig. 9 as a horizontal dashed line inside the N phase.

5.2.2. BCS superfluid phase and the superfluid to normal transition

At large positive detuning, fermionic attraction is weak and any pairing leads to 4 that
is exponentially small in (6 — 2j1)/y. We have already partially taken this into account,
using the approximation Eq. (111) to obtain Eq. (112). Next, we proceed by using the con-
ditions 4 < frand h < i to simplify m(h) in Eq. (108) and in the remaining integral in Eq.
(112). This yields

m(h) ~ 2/ iV h* — 220 (h (117)



1824 D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 17901924

and
eG ~ \ZFAZJFA((S 20)y~ \/_Azln
- \/ﬁ[h\/}ﬂ T Azcosh’l(h/A)} O(h - 4) - i, (118)

that we have plotted as a function of A for various /’s in Fig. 12. To determine the stable
ground state, we study minima of eg, given by the gap equation, deg/04 = 0 Eq. (110a):

0~y 406 —2f1) + 4y/jtIn sost A/ ficosh™ (h/1)O(h — A). (119)

it
The nature of possible solutions depends on the value of h, as is clear from the evolution of
eG(A,Ah) with a set of increasing / values at fixed chemical potential f, illustrated in Fig. 12.
For / sufficiently small, 0 < 4 < Agcs/2, the BCS logarithm [see Eq. (118)] dominates,

leading to a single BCS minimum at A ~ Apcs, with
Apes(5, i) = 8e 2jie ' O-20/\/i, (120)

with the normal state characterized by an unstable maximum at A = 0, discussed in Sec-
tion 5.2.1. The corresponding BCS ground state energy is given by [inserting Eq. (120) into
Eq. (118)]

8 sn Vi
€GSF = —BNS/Z - 74‘123C37 (121)

with the terms multiplying @(h A) dropping out and therefore not influencing the loca-
tion and depth of the BCS minimum for h < Agcs. This behavior persists until
h=h., = Agcs /2 at which point the normal state extremum at A=0 develops into a meta-
stable /ocal minimum, separated from the stable SF minimum at Apcs by a maximum at
(85]

=

ea(A, h)
=0

/ ASa,rmz)» ABCS / ~

0.005

-0.005 Ll
~0.01 e
~0.015

~0.02 | he

Fig. 12. Plot of eg [Eq. ( 118) dropplng the final A-independent constant] at i =1 as a functlon of A for four
values of /i (labeled by h) For h=0, no applied chemical potential difference, eG( ) has a minimum at
A = Apcs ~ 0.15, representing the fully paired BCS state. With i 1ncreasmg h, for h = I, a local minimum develops
at 4 = 0 that becomes degenerate with the minimum at Apcs for i = h,. A local maximum is at A = Asyma. For
h > h,,, the minimum at Apcs disappears.
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2h
BCS

where A, = Apcs. Eq. (122) follows from Eq. (119) upon using cosh'x=Invx>—1+x
and Eq (120). With a further increase in h the maximum at As,m, moves out towards
the h- independent BCS minimum, joining it at h=h x2 as can be seen from Eq. (122), so
that for /> A, the only stationary point of eg is at A4 = 0.

In contrast to a number of erroneous conclusions in the literature [47,67,45,121-123]
(that identified Ag,m, With a magnetized superfluid ground state by studying the gap equa-
tion without checking the corresponding energy), this maximum at Ag,.ma., as first shown
by Sarma [85], clearly does not correspond to any physical (stable) phase of an attractive
Fermi gas.

The BCS ground state remains a global minimum for 0 < & < h (f1). For h > h,(j1), the
energy eg.n of the normal state A = 0 minimum drops below eG(ZIBCS). The fermion gas
then undergoes a first-order transition to the normal ground state at the critical chemical
potential difference h. (ft) given by equating the normal ground-state energy egn Eq.
(114a) with the exact [124] superfluid-state energy eg sr,

2‘Sarma =~ 2‘BCS - 17 i’*l < il < 21*2, (122)

PN o0 " A2
ecsr =7 A0 — 20 + / dxﬁ(x — =\ (x— )+ A2 +2x>’ (123)
0
[obtained from Eq. (107) by setting 7z = 0]. This yields
4 . . .
55 [0+ 8O+ h) + (= h) PO~ ho)| (124)
no A o0 - A2
=V*IA§(6—2;1>+/ dxﬁ(x—ﬂ— (x—ﬂ)2+Aé+2—;;>, (125)
0
with the right-hand side evaluated at its minimum A = A, satisfying
— Jase (126)
oA lia,
/ dxf SR (127)
(x— i) + 43

where in the second line we canceled the A = 0 solution. Egs. (124) and (127) then implic-
itly give .(j) [or, equivalently, ji.(h)] that we will use shortly. In the limit of Ay < fi the
right-hand side of Eq. (124) reduces to Eq. (121) with 4, given by Aycs, yielding

4 5 2 5/2 7
Tl 5™ 4 (= )20~ he) — 2] = 3/
= 3274922 G20/ (128)

Deep in the BCS regime (0 > 2¢r) the molecular condensate and the corresponding gap
Apcs, given by Eq. (120) above, are exponentially small. We expect (and self-consistently
find) that the critical Zeeman-field boundary h(9) tracks the gap ZIBCS(S, ft) and therefore
must also be exponentially small in (0 — 2f1)/7.
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As we will see below (when we consider the more experimentally-relevant ensemble of
fixed atom number), the crossover regime J < 2ep corresponds to p locking to a value
slightly below 6/2, with 0/2 — ju~ O(yIny) < 1. This is still sufficient to ensure that, in
the crossover regime, the BCS estimate of ABcs(u, ) and eggsr remain valid [since
Apcs < i allowing the integral in Eq. (123) to be approximated by Eq. (111)], but with
Apcs(u,0) /it =~ O(y'/2) (rather than exponentially small in 1/y).

Consequently, in the BCS (6> 2i1) and crossover [0 — 2ji & O(y1ny)] regimes the con-
dition /., < ju is well-satisfied. This allows an accurate approximation of the normal state
energy eg.nN, Eq. (114a), and correspondingly the left-hand side of Eq. (128) by its lowest
order Taylor expansion in /. /[t This linear Pauli paramagnetic approximation then gives
an accurate prediction for the critical Zeeman field

he(ft) ~Apcs/V2, for  he < I, (129a)
~4\/—e*2A =7 (5*2f4)/\/lt‘, (129b)

that in the BCS regime self-consistently satisfies the condition h. < [i used to obtain it.

For ji close to §/2, Eq. (124) is approximately [to O(y)] satisfied for any h since we can
neglect the left-hand side and the second term on the right-hand side. This behavior is also
reflected in the approximate formula (taken beyond its strict regime of validity) Eq. (129b)
that exhibits rapid variation for ji near 6/2. Thus, in this regime at the transition the crit-
ical i is approximately given by

fte(h, 8) ~ 8/2. (130)

Hence, below we will use Eq. (130) as an accurate (in y < 1, narrow resonance limit) form
for the high Zeeman field regime 4.(f, 6), where the BCS condltlon A < juis violated. This
will be essential to determine the upper boundary hLz(é) of the coexistence region in the
crossover regime.

It is important to note that, because of the step functions in the ground-state energy Eq.
(97), the curve of eG(A h) is identically h-independent for A > h. Consequently the BCS
minimum at Agcs (stable for 0 < i < /1) and the corresponding energy eG(ABCS) are strictly
h-independent, ensuring that the BCS state is indeed characterized by a vanishing
magnetization,

O0EG
msp——E—O, (131)
and density given by
24 de 4, cA* (5 1 A
~— /2 In——|]). 132
ISt g’ T3 3 1 t R N/ (4 2 Sez,u> (132)

Since / only enters through a term multiplied by a step function, ©(h — A), h-indepen-
dence of the stable minimum at Apcs persists until 4 = Apcs, beyond which the energy
at this minimum would have become /-dependent (resulting in a magnetized paired super-
fluid) had the minimum survived. However, as we saw above, the BCS minimum becomes
unstable to the normal state for & > h, ~ Agcs / V2, before the point of this magnetized-
superfluid condition of h = Apcs is reached.

As expected at a first-order transition with a tuned chemical potential (rather than
tuned density), our system exhibits jumps in the density at /. This occurs because the
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densities of the superfluid and normal states at the transition izc(,&) [using Eq. (129a) and
converting to dimensionful quantities]

255 | 4 3 | chies (51 Agcs
~ B L 1
nsp e oS b i a2 M e )" (133)
4c 3/2 CA123CS
~ ~BCS 134
are different. Thus, upon increasing / past fzc(,a, 3) there is a density discontinuity equal to
QUi Ay 1 Apcs
—nN e B (] ] . 135
e N < 2 n8e2,u> (133)

Similarly, since the BCS paired superfluid is characterized by a vanishing magnetization
and the normal state by my given by Eq. (115b) there is a jump discontinuity in m equal
to my evaluated at /..

5.3. First-order SF-N transition at fixed density: phase separation and coexistence

Because we are primarily interested in applications of the theory to degenerate trapped
atomic-gas experiments, where it is the atom number N (rather than chemical potential )
that is fixed (also it is AN = Nt — N rather than / that is imposed, but for pedagogical
purposes we delay the analysis of this fixed AN ensemble until Section 5.5), in this section
we study the above transition in the fixed average density n = N/V and imposed / ensem-
ble [125].

However, there is no guarantee that the system’s true ground state corresponds to one
of our assumed spatially homogeneous ground states. In fact, it is clear from the discus-
sion at the end of the last subsection that the existence of the density discontinuity Eq.
(135) at h(9) implies that, at 4 = h.(J), a homogeneous atomic gas with density n anywhere
in the range between ny and rngr is in fact unstable to phase separation. As we will see
below, for densities in this range the ground state is an inhomogeneous coexistence of nor-
mal and superfluid phases at the critical chemical potential u.(%,0), with corresponding
densities nn(pdh,0),9), nsp(udh,9),0), appearing in fractions 1 — x(h,0,n) and x(h,d,n),
determined by the constraint that the average density is the imposed one (or equivalently
the total number of atoms is ).

Thus, as illustrated in Fig. 13 (and the full phase diagram, Fig. 1), at fixed average den-
sity n, the critical Zeeman field /() splits into lower- and upper-critical fields, /.(0) and
he(9), bounding the coexistence region from below and above, respectively. To under-
stand how these emerge in detail, we imagine increasing the Zeeman field 4 (at fixed n
and detuning 6 within the BCS or crossover regimes) from low values starting from the
singlet superfluid state as the global minimum. As / is increased, the chemical potential
usr(n,0) (which, because the BCS superfluid is a singlet, is in fact /2 independent), deter-
mined by the superfluid equation of state (written in terms of dimensionless variables),
satisfies

4 5A +4A3/2+2212 A2 4
3 4k 3 fisr 7 2Vhse  8e sk

(136a)
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Fig. 13. Upper curve is /1. [Egs. (138a), (138b)] and lower curve is /1., Eq. (136a), solved numerically, that bound
the coexistence region in the BCS and crossover regimes.

to keep the density fixed at #. In this process, as h is increased, the ground-state energy
function eg(h, ji,d) changes according to Eq. (107) with the relative level of the normal
and superfluid minima changing (see Fig. 12). At a sufficiently large Zeeman field
fzcl(gi,n), given by

het = he(jisr), (136b)

the two minima become degenerate. This would then naively imply that the system
should jump to the normal ground state at these values of it = jigr(n, 3), h, and . How-
ever, as seen from Egs. (133) and (134), since the normal ground state has a density that
(at the same chemical potential p) is distinct from that of the superfluid state, this dis-
continuous transition to the normal state would not keep the density fixed at the im-
posed value n.

The only solution to this dilemma (which is generic to first-order transitions) is for the
system to get pinned at the coexistence curve ﬂg(iz, 3), Eq. (124), defined by equality of the
normal-state and superfluid-state minima. A subsequent increase in /> h,; changes u
along the critical curve p.(h,0), keeping the normal and superfluid ground states degener-
ate. This, however, leads to a chemical potential ,&c(fz, 0), illustrated in Fig. 14, that no
longer allows the density of either of the pure ground states, N and SF to be equal to
n. However, the total imposed atom number can still be satisfied by a mixture of coexisting
SF and N states [39] in respective proportions x(fz7 0)and 1 — x(fz, 0), defined by

= Xl Sy (), 8)) + [1 = x(,3) ), (). (137)

This evolution of the chemical potential according to ,ac(fz) continues until / has increased
sufficiently, so that the number constraint equation can be satisfied by a pure normal state
that minimizes Eg. The corresponding value of the Zeeman field is precisely the upper-
boundary of the coexistence region, with

he = he(jn), (138a)

Ir,. PN PN -
L= |G+ he)? + (o = )0 — b)) (138b)

and izc(,&) given by Eq. (124) in the preceding subsection.
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ilcl iluz 1

hcl 1 hc?

Fig. 14. Plots of the normalized chemical potential ﬂ(iz,é) (solid blue line) as a function of the normalized
chemical potential difference /1 at (a) high detuning 5 =2.0and (b) low detuning 6 =1.0. For i < 4, the system is
in the SF phase with 1 = jisr. For fzd <h< fu 2, the system is in the mixed phase, with jt constralned to lie on the
first-order critical boundary ft = i, (k). For he, < h, the system is in the pure N phase, with fi = fuy (k) [the solution
to Eq. (116a)].

Hence, as is clear from the above discussion, the intersections of the ji.(h) curve with
fisr(n, ) and jix(h, n) determine A, (n,6) and he(n,d). The full evolution of the chemical
potential with 4, from the SF state through the coexistence region and to the normal state
for detuning in the BCS and crossover regimes, is illustrated in Fig. 14.

The two pairs of Eqs. (136a), (136b), (138a), (138b) for /., and h,, can be straightfor-
wardly solved numerically. We do this for the case of y = 0.1, with results illustrated in
Fig. 13. In the next subsections, we obtain accurate analytic approximations for /., and
h.» in the BCS and crossover regimes.

5.3.1. hey and h; for the BCS limit 6 > 2ep

As discussed in Section 5.2, at large 6 we will have hcl hey < i, allowing the use of Egs.
(129a), (129b) for h((,u) valid in the linear-response (to h) limit. Starting with hey, for 6> 2
the normalized gap 4 is exponentially small so that we may neglect the first term on the
right side of Eq. (136a). The last term in Eq. (136a) may be simplified using the gap equa-
tion, yielding
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4 4 5, 242 A2
gzgﬂs/F +

T (85— 2igp). 139
7 Bigey O ) (139)

Solving Eq. (139) to leading order in small y gives:

fise ~ 1 =40 +2) 477" (140)
It is convenient to define the BCS gap Eq. (120) at jisp = 1:

Arly, 8] = 8e 27072, (141)

With this definition, to leading order it is valid to replace Zlf on the right side of Eq. (140)
with A%. Taking advantage of fisr &~ 1, we Taylor expand 4 in small figp — 1:

Aly, 8, fise] ~ Ae(y, ] + (ise — 1) A'[y, 8, 1], (142)
where
Ay, 5,1] = 8e 27 (-2 <3+1+ 1), (143a)
2y 'y
e (54 2)e 70, (143b)
; (6 4 2) Agly, 0], (143c)

with the prime denoting differentiation with respect to ji. Using Eq. (142) along with Eq.
(143¢) and Egs. (140), (136b) becomes

s m% (144a)
1| V_z 2 273

~7 dr =2 (0+2) A, (144b)
1. &’ -

zjzAF[y,é]exp _S_yZAF , (144c¢)

where in the final result we have taken 6 > 2 and re- exponentiated the second factor, valid
since Ap is exponentially small for y < 1. In the asymptotic large 5 limit, /., thus decays
exponentially with 5, as seen in Fig. 13.

Similarly, /., can be obtained by solving Egs. (138a), (138b) iteratively utilizing the fact
that, in the large- & limit, &, is exponentially small while fiy &~ 1. Thus, in Eq. (138b) we
can expand in A /fin < 1, yielding

~3/2 3h32
I~ ) e (145)

which has the zeroth order solution fiy ~ 1; at this order Eq. (138a) yields heo &~ Ap / V2.
Inserting the latter expression into Eq. (145) yields a leading-order correction to jiy:

[INESR RSB S ¥/ E3 (146)
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Using this inside Eq. (138a) together with the expansion Eq. (142) (but with fiy instead of
iisp) our final leading-order result for 4, is:

- 1 |- 1 . N
L . 5.

that decays exponentially with increasing 5 as exhibited in Fig. 13. Note that, since
52/8y > 5/163} for large S, he>h. in the large detuning limit, i.e., the curves in
Fig. 13 never cross.

5.3.2. hep and hey for the crossover limit 0 <6 < 2ef

We now compute hd( ) and hcz( ) at small 5. To obtain h.., we first note that at large
detuning in the SF state at 4 = 0, the full gap and number equations are obtained from
Egs. (110a) and (110b) with Eq. (112) for eg [see also Egs. (C.12b) and (C.12d)]:

C _. A
~24(6 —20)y~" + /A In =Tt (148a)
4 5 A? 4 P 242 A7 A
~q \/_ 1 + W In e (148Db)
As 6 is reduced below 2, the system undergoes a crossover from the BCS regime (where fu is
pinned near unity) to the BEC regime where 4 is no longer exponentially small (although
we still have 4 < 1) and i begins to track ) /2, as atoms pair up into Bose-condensed mol-
ecules (see Fig. C.1). How is this reflected in Egs. (148a), (148b)? As B drops below 2, A
grows such that Zl/ it becomes O(7'/?), so that we may neglect the final Aln A /[t term on
the right side of Eqs. (148a), (148b). Taking y < 1 in Eq. (148b) (so that the term
5212/4\/,17 may be neglected) thus yields the following approximate solutions to Egs.
(148a), (148b):

fL~5/2, (149a)
A~ % 1—(8/2)%2. (149b)

Note that the role of the equations has been reversed, with the gap equation fixing ji to be
close to & /2 [to O(yIn7y)], and the number equation fixing A; we shall also see such behav-
ior in the asymptotic BEC regime at negative detuning. Using Eq. ( 149b) inside Eq. (129a)
[still using the &, < t expression since, as we shall verify a posteriori, he1 remains small in
this regime], we find for hy = h, (ftsp):

he ~ \/g 1—(5/2)*>. (150)

Next, we compute /i, in the crossover regime. As in the preceding subsection, /., is deter-
mined by combining the solution to the gap equation at low detunings (6 = 2u, which
approximately solves the equation for /. at low detunings, as discussed in Section 5.2.2)
with the normal-state chemical potential jiy, given by Eq. (138b). We shall denote the solu-
tion to this equation as A (1), defined by



1832 D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 17901924

=2 (It RGP = 0 260~ K )] ). (1sn)

Although Eq. (151) cannot be solved analytically for arbitrary ji, we can find solutions for
ft < h [so that the second term on the right side of Eq. (151) vanishes] and in the limit
> h

AN () =2** — i for i< 27'73, (152)

z\ﬁ\/l—m/z for ju — 1. (153)

Having defined AN (), it is straightforward to combine it with the approximate solution
Qe =~ 5/2 Eq. (130) to obtain hcz(é).

he = hY)(5)2). (154)

For low detunings (o <A3p ~ 2*% ~ 1.59), we can use Eq. (152) for '), giving our final
low-detuning result for /.,:

. 0
th ~ 22/3 - 57 (155)

a linear-in-6 behavior that is clearly seen in the numerically-determined curve shown in
Fig. 13.

5.4. Mixed state in the BCS regime

5.4.1. Phase fractions R A

We have argued in the preceding section that, for fzcl(é) <h< 26,2(5) (the region
between the two curves in Fig. 13), and neglecting the possibility of the FFLO state,
our system is a mixed state in which the N and SF ground states coexist in 1 — x(6,h)
and x(0,h) fractions, respectively. To show this directly, here we study the properties of
this phase-separated coexistence state by computing its energy and determining the opti-
mum fractions of SF and N. [39] We note that our analysis from the start ignores the inter-
facial energy [73] between the two coexisting (N and SF) phases. For a macroscopic phase
separation, this energy contribution is subdominant in the thermodynamic limit. However,
ignoring it precludes us from determining the spatial SF-N profile in this regime. In the SF
regions, A is given by Eq. (120), with the chemical potential given by ,uc(h 5) Eq. (124)
[inverting /. (i, 5)] The energy of the mixed system in the canonical ensemble (appropriate
for fixed density) is (normalized to ce;/ 2)

4
eG,N+SF:—<f +— AS/Z) (fhz 15/15/2)1 x)—l—g,&, (156)

where in the second term we used Eq. (114b) for the normal-state contribution to the ener-
gy, valid since 4 < 1 on the BCS side. The final term comes from switching from the
grand-canonical to the canonical ensemble (recall that in our notation the total normalized
density is 4/3).

The total density of atoms is similarly constructed from contributions from the normal
and paired regions
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4 [5 4 ; 4 i
T 2 T ~3/2 =172 . a3
3 x<4\/ﬁ+3u +2y A)-i—(l x)<3u +2\/,17 . (157)

In the BCS regime, A < fi, so that we may neglect the term proportional to A2 /+/Iv on the
right side of Eq. (157). The remaining terms may be approximately solved for i, yielding

. n?
ﬂ:l—y’lAzx—Z(l—x). (158)

To determine the properties of the mixed state we look for x(3, fz) that minimizes
eg.N+sE(x), Eq. (156), using the numerically-determined simultaneous solution to Eq.
(158) and Eq. (120) for A and ji. In the absence of a mixed state, the optimum x would
jump discontinuously from x =1 to x =0 as h is increased. The existence of a solution
where the optimum 0 < x(9, fz) < 1 therefore indicates a stable phase-separated state.

Defining them to be the endpoints of the region where x is greater than zero or less than
unity (indicating a mixed state) yields an alternate procedure for finding A (9) andﬁcz(é)
as given in Egs. (136a) and (138a), (138b). The two methods of determining A, (4) and
ﬁCQ(é) are displayed in Fig. 15, showing excellent agreement.

5.4.2. Atom density
Another way to characterize the regime of phase separation is to study the total atom
density n as a function of chemical potential and verify that, in the mixed regime
hoy < h < h,,, it is impossible to adjust ji to attain the imposed density by either of the pure
SF or N phases. The normalized SF-state density 7 = n/ce;/ * is given by [cf. Eq. (132)]
s S A 4 i Y/
flSF[%&ﬂaé‘]:Z \/ﬁ+§ﬂ3/2+27’714‘2—2\/ﬁ1nﬁa (159)

with Zl[y, 5, £ given by Eq. (120). In the N state, the normalized density is [cf. Eq. (115a)]

0.35 9
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0.25
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0.1
0.05
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Fig. 15. Upper (red) curve is /. [Eqgs. (138a), (138b)] and lower (black) curve is /. Eq. (136a). For comparison,
the solid points on each curve are the same curves computed using the method described in Section 5.4.1. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this
paper.)
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A P L L
il =5 [+ 1) + (= )P o — )], (160)
4 5,  h
R , 161
LW (161)
Using these expressions we have
ilh, f) = i [h, j€[juc (k) — i) + fsily, 6, t, 610 — fuc (b)) (162)

where fi.(h) is implicitly defined as the solution of A.(ji.,d) = h, with h.(it) given by Eq.

(124). In the simplest BCS regime ji.(4) satisfies
b~ 4v/2e i 072 e (163)

In Fig. 16, we plot 7 vs. ji for i = .06 with parameter values y = 0.1 and & = 2.0. At these
values of the parameters, /1., ~ 0.068 at the physical density, thus, we expect the SF state
to be stable. This is reflected in Fig. 16 in the fact that the 7i(jt) curve intersects the physical
density 7 = 4/3 (horizontal dashed red line) for it > j..

With increasing /, the discontinuity in # moves to higher values of ji. The regime of
phase separation occurs when the physical density 7 = 4/3 intersects this discontinuity,
as shown in Fig. 17 for h = 0.13, which satisfies h.; <h < h ~ 0.37 (all other parameters
being the same). Thus, we see that at this /, no value of ji yields 7 = 4/3. At the critical ji
(where there is a discontinuity in 7(f)), it. ~ 0.919, there are two possible homogeneous
values of 7, that can be read off Fig. 17 or determined from Egs. (159) and (161) [using
Eq. (120) for A]. These are iy ~ 1.18 in the N state and isp &~ 1.92 in the SF state. Using
these values allows us to determine the fractions x and 1 — x of the system that are in the
SF and N phases, respectively, using

4
§:xﬁ5F+(1 —X)le7 (164)

which yields x ~ 0.20, i.e., most of the system is in the N phase.

0.85 0.9 0.95 1

Fig. 16. Plot of the normalized density 7 [solid line, Eq. (162)] vs. jt for i = .06 with parameters 5=2and y=0.1.
Thin dashed lines denote 7isg and 7in. Since the imposed physical atom density (7 = 4/3, horizontal dashed red
line) is intersected by the solid curve for ji above the critical ji (at which 7 is discontinuous), the system is in the SF
state.
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7

0.85 0.9 0.95 1

Fig. 17. Same as Fig. 16 but with /1 = 0.13 raised into the regime of phase separation. At this /, neither the SF nor
the N yields the imposed density /s = 4/3, as illustrated by 7 =4/3 falling into the discontinuous region of
coexistence.

With further increasing /1, the SF fraction decreases continuously until, above /1., (When
the vertical segment representing the mixed phase moves higher than 7 = 4/3), the system
enters the pure N phase. This is depicted in Fig. 18, which, for / = 0.40, is slightly above
h. ~ 0.37. In Fig. 18 we did not display the entire vertical range of the discontinuity in 7,
because at such large & for the system to be in the SF state requires a very large A, that,
by virtue of the term 4> /v in Eq. (159), translates into a very large jump in 7 (for this case,
to i = 8.2) that is off the scale of Fig. 18.

5.5. Fixed population difference in the BCS and crossover regimes

Having characterized the regime of phase separation bounded by the critical curves
he () and heo(8) at fixed density, we next convert these boundaries to critical population
differences AN, (5) and AN ,(8), first focusing on the positive detuning (BCS and cross-
over) side of Fig. 3. In fact, since at /i, (9) the system undergoes a first-order transition
from the unmagnetized SF phase to the regime of phase separation, AN, =0 in the
BCS regime.

>

0.85 0.9 0.95 1

Fig. 18. Same as Figs. 16 and 17, but with & = 0.40 > Ji.,, so that the normal state is stable.
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Thus, the singlet BCS-BEC superfluid phase is confined to the AN/N = 0 axis, and on
the BCS side of the resonance an arbitrarily small population difference puts the system in
the mixed state (although for a very small population imbalance the fraction of the system
in the SF state will be close to unity). With increasing population difference, eventually the
SF fraction disappears and the system enters the N phase at AN,,. To compute AN, mere-
ly requires us to combine our result for 262(3) Eqgs. (138a), and (138b) with the expression
for AN(h) in the normal state, i.e., Eq. (116b), that gives

AN, . - . .
v = sl ) = (i — ha) O — b)), (165)

with fix given by Eq. (116a). Along with Egs. (138a), (138b), (165) provides an accurate
determination (see Fig. 19) of AN (0) on the BCS side of the resonance [with accuracy
only limited by the approximations used in computing Eq. (138a)]. We now determine

explicit (but approximate) analytic expressions for AN.»/N in the large and small 6 limits.

551 AN” ©) in the BCS regime of 6 > 2
For large 5, hcz(é) is exponentially small according to Eq. (147b) while juy &~ 1 accord-
ing to Eq. (146). Thus, in this limit we can expand Eq. (165) in small %.,/jin, finding:

33—
5\/#7Nh021 (166)

with the linear dependence on h,, simply reflecting the Pauli paramagnetism [117] of the N
phase at small 4. Inserting Eqgs. (146) and (147a) into Eq. (166) (and taking 6 > 2 in the
latter), we find

ANy 34 1., o -
~——|(1—-—=-4 1——14 167
N m( 6 >< i6; ) (167)
34 5 -
~3 f [ MA%], (167b)

where in the final result we kept only leading-order terms in Eq. (167a) (i.e., we took
0/y > 1) and re-exponentiated the last factor.

0

1.5 2 2.5 3

Fig. 19. Plot of the upper-critical polarization 222 as a function of detuning & for y = 0.1, determined by Eq.
(165) along with the numerical solution to Egs. (138a) (138b).
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5.5.2. AN‘Z Vin the crossover regime of 0 < d<2

Next, we turn to intermediate detuning in the crossover regime. We recall from Section
5.3.1 that, at low 4, /., is approximately given by solving the number equation (138b) along
with the approximate result jiy A~ 6/2 valid in this regime. With A, (0) determined by
the number equation

s N (6 N (6,
1= |:<2—|-hcz> + <z—hc2> @<2—hc2>], (168)

the upper-critical polarization is given by

. s S
AN, 1 o -\ o - o -
N 2 [(54‘}%2) - <§_hc‘2> @<§_h02>:|- (169)

Physically, Eq. (168) encodes the instability of the polarized Fermi gas to a molecular
superfluid as the point (/., and the corresponding AN,,) at which the N and SF chemical
potentials are equal to ji. ~ 5 /2, Eq. (130). This leads to Eqs. (168), and (169) translates
he to AN,»/N, determined by the polarizability of the N state.

We proceed by solving Eq. (168) for hlz and using the result inside Eq. (169) to obtain
the critical polarization. In the case where h., > B /2, this is particularly simple, as the sec-
ond step function in Eq. (168) vanishes (as we found already in Section 5.3.1), giving Eq.
(155) for h,». Using this inside Eq. (169) yields

ANCZ
N

Thus, at such low detunings 6 <4,, the normal state is only stable at full (100%) polar-
ization. To understand this in more detail consider starting at large 4 in a fully-polar-
ized (spin-T) normal state with AN=N (m=n) and puy =pu—h<0. As h and AN are
reduced one of two scenarios is possible depending on the value of the detuning o:
(1) For large 6 > J,, upon lowering /4, ) becomes positive first, converting spin-T atoms
to spin-{, partially depolarizing the Fermi sea. (2) For low J < dp, case (1) is preempted
by un exceeding p, = /2 causing the system to undergo a first-order transition to the

SF state.
We have denoted by , the critical detuning below which AN () = N. It is given by the
solution of hcz(é ) = h, = 27"/ [the intersection of the horizontal dashed line in Fig. 9 with

h(9)], giving

5, = 2%, (171)

As § is increased above 6 AN_/N drops continuously below unity, before starting to de-
crease exponentially accordlng to our large B) prediction Eq. (167b). To calculate AN62(5)
in the vicinity of 5 », we take h.» to be close to its value for 5 < 223

=1, d<é,~2 (170)

he :22/3—2—6. (172)

with e small. Inserting Eq. (172) into Eq. (168) and expanding to leading order in € yields

- 3 € 1 2/33/2 3 €
1N1—5ﬁ+2(5 2%3) 1+§5 55 ) (173)
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which can be easily solved for € and inserted into Eq. (172) to find fzcz(g):

. 5 223 .
ey~ 223 — i (6 =223 5> 023 (174)
Inserting Eq. (174) into Eq. (169) and again expanding in small deviation 5— 223 we
find

=2 — (6 -2 95 - 2%, (175)
~1—(6—10,)"0 - 35,), (176)

where we added a step function to emphasize that the second term is only nonzero for
0 > 0,. Our analysis in this section has neglected interactions, valid for a narrow reso-
nance. The leading-order effects of finite y will add corrections to the approximate relation
jt=0/2 and hence slightly adjust o », (in the numerically generated curve of Fig. 19,

o, = 1.57 < 2%3%), but the qualitative p1cture remains the same.
5.6. Coexisting fractions x(AN) in the mixed state

As we have seen, at positive detuning for 0 < AN < AN,,, resonantly interacting ferm-
ions phase separate into an s-wave paired singlet SF and a spin-polarized N state with
fractions x(0,AN) and 1 — x(J,AN), respectively.

To calculate x(3,AN), we begin with Eq. (164) for the normalized density 7 expressed in
terms of the densities 7gr and 7y in the SF and N regions Egs. (159) and (160), respective-
ly. Using the overall density constraint 7 = 4/3, we solve Eq. (164) for x to obtain

inlh )
o) /28] = i e )

x(5,h) = : (177)
’ZSF[

with i (h) given by Eq. (163). Here, in the last argument of nsp[é fto(h), A(j1.)] we have
substituted A(ji.) = /2h, valid everywhere in the mixed phase.

To compute x(d, AN), we combine x(3, 4) above with a computation of AN(d, %) as a
function of / in the mixed phase. Since any population difference can only occur in the
N regions of fractional volume 1 — x, we have

ANG-01) _ 2 T4 ., .00)] [y + ) — () — 0G0y~ b)) (178)
In Fig. 20, we present a numerical solution x(é,AN) of Egs. (177) and (178), for 5=15
(solid line) and 6 = 2.0 (dashed line), with y = 0.1. The two curves are qualitatively similar,
each describing a continuous depletion of x(5 AN) from unity to zero. The main notable
difference between the curves is that for & = 1.5, AN‘Z = 1, while for 6 = 2.0 the dashed
curve reaches x = 0 at N‘Z ~0.535 < 1 characterlzmg a transition to a non-fully-polarized
N state. The rapid initial drop of x with AN—N reflects the fact that, when most of the system is
paired at low polarization, the only way to polarize is to convert regions of the system
from paired to unpaired (i.e. to decrease x), while for large polarization when much of
the system is already in the normal phase, to attain higher polarization the system can fur-
ther polarize already normal sections.
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Fig. 20. Plot of the fraction x(,AN) of mixed state that is in the SF phase as a function of polarization for
detuning ¢ = 1.5 (solid line) and 6 = 2 (dashed line).

6. Negative-detuning regime of two-channel model at finite population difference

In the present section we extend our analysis to the 6 <0 BEC regime. As for 6 > 0, here
too we minimize the ground-state energy Eq. (76) with respect to 4¢g and Q, subject to the
total atom number and imposed spin-polarization constraints. As we shall show in Section
7, the FFLO state is only stable above a critical detuning J. ~ 2er [given by Eq. (259)
below], i.e., in the BCS regime. Physically this reflects the fragility of the FFLO state that
is driven by atomic Fermi-surface mismatch, absent in the BEC regime where u ~ 6/2 < 0.
Therefore, in studying the BEC regime at the outset we shall focus on Q = 0 pairing order
as we did in Section 5. Thus, the ground state energy that we shall analyze is still given by
Eq. (102), with its dimensionless form given by Eq. (107).

Before proceeding to our detailed analysis, we briefly summarize our main results, the
negative-detuning phase diagrams at fixed chemical potential difference / and fixed spin
imbalance AN, Figs. 21 and 22, respectively. The three critical %’s (4,,, h.; and h.) in

h/EF

0/er
“12 §,-10 -8 -6 -4 -2 §,

Fig. 21. Negative-detuning phase diagram of the two-channel model for the case y =0.1 at fixed chemical
potential difference 4 showing regions of singlet superfluid (SF), magnetic superfluid (SFy), phase separation
(shaded, PS) and normal phase (N). To the right of the dashed line in the PS regime, SF and N states coexist,
while to the left of the dashed line in the PS regime SFy; and N states coexist. . is a tricritical point.
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AN/N
1

d/er

-12 §,-10 -8 -6 -4 -2 .

Fig. 22. Negative-detuning phase diagram of the two-channel model for the case y = 0.1 at fixed spin population
difference AN, showing regions of magnetic superfluid (SFy;) and phase separation (shaded, PS). The fully-
polarized normal phase is confined to the upper boundary AN = N, while the unpolarized SF state is confined to
the AN = 0 axis. To the right of the dashed line, the PS regime consists of coexisting SF and N states; to the left of
the dashed line the PS regime consists of coexisting SFy; and N states.

Fig. 21 separating the singlet superfluid (SF), magnetic superfluid (SFy;), normal (N)
states and phase-separation (PS) regime were computed by numerically solving the sta-
tionarity and number constraint conditions [i.e., Eqs. (110a) and (110b)], always ensuring
that the solution is a minimum of the normalized ground-state energy eg, Eq. (107). In the
PS region, it is possible to solve the stationarity and number constraint equations, but the
solution is not a minimum of eq. [47,67,45,121] Then, to obtain Fig. 22, these critical /’s
were converted to critical population differences using Eq. (110c). The dashed lines in these
figures separate different types of PS regime and are derived approximately in Section
6.4.3.

The main aim of this section is to present details of analytic calculations that comple-
ment this numerical analysis of the gap and number-constraint equations and lead to the
phase diagrams in Figs. 21 and 22 in the narrow Feshbach resonance limit, y < 1. These
computations are aided by the fact that, for y < 1, 4 = /2 and hence u < 0 for § < 0. Tak-
ing u <0 yields an important simplification to the equation for the ground-state energy
and consequently for the gap equation and the number and polarization constraints, since
only one of the terms in Eq. (108) for the dimensionless magnetization contributes,
yielding

(h) :%(x/iaz—jz— |p|)3/2@(x/i12—212— |p|). (179)

As in the preceding section, we proceed by inserting Eq. (179) into Eq. (107) for the nor-
malized ground-state energy eg. Stationary points of eg satisfy the gap equation, Eq.
(110a). In finding solutions to the gap equation we always verify that such stationary
points are actually minima of eg rather than saddle points or local maxima. Failure to
do this in a number of recent theoretical works [47,67,121,45] has led to erroneous results.
To impose constraints on the total atom number and spin population difference, we use
Egs. (110b) and (110c).

We will show that an accurate quantitative description of the BEC regime, for the case
of a narrow resonance, can be found by expanding the normalized ground-state energy eg
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to leading order in y. Although a full description requires keeping terms up to order O(y*)
(as we show in Section 6.4 below), many essential features are correctly described in the
leading-order y = 0 limit.

6.1. Zero-coupling approximation

In the present section, we analyze the BEC regime in the zero-coupling limit y — 0
(g — 0). As we shall show, many of the essential features of the phase diagram are cap-
tured in this extreme narrow resonance limit. Although the Feshbach resonance intercon-
version term that is proportional to g is required for pairing and equilibration between
atoms and molecules, on the BEC side of the resonance the molecular density is deter-
mined by the number equation and therefore, in equilibrium, is finite even in the g — 0
limit.

To treat this limit, we change variables from A (which vanishes at g — 0) to the normal-
ized molecular condensate order parameter B=14 /+/7- The physical molecular boson den-
sity n,,, is related to B via

ny = |BI* = N(er)er| B = et B, (180)

where for simplicity we have taken B to be real. Inserting this variable change into Eq.
(107), we find, expanding to leading order in small y:

h

e = B*(6 — 21) —/ m(h)dh, (181)

0

where to the same order the magnetization Eq. (179) reduces to

Lay 2. s

() =5 (h = |il) 0 — i) (182)
Performing the integral over /4 in Eq. (181), we find

S RO .

eG = B(6 = 2j) — 5 (h — |} O (h — | ). (183)
The number and gap equations are then given by:

4 a2 P

3= 28+ 3 (= |a) 0 (h ~ |l), (184a)

0 = 2B(5 — 24). (184b)

In the normal (N) phase, B =0, Eq. (184b) is automatically satisfied, and the number
equation reduces to

h— || =2°7, (185)

for the normal-state chemical potential. Returning to dimensionful quantities clarifies the
meaning of Eq. (185):

(h+ )’ =26/ (186)

Since 4 + p = up, this simply states that the normal-phase spin-T density ny = %cu%/ ? s

equal to the total fermion density, n.
In the superfluid phase, B # 0, and Eqgs. (184a), (184b) give
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. 2 1/~ 32 .

B =3 |15 (- 1)) o0~ )| (187a)
, (187b)

which combine to yield

A\ 3/2 .
o 2 (L .
2 _ = - ™ ™
B=51 2<h 2) @(h 1t (188)

an expression that is only sensible when the right side is positive. What do the preceding
expressions tell us about the BEC regime at & # 0? For & < |5\ /2, corresponding to Zeeman
field less than the molecular binding energy, B2 = 2 /3, which, in dimensionful units, gives
the molecular density n,, = n/2. This is the usual singlet molecular superfluid (SF) phase in
the BEC limit, in which all the atoms are bound into diatomic molecules [See Fig. 23(a)].
Although including nonzero interactions will deplete the molecular density somewhat,
clearly this qualitative picture will still hold.

However, for i > |5|/2 the Zeeman field exceeds the molecular binding energy, and the
molecular density continuously depletes with increasing / according to Eq. (188) as mol-
ecules break up into a fully-polarized Fermi sea with ur =%+ 8/2 >0 [see Fig. 23(b)].
Using Egs. (187b) and (182), we find the corresponding magnetization

VIRV
-\

Fig. 23. A schematic of the population of atomic states (parabolas, labeled by spin) and the molecular level (line)
in the BEC regime (6 <0) at (a) 2= 0 and (b) &> A,
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AN 3/2 A
m(ﬁ):%(A—%g @(12—%), (189)

continuously increasing from zero beyond & > |6|/2. We refer to this uniform state, consist-
ing of both condensed molecules and spin-up polarized fermions, as the magnetic super-
fluid (SFy) state.

At low energies, we expect the SFy; to be very similar to a uniform state of bosons and
one species of fermion which has been previously explored in a different context [126]. In
the present context, the SFy, state exists for h,, < h < h., with (in the y — 0 limit)

hw =8]/2, (190a)
hey =2% +8]/2, (190b)

the latter defined by where B> = 0 according to Eq. (188). The approximate linear depen-
dences of h,, and /., on & are also clearly seen (away from the unitarity point 6 = 0) in the
numerically-determined finite y = 0.1 phase diagram (Fig. 21).

Expressing Eq. (188) for B(iz) in terms of n,,, n and the physical magnetization, m:

Ny =3(n—m), (191)

further clarifies its meaning. At /,,, m(izm) =0 and all the atoms are confined into Bose-
condensed molecules. Applying a sufficiently large h > h,, such that up =h+6/2>0
populates the spin-up atomic band as illustrated in Fig. 23, depleting the number of
molecular bosons according to Eq. (191). At h=h,, m=n and the system is fully
polarized. As we shall see in the next sections, this simple picture of molecular bosons
depairing into free polarized atoms once the fermion band dips below the molecular level
remains qualitatively correct for y > 0.

6.2. Weak-coupling description of SFy; state

In the present section, we extend the above y — 0 analysis to higher order in y. As we
will show, the qualitative picture of the preceding subsection remains the same: A deple-
tion of the condensate (and concomitant population of the spin-T Fermi sea) with increas-
ing h starting at %, with a continuous depletion until /., beyond which the molecular
density vanishes and all the atoms occupy the spin-T band. The properties of the homo-
geneous magnetic superfluid SFy;, that consists of a molecular superfluid and a spin-T Fer-
mi sea, remain the same. The major qualitative modification from the preceding section is
the continuation of the first-order phase transition curve ilcl (3), that we found in Section 5,
into the BEC regime. Recall that, on the positive-detuning side of the resonance, izcl (9)
denotes the chemical potential difference above which the SF phase is unstable, via a
first-order transition, to phase separation. At fixed polarization, this translates to
AN, =0: For any AN # 0 in the BCS regime the system phase separates.

As we shall see, in the BEC regime at moderate negative detunings, the SFy; state is
similarly unstable to phase separation at h.;. However, since the SFy; state is polarized,
the corresponding fixed-polarization boundary AN, #0. Remarkably, our naive formula
for /., Eq. (190b), remains quantitatively correct, but, close to the resonance position,
should be more generally interpreted as the chemical potential difference below which
the spin-polarized N state is unstable to phase separation. At fixed atom density n, the
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sequence of phases and regimes with increasing / is, then, SF — SFy; — PS — N. At large
negative detuning, 6 = . = —10.6¢p, h,y intersects h., so that the first-order behavior ends
and, for 6 <., we find the sequence of phases SF — SFy; — N separated by continuous
transitions.

Before computing the /. (5) curve, we first analyze the SFy; phase in more detail by
studying the O(y?) expression for eg, obtained by expanding the arguments of the integrals
in Eq. (107) in small y and evaluating the integrals term by term. We find:

6 = — 15 (h — 1) O — |i) — 128" + 3 7B, (192)
with

Valy, 6.k, i) = 21— 6 — 9/l Fa(h/|it]), (193a)

o) = s ) (193b)
where we defined the functions F>(x) and Fy(x):

Fa(x) zg+ [Vi—T-tan ' Va—T|ox-1), (194)

Fy(x) = l—é[m(x—l—Z)-i-xztan*l \/;:T}Q(x—l). (195)
To leading order in y, the number Eq. (110b) and gap Eq. (110a) equations are:

Yooy 4"\’/5 2 G [3) 00— [il) - \fm tan™" /i1 — 160 — |i). (196)

Vy =BV, (196b)

On the BEC side of the resonance the saddle-point equations approximately switch roles,
with the number equation Eq. (196a) approximately determining the boson density 32 and
the gap equation Eq. (196b) approximately determining the chemical potential ji, as can be
seen by solving these equations:

. 3/2
A =1 (=1
o2 2( ) (197a)

3 1+#(n—2tan' \/ b/t — 1>7
§+[ +\/h/|i| — 1 —tan™ \/h/|u|—l} (197b)

with the second equation determining ji(3) through 7, & 0, correct to O(y) since V4 is O(;2).

At this level of approximation, Eq. (197b) is independent of Eq. (197a) allowing us to solve
Eq. (197b) to determine ju(d) which can then be used to compute B2(5) through Eq. (197a).

To order y, jt is determined by simply iterating Eq. (197b), which amounts to inserting the
zeroth order result ji &~ §/2 into the second term. This gives to O(y)

g /\/7[ +4/20/13] 1~ tan™ 2}3/|S|—1], (198)

o= ju(5,h)
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while to the same order B2 is given by

~ P 3/2
1 — i
T | G IGO0

3 V2 -1 218 — 7
1—1—8 \5|(n 2 tan 2h/|o| — 1)

describing the condensate depletion as a function of /4 and 5.
These expressions can be easily translated to the experimentally-relevant fixed-popula-
tion ensemble. Expanding Eq. (179) to O(y), we obtain

(199)

2 X yB
2= ) =22 fagiad -, (200)

the lowest-order finite-y correction to Eq. (182). This can be turned into an O(y)
expression for the quantity (4 — | /:L|)3/ * appearing in Eq. (197a):

2 s B (3w
Z(h— ~ (= 201
3 (=) (%) (201)
B2 (3;51)1/3
i 12 , 202
2|af\ 2 (202)

where in the second line we took / ~ |ji|, valid to leading order in small /.. Since, as we
shall see, the SFy; state is generally only stable for EAN |i2|, this is approximately valid.
Inserting Eq. (202) into Eq. (197a), and using ft ~ 0/2 [correct in this expression to
O(y)] we find

B~ — " %_% 1316 (203a)
T35 () + 8% ( ~2tan"! G)T:>
" | . 1 (203b)
709 o [r -2 e

where in Eq. (203b) we used Egs. (104), (109), and (180) to express the final result for the
physical molecular density 7,,(AN). This corrects, to O(y), Eq. (191) of the preceding sec-
tion.

Finally, we consider the O(y) corrections to Egs. (190a), (190b) for h,, and h.,. The SF-
SFw transition at /1, occurs when the magnetization m(h) becomes nonzero. By examining
Eq. (179) it is clear that 4, is exactly given by

B =\ |1 + 22, (204a)
=\/|i* + 982, (204b)

with ji and B given by their values in the SF state (assuming d < Oy, so that this contin-
uous transition is not preempted by a first-order SF-N transition). Expressions for jt and B
in the SF phase are derived in Appendix C, Egs. (C.17) and (C.18). Inserting these expres-
sions into Eq. (204b), we find, to leading order in 7y (plotted in Fig. 24),
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Fig. 24. Plot of h,, the normalized chemical potential difference above which the system enters the SFy phase
(i.e., AN # 0) as a function of detuning 6. The analytical low-y prediction of Eq. (205b) (solid line) shows excellent
agreement with a numerical computation (points), here done for y =0.1.

~\/ i +27/3, (205a)

5 2 mlof?

7 —|—y<3 Wollk (205b)
where we displayed the intermediate result Eq. (205a) because it will be useful below.

To compute the upper-critical chemical potential difference /,», below which the normal

(N) state is unstable to pairing or phase separation, we note that stability of the N phase
requires 7/, < 0, so that eg has positive upward curvature at B = 0 [see Eq. (192)]. A sec-
ond-order transition to the B # 0 SF state occurs when ¥, changes sign. We shall proceed
to compute heo by finding the location of this assumed second-order N-SFy transition. How-
ever, as we shall see, for & > J. this second-order transition is preempted by a first-order tran-
sition to the regime of phase separation. We study this first-order behavior in more detail in
the next section. For now, we proceed with the second-order assumption that locates the
boundary A, to a good accuracy, as will be seen in the following sections. The corresponding
condition ¥, = 0 is actually equivalent to our O(y) expression Eq. (197b) for the gap equa-
tion. Combining this with Eq. (185) for the normal state chemical potential yields:

2 ‘5| Y 2/3 23 - 2'73
ho =227+ — 2\ hy — 27 an (206a)
2 2 / 22/3 / 22/%
ol ylo'? (m  2°/° L 20
o2 0L S —tan! S 2
+ > NG 2+ 57 tan 57) (206b)

with the second expression, obtained by approximating &., ~ 2%° +|6|/2 on the right side
of Eq. (206a), correct to O(y'). As derived, Eq. (206b) denotes the chemical potential dif-
ference at which a putative second-order N to SFy; phase transition occurs. As noted
above, this only occurs for sufficiently low detunings with a first-order transition occurring
for higher detunings. Despite this, we shall see that the critical / for the first-order insta-
bility (which we also denote /,.,) to good accuracy is given by Eq. (206b). We will demon-
strate this assertion in Section 6.3.
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6.3. Transition to the regime of phase separation

As mentioned above, the regime of phase separation we found on the BCS side of the
resonance persists into the BEC regime, bounded by the /() and /. (d) curves. A nota-
ble qualitative difference on the BEC side is the existence of a homogeneous magnetized
superfluid (SFyy) state. R

The condition for the instability of the SFy; to phase separation at fzcl(é) is of course
precisely the same as we used on the BCS side: a first-order transition to the N phase in
the grand-canonical ensemble at fixed / and ji. Although finding the location of this
first-order transition is most accurately done by examining the precise structure of the
ground-state energy as a function of applied chemical potential difference, to a good
approximation it is signaled by a vanishing of the molecular scattering length «,,. To show
this, we compute the molecular scattering length by using its relation a, = 2-T,, to the
molecular 7-matrix T, [114], the latter given to leading order (i.e. the Born approxima-
tion) by the diagram in Fig. 25. Direct calculation of this diagram (relegated to Appendix
E) yields

4
cg'm
ay =—2——Fa(h/|u), 207
i) (207)
2 2, 42
:L’fo’ Fu(h/|u)). (208)
64|u["\/m

involving the function Fy(x) [defined in Eq. (195)] that we have already introduced in the
definition of the quartic term ¥, in the ground-state energy Eq. (192). This relation to 7, is
expected as a,,, measures the repulsion between molecular bosons.

Stability of a molecular Bose gas requires a,, > 0. [127] However, we find that while
a,(h=0)>0, it decreases monotonically with //|u| (as illustrated in Fig. 2), vanishing
at hf|u| ~ 1.30. [128] Based on a detailed analysis of eg (B, h) (see Section 6.4 below), we
associate this vanishing of a,,(h) with a first-order SF\—N transition driven by the
increased density of unpaired single-spin species atoms. Since (as discussed previously;
see Section 5.3) at fixed atom number the system phase separates at such a first-order tran-
sition we identify this critical h with /.,. Combining the value x ~ 1.30 at which F4(x) van-
ishes with the relation ji ~ 0/2 that is valid in the SFy; state, we find

Fig. 25. Feynman diagram corresponding to the molecular scattering amplitude, with the solid lines indicating
fermionic atom propagators and the dashed lines indicating scattering molecules.
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hey =~ 1.30[f1(n, 0)], (209a)
~ 0.65/0)], (209b)

At sufficiently negative 0, k., (8) intersects he(d). Using the O(;°) result Eq. (190b) for .,
we find the corresponding detuning

22/3

o~ g5~ 106, (210)

The implication of this is that, for 5 < 51., the molecular bosons in the SFy; phase are
repulsive for any & (and thus are stable). For 6 < d,, the SFy undergoes a continuous tran-
sition at /i, to a fully-polarized atomic gas.

In the more experimentally-relevant ensemble of fixed atom numbers, we translate /.,
to the lower critical polarization AN, at which the SFy; state is unstable to phase separa-
tion. Using Eq. (209b) along with Eqgs. (182) and (109) (as well as ji ~ §/2) we find

AN, 1 -
x‘l ~ 5015715, (211a)

~ 0.029]5)**. (211b)

We next turn to a more detailed demonstration of the preceding discussion by a careful
analysis of the ground-state energy eg.

6.4. Detailed analysis of the SF-SFy; and SFy\—N transitions

In the present section, we present a more precise determination of the first-order transition
instability described in the preceding subsection. Doing so will provide more accurate (in y)
predictions for /. (8), AN (8) and A (6) (note that, as found for sufficiently low detuning on
the BCS side, AN, = 1 on the BEC side), as well as a ‘more complete descrlptlon of the first-
order SFy—N transition. We start by expanding e (B) to higher order in B:

o Ve Ve .
~ B +74B4 +?636 + O(B%), (212)

where for simplicity we have dropped a B-independent term. Here, V5 and V4 are given in
Egs. (193a), (193b) and

= eI (213a)

. 51t Vx
~wt |5 3\/)? Vx4 %6 ( —48+8x+ 10x* +15x%) | O(x — 1),

(213b)

is the the sixth-order coefficient.

6.4.1. SF-SF,, transition at h,,

We first recall that, for low & < h,, ~ |&1], it is sufficient to limit eg to quartic order in B.
Standard minimization gives a nontrivial SF solution B =V, / V, and energy
eGsr = —V?2/V, that [because of the step functions @ (h/|i| — 1)] are explicitly -indepen-
dent. Hence, i = a‘GSF = 0 as expected in the singlet SF state.
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For a more accurate description (and for later study of the SFy—-N transition; see
below) we include the 74B° term in the expansion of eg(B). Although Vs has a form sim-
ilar to ¥, and V4, namely a constant plus an /A-dependent correction that vanishes for
h < h,,, examination of Eq. (213b) reveals the function Fg(x) to be divergent at x—1". This
divergence arises from the approximate way we evaluate the integral of 71(x) (the Zeeman
energy) appearing in Eq. (107):

. - 3/2
/dh“ i) /df/(\/ sz—|,a|) , (214)
hﬂ‘l

perturbatively in yB?/(h% — ji2). Recall that h, = \/ji® + yl?z Hence, strictly speaking we
should only use these expressions in the regime where yB2/ (h2 Az) < 1.

To elucidate the nature of the transition exhibited by eG(B7 h, 5), Eq. (212), we deter-
mine the location of its minima, given by

0=—VB+ VB + VB, (215)

which (in addition to the trivial stationary point at B = 0 corresponding to the N state) has
two nontrivial solutions

N V ~ ~
Bi:zV“ [ 1ﬁ:\/1+4V2V6/V§}, (216)

6

that yield physical stationary points of eg only when the right side of Eq. (216) is real and
positive.

For sufficiently weak chemical potential difference, / < h,,, the Landau expansion coef-
ficients are V> > 0, /4 > 0 and V¢ < 0. Hence as long as 4172|f/6| < IA/ﬁ, the + and — solu-
tions in Eq. (216) correspond to a minimum and a maximum, respectively with the
complete shape illustrated in Fig. 26 (dashed line). By plotting the numerical solution of
the non-Taylor expanded expression for eg in Eq. (107) for this range of parameters
(5 <0, h<h,,) and comparing with the quartic and sixth order (in B) approximation to
eg, it is clear that while the + solution minimum represents the physical, stable singlet-
SF ground state, the — solution maximum is simply an artifact of truncation of eg at sixth

€a
0.015

0.005

/
e
1
Fig. 26. Plot of eg as a function of B for / < h,,, comparing fourth-order (dot-dashed), sixth-order (dashed) and

exact numerical (solid) expressions. The sixth-order case approximates well the physical minimum at low B but
has a maximum at larger B that is an artifact of the sixth-order truncation.
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order. However, the + solution provides an accurate approximation to the true SF min-
imum, as shown in Fig. 26.

The SF-SFy transition occurs at /,, ~ |&t|. For h>h,, two qualitative changes take
place in the coefficients ¥/, (h d). First, because of the positive argument of the step func-
tions, the coefficients ¥, (k, ) and therefore the minimum superfluid solution B, and the
corresponding energy eg(B+) become nontrivial functions of the chemical potential differ-
ence h. This then immediately gives a finite magnetization (population imbalance)
m = —deg /dh # 0, characteristic of the SFy ground state. Second, for h> h,, the coeffi-
cient ¢ > 0. Hence the shape of the eg(B) function and the corresponding nature of
the transition out of the SFy, state (SFy; - N transition) are determined by the signs of
the 7, and V, coefficients.

6.4.2. Second-order SF N transition: 5 < 30

Generically a transition is continuous if there is only a single minimum in the energy
function that vanishes continuously as a parameter is tuned. As can be seen from Eq.
(216), this is possible for eG(l:R) when 774 > 0 and V¢ > 0, in which case

L v —
B, =B, = # [\/1 + 4V, Ve VE — 1}, (217)
6

(which vanishes continuously as 7/, — 0) characterizes the SFy; state while B2 < 0 and
therefore no longer corresponds to an extremum of eg, as B_ is complex.

The evolution of eg(B) with ¥, for such a continuous transition is illustrated in Fig. 27.
The continuous SFy—N transition is then determined by the vanishing of 7, (k,d) when
the SFy minimum at B, vanishes into the normal state maximum at B = 0, with this tak-
ing place at A, satisfying

2,ué

Il

At fixed imposed density, the condition of V4(he,d) > 0 for such a continuous transition is
satisfied for & < 8, with 0, approximately given by Eq. (210). When combined with the

Fa(he/|f) = (218)

€qg
0.0001 d
C
b
a
: 1
-0.0001

Fig. 27. Evolution of the BEC-regime normalized ground state energy eG( ) Eq. (212), for parameters such that
a continuous SFy; — N transition occurs. Here, y = 0.1, 5=-2, it = —0.924. For curves a, b, and ¢, i </, with
h=1.0,1.007, and 1.014, respectively, and the minimum at B # 0 represents the SFy phase. For curve d,
71 =1.020 > /. and the minimum is at B = 0.
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normal-state chemical potential Eq. (185), this /. is equal to fzcz(é) that we have previously
calculated Eq. (206b), plotted in the phase diagram (see Figs. 1 and 21). As discussed
above, this transition corresponds to a point at which all of the molecules have dissociated
into a fully polarized (single species) gas of atoms, with the molecular condensate n,,,
characteristic of the SFy; state, vanishing. As such, experimentally (where it is AN rather
than /4 that is controlled), the fully polarized normal state corresponds to a single point
AN/N = 1.

6.4.3. First-order SFyN transition. 9. <A3 <A3M

In contrast to the above behavior, for é > ¢, at fixed density, the continuous transition
at 7, =0 [given by h., Eq. (218)] is preempted by a first-order transition. This happens
because V4(h d) changes sign (with eg(B) still well-defined, stabilized at large B by the
positive V¢ term), becoming negative before ¥, has a chance to vanish. We note that as
long as V>0 (and Ve >0, valid for V¢ > 0, valid for h o~ fz that we are considering
here), independent of the sign of ¥/, there is a single B # 0 minimum of Eq. (216) that char-
acterizes the SFy, state. However, for 7/, > 0 the SFy; state is given by B, solution, while,
for ¥, < 0, it is the B_ solution that corresponds to the SFy; phase. The change in this
behavior takes place when 7, = 0, corresponding to

h, ~ 130, (219)

[which, incidentally, is the O(;°) approximation to /. given in Eq. (209a)]
and Es]:?* = B,(f/4 = 0) = (176/172)1/4-

Once 7, < 0, as illustrated in Fig. 28, the shape of ec(B ) changes quahtatlvely when 7,
changes sign. With both 7/, and ¥/, negative the normal-state extremum at B = 0 turns into
a local minimum. (Compare curves a and b in Fig. 28.) Concomitantly, both extrema in Eq.
(216) become important, with the B, solution giving the barrier (maximum) separating the
SEum B_ minimum from the normal-state minimum at B =0. Atlow i < h, (but larger than
h «), the energy eG( _) of the SFy; minimum is lower than that of the normal state (for which
e = 0) and the SFy; remains a stable ground state. However, with increasing /1 the SFy; min-
imum rises and reaches the normal-state energy at the first-order condition

Sel

0.001

-0.001

Fig. 28. Evolution of the BEC-regime normalized ground-state energy eq(B) Eq. (212), for parameters such that
a first-order SFy; — N transition occurs. Here, y = 0.1, 6 = —2, it = —0.921 and / takes four different values: (a)
h=1.317, so that V, >0 and V4, <0, (b) #=1.322, so that V, <0 and V, <0, (¢) h=1.325=h,, and (d)
h=1.326> h,.
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0= VB> +1V,B* +1VBS, (220)
giving

Vi=—4VsB, (221a)
or, equivalently (including arguments for clarity),

P 3 .

as the condition for the critical point fzc(é, ) of the first-order SFy-N transition.

As is usual for first-order transitions and as discussed in Section 5 for the BCS regime,
the state of the system for /> /. is determined by whether the system is kept at fixed
chemical potential or at fixed average density (atom number). For the former case the
system simply jumps from the SFy; to the normal (fully spin-polarized) state, and the
density and magnetization are free to adjust discontinuously to this sudden change in state
at h,.

On the other hand, for atom number fixed at &, a discontinuous change of state is not
an option available to the system as this would require a change in N (and AN) that are
fixed. As explained in Section 5.3, upon increasing h, the system tunes its chemical
potential to remain on the critical curve fzc(é, {) and instead phase separates into coexis-
ting SFy; and normal states, in proportions so as to satisfy the imposed total number
constraint.

We conclude this subsection by noting that the regime of phase separation (PS) at neg-
ative detuning consists of SFy—N coexistence only for sufficiently low 6. At larger o, the
SFy phase ceases to exist and the coexistence is between N and SF phases (as we find at
low detunings in the BCS regime). To determine the boundary separating these possibili-
ties, we note that, in the regime of phase separation, 4 = fzc( i) with h, approximately given
by Eq. (221b). Implementing the constraint 4/3 = xisg + (1 — x)iin (Where here SF can
refer to the SF or SFy states) allows us to study, numerically, the negative-detuning
PS regime. The dashed line in Fig. 21 denotes where, in the PS regime, /. = h,, (indicating
a continuous SF-SFy; transition inside the PS regime) and the dashed line in the fixed-
polarization phase diagram Fig. 22 is thus obtained by converting this / boundary to
polarization AN/N.

6.5. Finite y corrections to the SFy—N phase-separation boundaries

Here, we use results of the previous section for the SFy—N first-order transition (occur-
ring for . < d < dy) to compute the phase-separation boundaries, correcting our previ-
ous O(y") results. At fixed chemical potential difference (rather than polarization), the
boundaries are A (d) and h.(d), to zeroth order in y given by Egs. (209b) and (190b),
respectively.

First focusing on A (3), corrections to its zeroth order expression Eq. (209b) have two
sources. One is the correction to the approximation of the chemical potential by it = /2,
only valid to O(y°). The other source of approximation is the location of the transition by
V4 =0, that is more accurately given by Eq. (221D).

To determine ,u((S h) more accurately we turn to its defining equation, Eq. (197b), that
can be written as
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5= 2jt= =V | il = 1= a1 (222)

To first order in y and near h.y (of interest to us) Eq. (222) can be considerably simplified
by replacing /1 by h.;, with the latter approximated by its zeroth order value in y, Eq.
(209a). This gives

S— 2~ 7%70.047%/\[1, (223)

which, when solved for i gives

>

N . 1 —\ 2
o 1000) = = g (rm e+ 3281) (224)

where 7’ = y[1 + 2(0.047)/x].

The second correction to /,; comes from using the proper equation, Eq. (221a), (rather
than 7, = 0) as the locatlon of the first- order transition and the lower-field phase bound-
ary h.1(6). We write hey = hc1 + hill), with hc1 the O(y") expression given by Eq. (209a) and
hcl the correction of O(y). Using Egs. (193b) and (213a), as well as the O(}°) expression
for B2 [i.e. Eq. (188)] along with Eq. (221a) leads to

8’)) |: 1 ~(0) :|
— 1 —=(h, F
it |12 o

WS
||

7.(0 7(1
by + by
|

Fy

] (225)

where on the right side we neglected n o » valid to order O(y). Expanding the left-hand side
1n small /'), and using the fact that Fa[h® 910l = F4[1.30] = 0 (Eq. (209a) above),
F'4[1.30] = —0.74 and F¢[1.30]=0.134, we find

oy 0.154y

WY ~ [1—0.082|1*, (226)
|id
yielding
0.154y
b~ 13007+ = 11— 0.082|a). (227)
Now using ji(d) in Eq. (227) we finally obtain to O(y)

. R 0.308
e (8) ~ 1.30[21 (8)] + 12

[1—0.029]5]*7], (228)

that we plot in Fig. 29, as a function of detuning J (on the BEC side of § < 0) and compare
it to a numerical determination of /1., directly from the full ground-state energy Eq. (107).

Also, as illustrated in Fig. 30, for & = —2, the linear decrease of /. with i increasing y
exhibited in Eq. (228) also compares well for small y with the y dependence of the numer-
ical solution (points). We expect the resulting increase in the regime of phase separation to
remain qualitatively correct beyond this narrow-resonance (y < 1) limit.

The above result for A (d) can be easily translated into a critical polarization AN,(d)
that is relevant for fixed spin-species number difference (fixed polarization) by inserting
he1, i(d) and B? inside m(h), Eq. (179), that gives for the lower-critical polarization
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-10 -8 -6 -4 -2

Fig. 29. Plot of &, (;3, y = 0.1), the normalized lower chemical potential difference above which the system enters
the regime of phase separation. The points are a numerical computation and the solid line is Eq. (228).

5
0.05 0.1 0.15

Fig. 30. Plot of /. (d,7) at one particular detuning (5 = —2) as a function of resonance width parameter 7.

3
AN, 1( [, 2 ) ’
N =3 (\/ ey =3 (1= 0.029]5) - ﬂ<‘>|>, (229)
above which the system phase separates into coexisting SFy and N states.

We can also use Eq. (228) to compute the critical detuning ,, beyond which the SFy
phase ceases to exist and the PS is replaced by N-SF coexistence (as on the BCS side of the
Feshbach resonance). It is determined by the point where 4,,(3) and /. (d) intersect, i.e.,
fzm(SM) = fzcl(éM), or equivalently AN, (5M) = 0. Using the former condition, to O(y)
we find

2
1.69|f1* 4 0.407[1 — 0.082|i*"*] = |a* + 3 (230)

that gives to leading order in y

s = —0.62./7, (231)
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for the chemical potential at this intersection. Using the zeroth order relation i = 3/ 2
gives, to leading order in 7y,

o ~ —1.24,/7, (232)

a result that compares favorably (see Fig. 21) with the numerical solution (solid point).

We turn next to the calculation of the upper-critical boundary, hLz((S) of the phase-sep-
aration region. This is defined by where the normal-state chemical potential
fin(h,n) = 2** — h (Eq. (185)) intersects the first-order condition Eq. (221b). This yields
the self-consistent set of equations

s o7 ~ 3 IA/ﬁl[ljlc‘ZvlaN]z
V2 [5, h027 ,UN] T iy s — (233&)
16 Velhea, itn]
fin =2 — he, (233b)

an expression that applies for 6 > . (where the sixth-order expansion applies). Recall that,
close to the first-order transition /., 4 vanishes allowing a secondary minimum in eg to
form at B = 0. This vanishing implies that the right side of Eq. (233a) is numerically small
near /. and may therefore be neglected (despite being formally of the same order in 7 as the
left side). This reduces Eq. (233a) to our previous approximate result Eq. (206b), derived
assuming a second-order SFy—N transition at the point where //, changes sign, and shows
why Eq. (206b) accurately determines /., even in the first-order regime, as shown in
Fig. 31.

In fact, Eq. (233a) shows that the true /., is slightly higher than that predicted by
V5, =0, since ¥, <0 in the N state and the right side is negative. This is as expected,
as the first-order transition (that takes place for 6 > §.) always precedes the spinodal
point 7, = 0 at which the metastability of the normal state is lost.

6.6. Fixed chemical potential

Having determined the BEC-regime phase diagram for the physically-relevant case of
fixed total atom density and population difference, for completeness in the present section

>
0
N

/NN W U1 oy

0

-10 -8 -6 -4 -2

Fig. 31. Plot of h.(3), the normalized upper-critical chemical potential difference above which the system enters
the normal (N) phase. The points are a numerical computation and the solid line is Eq. (206b).
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we compute the phase diagram in the grand-canonical ensemble of fixed i and A. Of
course, in the grand-canonical ensemble there is no regime of phase separation. Thus,
our main task is to find the critical curves for the first- and second-order phase transitions,
focusing on the physically interesting regime of jt near 6/2. This can be done by utilizing
results derived in Sections 6.4.2 and 6.4.3. Starting in the singlet SF state at 7 = 0, char-
acterized by an effective bosonic chemical potential fi,, = 2/t — o+ O(y), and lowering jt
from > 0/2 + O(y) to < 6/2 + O(y), the system undergoes a continuous transition from
a molecular SF to a vacuum of molecules (and atoms, since it < 0). More generally it is
defined by the vanishing of the quadratic coefficient V/,[d, h, fi], giving

(6, h < hy) = 614< ym+ /(o )2+32€5|>. (234)

Since, for small / < h,,, the Landau coefficients 7/, are h-independent, the above result
holds at /i < h,,, leading to a strictly vertical SF-vacuum phase boundary (see Fig. 32).

Starting in this vacuum state (it < ji.), with increasing / the system undergoes a
transition to the spin-polarized N state as fi; changes from negative to positive leading
to a finite density of spin-up fermions (but still B = 0, since i < ji.). We indicate this phase
boundary in Fig. 32 by a (nearly) horizontal line.

Starting instead in the SF state at ji > i, and increasing /, a continuous SF-SFy; tran-
sition takes place as 7 becomes nonzero at 4, Using Eq. (204b) for £, (approximately
equal to |ii| near the SF-to-Vacuum transition but strongly deviating from it at larger
it) along with Eq. (216), Ei, for the normalized molecular density, yields the SF-to-SFy
boundary shown in Fig. 32.

As discussed in Section 6.4 there are two possibilities for exiting the resulting SFy; state
into the N state. (i) If 7/, changes sign (from positive to negative) before V4 becomes neg-
ative, the SFy—N transition is second-order, and given by Eq. (218). (ii) If 7, becomes
negative while ¥, is still positive, then the SFy—N transition is first-order. The tricritical

h
1.4
2 Spin-Polarized N
1 SFm

0.8

0.6 SF
0.4 Vacuum

0.2

-0.928 -0.924 -0.92
Fig. 32. Negative-detuning phase diagram in the grand-canonical ensemble at detuning 4 = —2 and width y=0.1

showing superfluid (SF), magnetic superfluid (SFy, thin region indicated by arrow), vacuum and normal spin-T
phases. Black curves are continuous transitions and the gray curve is a first-order transition. The SFy; phase
undergoes either a continuous [to the left of the red point at (—0.922,1.20)] or first-order [to the right of the red
point] transition to the N phase. To the right of the purple point at (—0.9206,1.36), the SFy, phase ceases to exist
and there is a direct first-order SF-to-N transition. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this paper.)
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point [129] (whose existence was also recently confirmed and extended to finite tempera-
ture in Ref. [78]) V. ( ., i) = 0 separating these two scenarios is indicated by a red solid
point, with 4 < 0 (and transition first-order) and ¥, > 0 (and transition second-order)
to the right and left of this point, respectively. The gray curve indicates the first-order
SFy-to-N transition [computed using Eq. (221b)].

At larger fi, to the right on the figure, /,, intersects the first-order curve at the purple
point at (—.9206,1.36). To the right of this point, the SFy; phase ceases to exist and there
is a direct SF-to-N first-order transition. Note that, in this regime, our sixth-order approx-
imation begins to be quantitatively invalid. However, this basic qualitative picture can be
validated by directly (numerically) minimizing the full normalized ground-state energy Eq.
(107).

6.7. Bogoliubov sound velocity in SFy; phase

In our earlier computation of eg(B), Eq. (192), among other quantities, we have
obtained an effective four-boson coupling V4(h 5) that at zero molecular density is equiv-
alent to the molecular T-matrix proportional to the molecular scattering amplitude. Thus,
174(51 0) is related to the molecular scattering length «,,, which is a measure of the effective
molecular interaction induced by the Feshbach resonance coupling to atoms. We have
found that, inside the SFy; phase, V4(h,d) is positive but decreases with increasing /
and in fact nearly (to O(y)) vanishes at the boundary k. (5) to phase separation; see
Eq. (209b) and the discussion in Section 6.3. Physically this represents a repulsive molec-
ular Bose gas whose two-body repulsion nearly vanishes with increasing h at the transition
to phase separation at /().

A striking observable consequence of this is a concomitant suppression of the Bogo-
liubov sound velocity u(3,/) with increasing h or population difference AN. The simplest

way to obtain u is to use the standard result [117]
1 opP

w=——:, 235

2m 9|B|? (235)

(recall the boson mass is 2m), where P is the pressure.
Since the grand-canonical energy Eg is equal to —PJ with V' the system volume, we
have, plugging B> ~ V,/V, into Eq. (212) (neglecting V),

L pip
2N(ep) ¥

P= (236)

where for clarity we have temporarily reverted to dimensionful quantities. Evaluating the
derivative, and reverting back to the dimensionless boson density B> = B*/ ce%/ ? we have

2 B2
Yy meRB P
= WF4(}1/|N|)- (237)

As we are primarily interested in fixed density, we insert the ﬁxed-densityAexpressions
ft~ 6/2 [valid to O(y) on the BEC side of the resonance] and Eq. (188) for B2, yielding

AN\ 3/2 N N

1(. |9 15| 2h

2~ g2 _Z _ = _ 2 =
W~ |1 2<h 2) @( 5 || Fs 5) (238)
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Fig. 33. Bogoliubov sound velocity u/uq as a function of polarization for the case §=-3.

with u, the Bogoliubov sound velocity for & =0 (i.e., in the SF phase)

23/4 ,‘
_2Vm e (239)
8v3 [5Y

Finally converting to fixed total density and population difference, we have

[[ AN 27 (AN
U >~ U N 4( +|5| (N) ) (240)

for the sound velocity as a function of applied polarization. Note that there are two ways u
can vanish with increasing AN, depending on whether the detuning is larger or smaller
than J., and, correspondingly, whether the transition is first or second order. For
0> 0. u (nearly; see Ref. [130]) vanishes at the first-order instability of the SFy, state
to phase separation, when Fy vanishes, as we have already discussed. For d < ., however,
F4 remains positive at the second-order SFy, to N transition. In this case, # vanishes at this
second-order transition simply because the molecular density vanishes as AN — N.

In Fig. 33, we plot u/uq as a function of AN/N for the case 6 = —3 and y = 0.1, showing
its suppression near the first-order transition at % ~ 0.133, where it exhibits a jump dis-
continuity to zero (before ¥4(AN) actually vanishes [130]) upon entering the PS regime.

7. FFLO state of two-channel model

Until this point, we have focused on ground states of the two-channel Hamiltonian Eq.
(61) assuming Q = 0 pairing. However, it is well-known [86,87] that the BCS model (which
our model corresponds to in the large positive detuning limit) under applied chemical
potential difference possesses an alternative minimum, characterized by both periodic
off-diagonal long-range pairing order and nonzero magnetization. Such states, which we
generally refer to as FFLO states, break translational and rotational symmetries (and
hence are examples of a supersolid [96-99]) and exhibit a compromise between the tenden-
cy to pair (due to attractive interactions) and the tendency to magnetize (due to the applied
chemical potential difference 4).

As we will show, deep in the BCS regime ¢ > 2eg, where the resonant two-channel
model reduces to the BCS model, we reproduce well-known results in the literature
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[86,87]. Our main contribution is the extension of these results on FFLO ground states to a
resonant model at arbitrary detuning 6. We thereby predict the evolution of the FFLO
state [i.e., we predict Q(d,/h) and the FFLO phase boundary] for ¢ outside the well-studied
BCS regime. In terms of the phase diagram, our main prediction is that the FFLO state is
unstable, i.e., squeezed out by the phase-separation regime and the normal state, for
0 <9, = 2ep.

As we have already noted, we expect that FFLO-type ground states of Eq. (61) are ade-
quately modeled [102] by assuming single-harmonic pairing, namely taking the pairing
order to be A(r) = AQeiQ". With this assumption, it is straightforward (as we already have
done in Section 4) to find the ground state energy Eg(4¢,Q) as a function of wavevector Q
and gap A4q, and then to minimize Eg(4¢,Q) over these parameters.

Our analysis is very similar to that of FF [86], though generalized to the present two-
channel resonant Hamiltonian Eq. (61). Thus, our results differ from those of FF only
away from the deep BCS limit. For ¢ > 2¢r, however, our results map onto those of
FF, finding that, instead of a phase transition from the SF to the N state at
he ~ Agcs/ V2 (see Fig. 1), the FFLO state intervenes, so that there is a first-order SF
to FFLO transition, followed by a second-order [105] FFLO to N transition at /g o.

We now determine the region of the phase diagram in which the FFLO state has the
lowest energy. The governing (variational) ground-state energy is given by Eq. (75) that
we redisplay here for convenience:

E(40,Q) = (245, -2 Yo N~
clde, *<2 0 “)gz 2,;( =)

+ ZEk(l + O(=Ey) — O(Ey))))

+ Zk: (%—Fh) (1= O(=Ex) — O(Ex)). (241)

For the Q = 0 case, we have already evaluated the first momentum sum appearing in Eq.
(241). Examining Egs. (74a) and (74b) reveals that, for this sum, having Q # 0 simply shifts
the chemical potential u — jt = u — Q%/8m. The remaining “excluded” sums in Eq. (241)
(second and third lines) can also be evaluated [within the standard approximation of
replacing N(e) — N(eg), valid in the atomic degenerate limit of A/u < 1] following FF;
we do this in Appendix F. This yields

15 2 4 2 8e 2
~ 2
N (HZAQ
20
where [(x) is given by

I(x) = {%(xz DYV -1 +xcosh_1x} O@kx—1), (243)

8 A2 A2 A2 A
EG%—N(,Zt)[t2+(€Q+(5—2u)g(;+2N(/])<—Q—i—an Q

[[(Q+h)—I(h— Q) +1(0—h)], (242)

and, using notation similar to that of FF, we have defined the rescaled wavevector 0 and
chemical potential difference 4:
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k0

0=o (244a)
_ ok
h= e (244b)

with kr = \/2ZmJi the Fermi wavevector associated with the shifted chemical potential. We
note that Eg, Eq. (242), is consistent with FF, differing only in the ¢, term that accounts
for the molecular kinetic energy absent in the BCS-like model of FF.

From this point on, the determination of the phase diagram and the corresponding
phases is conceptually simple, given by the minimization of Eg(4¢,Q) with respect to Q
and 4q (while satisfying the total number constraint). However, because the general struc-
ture of Eq. (242) is quite complicated, to do this generally is technically challenging and
best done numerically. Nevertheless, analytical solutions are possible in a number of
important limits.

We now briefly overview the structure of Eg(Aqg,Q), Eq. (242). At small O, only the
terms o< [[(Q + h) — I(h — Q)] are nonzero; in the Q — 0 limit these conspire so that Eq.
(242) reduces to our previous result Eq. (118), from Section 5.2. At small /4, the SF state
studied in that section is still a stable minimum of Eq. (242) at Ag = Apcs, Q =0, and
remains so until the critical chemical potential difference /. (that is remarkably close to
the critical / studied in Section 5.2, approximated by /. ~ Agcs/v/2). Already below A,
EG(Ag.Q) exhibits a secondary local minimum at the FFLO-state (Aqg,Q) and, for
h> h,, there is a first-order transition into this magnetized finite-Q FFLO state that is
nearly degenerate with the Ag = 0 normal state. The FFLO state is only stable for a nar-
row window of / values (and sufficiently large detuning), undergoing a continuous transi-
tion to the N state at /gpLo.

7.1. Second-order N-FFLO transition

Before studying the first-order SF-FFLO transition, it is convenient to first look at the
simpler transition from the N state, that takes place upon lowering /4 from a large value.
As was first shown by FF [86], this N-FFLO transition is in fact continuous in mean-field
theory [105] of the standard Landau type.

This is possible because, for sufficiently large Q and small Ag, the excluded-sum terms
[i.e. the last line of Eq. (242)] convert the double minimum form of Eg(4q) (characteristic
of the first-order transition that would take place at Q = 0) to a single, /,0-dependent min-
imum that leads to a continuous N-FFLO transition.

The continuous nature of the N-FFLO transition allows us to accurately study its
details by expanding Eq(4q,Q) in small Aq. Since we expect the transition to take place
at finite / (that we call /ippLo) and finite Q, its Landau expansion in small Ag is charac-
terized by the large O, 4 limit as both are proportional to 1/Aq according to Eqs. (244a),
(244b). As we will verify a posteriori, the existence of the continuous N-FFLO transition
furthermore requires, near hgpgro, the system to be in the “doubly-depaired” (or “D”)
regime (in the notation of FF), characterized by O+ /4 > 1 and O —h > 1, i.e., a regime
in which excluded-sum contributions for both atom species (spin up and down) are non-
zero. In this regime, the term o< I(h — Q) vanishes and, to leading order, the other two
excluded-sum terms give
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HQ+1)+1(Q~F) ~ ~ 20"~ 20F ~ 0+ 0 4@ + (@ ~ )

O+h ( 0 )
hln ——— 245
s\ oR) (245)
where we utilized the expansion of I(x) for large value of its argument:
16 ~ 06— D= 4 (=2 mar)es (246)
VPR 3 2 T8y

As we will see, the above expansion Eq. (245) [to be used inside Eq. (242)] is sufficient to
get a Landau expansion of Eg(4q,Q) up to fourth order in 4q, required to capture the
second-order N-FFLO transition. We furthermore expand the first term in Eq. (242) in
small Q, finding

8

15 ~ —=N(u ),u +3 N( )Q Az (247)

SNWE ~ =

It is easy to convince oneself that to lowest order necessary to capture this transition, in all
other terms i can be approximated by its unshifted (Q = 0) value pu. Now, reverting to our
dimensionless variables ZIQ, fi, and / [defined in Egs. (105a), (105b), (105¢), (105d), (105¢)],
defining a new dimensionless momentum

)= \/ﬁ% (248)

and combining Eqgs. (247) and (245) inside Eg, Eq. (242), we obtain the sought-after quar-
tic (in 4¢) Landau expansion for the normalized ground-state energy eg Eq. (105¢):

oG ~ — S 2 704
¢ 15 20l
ay oy Ay 4O+ RO —h)  hAY h Ay 1
+\/ﬁ—Aé—h2+—an%+ n Q7 +2-
2 Acs 20 0-h 8-
(249)
where we used the zero-field (h = 0) BCS gap
Apcs = 8672%7771(572’2)/\/’3» (250)

to simplify the final expression. We note that in eg, Eq. (249), an important cancellation of
the nonanalytic AZ In AQ terms has taken place. Namely, the A2 In AQ term, characteriz-
ing the 7 = 0 BCS ground state energy (guaranteeing that a contmuum h =0 degenerate
Fermi gas with arbitrarily weak attractive interactions is always unstable to paired
superfluidity) is exactly canceled by such a term arising from the finite- excluded-sum
contribution.

Minimizing Eg over Aq (the gap equation), Q (which ensures that the total momentum
vanishes in equilibrium [89]) and differentiating with respect to i [to obtain the number
equation, Eq. (110b)] we obtain near the N-FFLO transition
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. . v 1h? 4P —-1) 1 a+1
2202~ 1) |2 - L2 T — i (251a)
Q ~ )
3/2 A A A—=1
172
'R, 1 i+1
0~ 7 41 2iln/l_l, (251b)
4 4A3/2 -12 P
—~ 2y A 251
3= Y Q+2\/ﬁ, (251¢)

where we only kept terms to leading order in ZIQ and y and defined 1 = Q/ h. The simul-
taneous numerical solution to these equations yields AQ and Q in the FFLO phase, as well
as the critical chemical potential difference hppLO above which AQ — 0.

In Fig. 34 we plot, for y = 0.1, hippLo as a function of normalized detuning, along with
h. and h,». In Fig. 35, we plot the FFLO wavevector Q(0, ftFFLO) at the transition [Q(J, fz)
is only weakly h-dependent near the transition]. Indeed, the fact that Q is finite at the tran-
sition is consistent with our large O, & expansion above. To get an idea of the typical mag-
nitude of pairing in the FFLO phase, in Fig. 36 we plot ZlQ(é,fzcg), i.e., the strength of
pairing at the FFLO-to-phase-separation phase boundary. To gain some intuition for
these numerical results we examine analytically the solution to Egs. (251a), (251b),
(251¢) in the large detuning (6> 1) limit. In this regime, we can safely neglect the first
term of Eq. (251b), as near the transition 42 ~ hFFLO < 7, with the latter inequality arising
from simplest estimate of hepLo ~ Apcs. Our dropping of this first term in Eq. (251b) can
be traced back to a neglect of the molecular dispersion, reducing our two-channel model to
a single-channel one, equivalent to that studied by FF. With this simplification the
momentum equation reduces to:

A + 1
=1l—-—1In
0= 2/1 ’
that is solved by 4 ~ 1.200. Using this inside Eq. (251a) (neglecting the term y~'A24? /% in
the latter) gives

(252)

. . A2
A2 =~ 2R (02 — 1) In——2S 253
Q ( ) 4272 = 1) (253)

2.25 2.3 2.35 2.4

Fig. 34. Plot of the /ippLo phase boundary, along with /i, and /i, for y = 0.1, as a function of normalized
detuning 6. The FFLO phase is stable for /., </ < hgpLo, as shown in the phase diagram Fig. 1.
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Fig. 35. Plot of wavevector Q(S) of FF order, normalized to Fermi wavevector kp = pe/hfory=0.1as a function
of Feshbach resonance detuning o.
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Fig. 36. Plot of maximum gap Aq(d.h.2) in FFLO phase as a function of Feshbach resonance detuning for the
case y =0.1.

The vanishing of ZIQ(}}, 5) then determines the critical point hgpLo for the N-FFLO con-
tinuous transition

- Apcs -
hppLo ~ ————== =~ ndgcs, (254a)
2V -1
. R n*o ~
~nAg[y, o] exp 78_3)4‘% , (254b)

with the constant of proportionality # = 0.754 in (expected) agreement with FF [86]. In the
final line Eq. (254b), we used the number equation for i [Eq. (251¢), which, as expected,
precisely reduces to the N-state number equation at the transition where ZIQ — 0; cf. Eq.
(145)] to find hppy o at fixed imposed density. Here, we remind the reader that Ay is defined
in Eq. (141).

To this order of approximation (i.e., that of FF [86]) the /irpLo(d) (for the N-FFLO
transition) and h.(d) ~ Agcs(0)/v/2 (for the FFLO-SF transition; see below) phase
boundaries maintain a constant ratio as a function of 5. As we saw in Section 5.2, at fixed
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number [determined by in addition imposing Eq. (251c)] the critical curve fzc(é7 i)
splits into upper-critical and lower critical boundaries izcz(é,N )= }Azc((g, ﬂFFLo(g,N )) and
he1(6,N) = ho(3, iise(3,N)), respectively, bounding the SF-FFLO coexistence region.
For later reference we note that, because ZQ‘FFLO < Apes < y, the chemical potential
itrrLo 1n the FFLO state is accurately given by its normal state value, fiy, the latter given
by Eq. (251c), with ZIQ ~ 0, giving, at small h, IirrLo =~ 1. Just below the N-FFLO tran-
sition, the order parameter ZIQ grows in the expected generic mean-field way [86]

y hepo —h oo
QFFLO |ZFFLO for h < hgpro, 259

ABCS hFFLO

with the characteristic O reducing linearly with / according to O ~ Jh.

We now go beyond the above FF approximation for &g o (9, jt) by including the (so-far
neglected) molecular dispersion in Egs. (251a) and (251b). Combining these equations
gives the order parameter

q "2 ~2_
:2h2(22—1)[3—ilnk+1 =1

- - , 256
2. -1 Mg (256)
that, when solved simultaneously with Eq. (251b), gives the more accurate, higher-order
hrpLo(0, t) boundary. The latter is best determined numerically, as illustrated in
Fig. 34. Its new important feature [beyond the lower order result in Eq. (254a)] is
that EFFLO(E, fl) is no longer proportional to /.(d, i), crossing it [and therefore fzcz(s,N)]
at a detuning 0, (see Fig. 1), that is determined by the condition hppo(d,, ) =
fzc(é*, Q) ~ ZIBCS(S*, ft)/+/2. Inserting this condition into Eq. (256) gives A at this crossing,
which we call A,:

B 1+ S
0_3<1_zz* lni*_l)—ln 2022 -1)]. (257)

Solving Eq. (257) numerically gives A. ~ 1.159, only slightly lower than its FF value of
4= 1.200 in the asymptotic BCS regime. Inserting 4. into Eq. (251b) yields the following
implicit expression for ¢, at which Aggro = A,

l- ~12 ﬂ3/2,y 1 i* + 1
EABCS[é*wu] R In 1 1, (258a)
~ 0.094/%/%y, (258b)

with d, entering via Apcs, the BCS gap at i = 0. Using the explicit expression Eq. (120) in
Eq. (258b) and approximating fipr o = [in = 1, then gives

5, 2 —g In 0.159y, (259)

where we emphasize that, for y <1 (where the preceding expressions are valid), 5, is
bounded by 2¢g from below and is an increasing function of Feshbach resonance width
y, illustrated in Fig. 37.

Using the solution of Egs. (251a) and (251b) for A together with the definition of
A= Q/il and Eq. (248), we can obtain the wavevector Q(d,h) characterizing the FFLO
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Fig. 37. Critical detuning ¢, beyond which the FFLO phase is stable at nonzero polarization, valid for narrow
resonance (small 7).

state. Approximating h by its critical value szFLo(é) = ;721 scs and reintroducing Planck’s
constant, we find

2nidgcs

260
hUF ( )

O~

As we have mentioned, along the phase boundary fzppLo(ﬁ) a more precise numerical solu-
tion for Q(é) is given in Fig. 35. .

We close this subsection by noting that the N-FFLO phase boundary szFLo(é) can be

easily converted into a critical polarization boundary ANprLo(0) by using hprLo(0) inside

the expression for the normal-state spin imbalance AN(h), Eq. (116b). Doing this numer-

ically gives ANgg0(9), plotted along with AN, in the phase diagram Fig. 3, that for large
detuning is given by

.
A exp [—" 541;1], (261)

a result that we will estimate [along with Eq. (260)] in the context of recent experiments in
Section 10.

7.2. First-order FFLO-SF transition and associated phase separation

The FFLO state arises as a result of a delicate balance between the normal state (select-
ed by atom species imbalance) and the singlet-paired superfluid state (preferred by the
attractive pairing interaction). It is characterized by an order parameter that is significant-
ly smaller than that of a singlet BCS superfluid and by a finite magnetization m = AN/V

&k
m(h) = / G O ER) ~ O(E ) (262)

that is quite close to that of the normal state

my =~ 2c+/ph. (263)
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Hence, in many of its properties the FFLO state is quantitatively quite close to the normal
state. This is illustrated in Fig. 38 by the proximity of the FFLO energy minimum to the
normal state, Aq = 0. .

As can be seen from the evolution of eg with decreasing h below izFFLo(é,ﬁ) (see
Fig. 38b), a secondary local BCS minimum arises at finite ZIQ:() = Apcs. Upon further
decreasing h, this BCS singlet SF minimum becomes degenerate (Fig. 38a) with the FFLO

T Q

0.05 @O
0.04
0.03
0.02
0.01

Aq
0 0.01 0.02 0.03 0.04 0.05 0.06

P Q

0.05 O/FFLO
0.04
0.03
0.02

O 2N

0 0.01 0.02 0.03 0.04 0.05 0.06

Fig. 38. Contour plots of the ground-state energy Eg (darker regions denote higher Eg) as a function of the
normalized gap ZIQ and the normalized wavevector Q For (a), h> /:l(‘ so that a first-order transition from SF to
FFLO has just occurred. For (b), & < hppro, so the FFLO minimum is approaching the ZIQ =0 (N state) axis
gontir}uously and the local SF-state minimum has moved to higher energy. Note that the N phase occurs for any
Qat 49 = 0.
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one, and the resonant Fermi gas undergoes a first-order FFLO-SF transition by “jump-
ing” from the FFLO minimum to this BCS one.

From the quantitative similarity of the normal and FFLO states’ energetics, it is not
surprising that we find this FFLO-SF transition at

he(d, ju) ~ 22+1

obtained using the approximate formula Eq. (255) for the order parameter near hepLo.
This is extremely close to the N-SF first-order transition at izc(é, Q) ~ Apcs / V2~
707 Apcs, studied in Section 5, where we ignored the existence of the FFLO state, validat-
ing our approximation of /.(d,fi) by Agcs/v/2 elsewhere in this section. Consistently,
he(d, jt) is also only slightly lower than Appio (0, it) ensuring that the FFLO state is quan-
titatively indeed quite close to the normal state, occupying only a narrow sliver between
herLo(9, it) and h,(3, i) and limited to 6 > 6, ~ 2 on the phase diagram.

The analysis of the FFLO-SF first-order transition parallels our analysis in Section 5.2
for the N-SF transition (where the FFLO state was neglected). Because of the abovemen-
tioned similarity of the N and FFLO states all the results derived in Section 5.2 remain
quantitatively accurate for the true FFLO-SF transition. To recap, for fixed chemical
potentials and decreasing A, the system simply jumps at }Azf(;s) from the FFLO minimum
to the BCS SF minimum, exhibiting density and magnetization discontinuities given by
Egs. (135) and (263), respectively. The two superconducting order parameters ZIQ and
Ay characterizing the FFLO and BCS SF states, respectively, also experience jump discon-
tinuities with decreasing h at A, (5 i), with AQ jumping to 0 and Ao Jumping to the finite
BCS value dpcs. Correspondingly, Q jumps to zero as h reduced below h, (b)

In contrast, (as also discussed in detail in Section 5.3) at fixed atom density » (or num-
ber N), neither the SF nor the FFLO (nor N) states can satisfy the number equation while
remaining a global minimum of eg. Consequently, below /.,(3,N) = h(0,urrLo(N) =~ ty)
the gas phase separates into coexisting singlet-BCS SF and (at large detuning) FFLO state,
in proportions x(6,4) and 1 — x(d,h) that are well-approximated using Eq. (177). This
coexistence region is bounded from below by a lower-critical Zeeman field
he1(0,N) = h(0,usH(N)), below which the system transitions into a single-component sin-
glet SF.

We conclude this subsection by noting that, because of the existence of the 5, detuning
point on the hFFLo(é) boundary, the phase separation (PS) regime between hd(é) and
he1(8) is somewhat nontrivial. This arises from the fact that, for 6 > 4, (deep in the
BCS regime), it is the FFLO state to which the BCS SF is unstable above }Azc(éA7 ft). Thus,
at large detunings, we expect the PS to consist of SF-FFLO coexistence. For 6 < d,, on
the other hand, we expect the regime of phase separation to consist of SF-N coexistence.

Our aim is to compute the boundary separating these two types of phase-separated mix-
ture. We start by computing this boundary at fixed density and chemical potential differ-
ence, shown in Fig. 39, which can be done using a simple (approximate) argument.

Apcs ~ 0.706 Apcs, (264)

Consider a point (o, ko) = (dy/er, ho/er) inside the region of phase separation. The uni-
form phases comprising the mixture at this point must have the same detuning d, and
chemical potential difference 4, but different densities. Since both axes are normalized
to e oc n?’3, clearly such uniform phases lie on a ray emanating from the origin and inter-

secting (30,20). This implies that the homogeneous states on either side of the regime of
phase separation that intersect this ray will comprise the mixed state.
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3 (S/GF

Fig. 39. Portion of the positive-detuning phase diagram for y = 0.1 at fixed detuning é and chemical potential
difference / showing regions of normal phase (N), FFLO (along red curve), singlet superfluid (SF) and phase-
separation (shaded, PS). The dashed line connects the critical point (5*,iIFFL0(5*)) with the origin. Below the
dashed line in the shaded PS regime, the phase separation consists of coexisting SF and FFLO states, while above
the dashed line it consists of coexisting SF and N states.
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This procedure can be used to determine the composition of the mixed phase for any
point in the regime of phase separation. In Fig. 39 we have drawn a dashed line connecting
(8., hrrLo(8,)) & (2.202,.0965) with the origin. Clearly, for points inside the PS region
that are above this dashed line the coexistence is between SF and N while for points below
the dashed line it is between SF and FFLO.

Having found a simple approximate scheme [it is approximate because the location of
(3*, leFLo) is not invariant with respect to changes of the density since y is a function of eg]
to determine the boundary between SF-N coexistence and SF-FFLO coexistence, we now
obtain it in a different way, defining the boundary as the place where the N portion of the
SF-N coexistence undergoes a second-order transition (with decreasing chemical potential
difference) to the FFLO phase. The critical chemical potential difference ﬁppLo( @) at which
this occurs satisfies Egs. (251b) and (251a) with A = 0 for the latter:

~17 ~N\2 a
7" herLo (1) 5 I A+1
= 1-——1 2
0 P A+ o (265a)
NP 2 s 202
0= trroll) oy $hero(W7 (A~ 1y A+ (265b)
wr Ajes A A=

where we include the chemical-potential argument in szFLo( ) to emphasize that is distinct
from /ippro which we have already defined and which also satisfies the number equation;
instead, here we must combine it with conditions appropriate to the mixed phase.

In fact, we have already studied the gap and number equations in the PS regime, assum-
ing SF-N coexistence, in Section 5.6, where we expressed the total number constraint as an
equation for the SF fraction x in Eq. (177); along with Eq. (178) for the normalized polar-
ization and Eq. (163) (which provides the first-order condition relating x and /4 in the
mixed phase). For a particular AN/N, such a procedure yields iz(ﬂ) in the PS regime
assuming SF-N coexistence; where this crosses szFLo(ﬂ) given by Egs. (265a) and
(265b) leads to a phase boundary (plotted in Fig. 40) that marks the FFLO-N phase tran-
sition inside the PS regime.
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Fig. 40. Portion of the positive-detuning phase diagram for y = 0.1 at fixed detuning ¢ and polarization AN
showing regions of normal phase (N), FFLO (along red curve) and phase-separation (shaded, PS). Below the
dashed line, the phase separation regime consists of coexisting SF and FFLO states, while above the dashed line it
consists of coexisting SF and N states.

8. One-channel model

In the preceding sections, we have studied a resonantly-interacting Fermi gas across a
Feshbach resonance as a function of detuning and chemical potential imbalance (or,
equivalently, species asymmetry), summarized by the phase diagrams Figs. 1 and 3. We
have limited our analysis to the two-channel model, Eq. (25), for reasons discussed in Sec-
tion 3, namely, because it is characterized by a small parameter y o \/I'y/ep (with I’y the
Feshbach resonance width), that justifies, in the narrow resonance y < 1 limit, a perturba-
tive mean-field analysis across the resonance.

In contrast, the one-channel model (to which the two-channel model reduces in the
broad-resonance y > 1 limit) is characterized by a gas parameter n *la,| which diverges
in the vicinity of the resonance where kg|a] — oo. Hence, standard mean-field analysis
(uncontrolled embellishments notwithstanding) is expected to become quantitatively unre-
liable across the resonance.

However, most present-day experiments on “°’K and °Li (e.g., the Feshbach resonance
at 202 G in *°K or at 830 G in °Li) are in the broad resonance limit (see Appendix A) and
one is forced to analyze this analytically inaccessible limit. This is best done directly in a
one-channel model. Although mean-field theory on the one-channel model is not expected
to be accurate across a Feshbach resonance tuned to zero energy, it still may be a quali-
tatively correct interpolation between the deep BCS and BEC regimes where the gas
parameter n'/ 3la,| < 1. With this caveat in mind, in the present section we study, within
mean-field theory, the single-channel model as a function of polarization and detuning
(or, equivalently, s-wave scattering length «;), with our results summarized by the phase
diagrams Figs. 41 and 42 (which are in agreement with recent results [64,75,78]). Since
the one- and two-channel models are so closely related (see Section 5), many of the calcu-
lations will be very similar to ones we have already presented in the context of the two-
channel model.

We begin with the one-channel model Hamiltonian Eq. (51) in the grand-canonical
ensemble (with system volume V' =1)
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Fig. 41. Chemical potential difference, /4, vs. coupling k— phase diagram of the one-channel model showing
regimes of FFLO, superfluid (SF), magnetized superfluid (SFM) and phase separation (PS). Panel (a) is the global
phase diagram and panel (b) is a zoom-in emphasizing the FFLO regime. The thick red dot at (—2.37,6.89) in the
BEC regime is a tricritical point separating first and second order transitions. On the horizontal axes three critical

detunings are labeled: 5, = 7(/(]:(1“)71 =237, 0y = 7(k1.-asM)71 =-1.01 and 5, = 7(kpas*)7] = 0.46.
H = Z — 1), ks + 7 Z ckTC 1ChralCpals (266)
kqp

applying a standard mean-field analysis, by first assuming an expectation value

e (r)e () = Aqe™®”, (267)
corresponding to pair condensation at a single wavevector Q, with Ag and Q to be self-

consistently determined. With this mean-field assumption, H, Eq. (266), reduces to the
standard BCS mean-field form:

| 4o/’ A T st ot
4 —ug)ckackﬁ; A9698 1,9 T, 0. 040 ) (268)

With the identification of Aq with gBg, its main distinctions from the two-channel model
Eq. (62) are the lack of any dispersion in the Aq field [with —)7" replacing
g *(3€p + g — 2p)] and the fact that the total atom-number constraint here involves only
N = ZkJ(cI{Jcka) rather than the analogous Eq. (77).

H=—
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Fig. 42. Polarization AN/N vs. coupling /:,% phase diagram of the one-channel model showing regimes of FFLO,
superfluid (SF), magnetized superfluid (SFy;), and phase separation (PS). As in the preceding figure, panel (a) is
the global phase diagram, panel (b) is a zoom-in emphasizing the FFLO regime, and on the horizontal axes the
three critical detunings 5, = —2.37, 8y = —1.01, and 5, = 0.46 are labeled. Note that here (in contrast to a
narrow Feshbach resonance y < 1, Fig. 3) at unitarity, (kpas)’l =0, the boundary between N and PS is at
AN/N = 0.93 < 1, consistent with experiments [30].

As for the two-channel model, after this mean-field approximation (treating Ag as a
c-number), everything else can be in principle computed exactly because the model is
quadratic in fermion operators and can easily be diagonalized. Equivalently, the theory
can be formulated via a coherent-state path integral, where A appears as a Hubbard—Stra-
tonovich field used to decouple the quartic interaction [131]in H, Eq. (266). In this approach,
the mean-field approximation corresponds to a saddle-point treatment of the field 4¢,.

All T = 0 properties (on which we focus) follow directly from the corresponding ground
state energy Eg(4q), with A appearing as a variational parameter. As in the two-channel
case, we shall find that for much of the phase diagram the ground-state is characterized by
Q = 0. Anticipating this, we first focus on this Q = 0 subspace, returning to the more gen-
eral Q # 0 case in Section 8.5 [where we display the full Q-dependent ground-state energy
as Eq. (334)]. With this simplification, we find the ground-state energy (taking 4dg—o=A
real):

TG E) = [ o (269

Eg=—
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with &, = ¢, — u and where the magnetization

m(h) :% {(u VR = A PO(u+ VI = A = (u—Vh— 2 O(u— Vi - AZ)} .
(270)

The short-scale (ultraviolet cutoff A) dependence in the first momentum sum of Eq. (269),
as usual, can be eliminated by re-expressing Eg in terms of the s-wave scattering length
using the relation Eq. (52) between a, and A. This gives (converting sums to integrals)

B m . d3 AZ h . ,
EG = _41'[(,1‘?4‘ +/<2 ) (fk 26k) —/(; m(h )dh, (271)

which is almost identical to our two-channel ground-state energy [c.f. Eq. (102)]. We now
proceed to study Eg, Eq. (271), in a variety of relevant regimes, finding the phase diagram
at nonzero chemical potential difference /& or population difference AN. We follow the
standard practice of expressing all physical quantities as a function of the dimensionless

coupling — —— o 0 that “measures’ the system’s distance from the Zero-energy resonance
In terms of this coupling, i
(i.e., a; small and negative), the BEC regime occurs for — ? < —1 (i.e., a, small and po-

smve) and the crossover between these regimes takes place for kg|a > 1 across the uni-
tary point where kgla,| — oo.

Armed with Eg(4,u,h), the determination of the phases and transitions is conceptually
straightforward. We simply minimize Eg over 4 and supplement the resulting gap equa-
tion, which ensures that 4 = i(ei(r)ET(r)) is satisfied in the ground-state, with the number
equation ensuring that the total atom density equals the imposed density n = ‘—{ce;/ ’. The
resulting equations ;

0Eg
0="21" (272a)
OEg
V= (272b)

are well-known in the standard BEC-BCS crossover at 2 =0 and equal spin population.
At finite imposed population imbalance AN (equivalent to magnetization m = AN/V) Egs.
(272a), must be solved simultaneously with

OEg
oh’
ensuring the imposed AN. As we shall see, however, caution must be exercised in using
these equations to map out the phase diagram, since, at /2 # 0, they exhibit solutions that
are local maxima of Eg(4) and therefore do not correspond to a ground state of the sys-
tem [121]. Failing to ensure that solutions to Eq. (272a) are indeed minima of Eq. (269) has
led to a number of incorrect results in the literature (see, e.g., Ref. [47,67,123]).

AN = — (273)

8.1. One-channel model at h =0

For completeness and point of reference we review the mean-field theory of the single-
channel model at equal populations by studying Eg at & = 0. Using dimensionless vari-
ables 4 = 4/ef, t = pt/er and eg = EG/cef:/2 as in the two-channel model,
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] = 2‘2
_ 24 oy —_)? 242
eG ZkFag A /0 de\/e (e pa—/(e—p) + 42+ 26). (274)

The well-known BEC-BCS crossover behavior [19-22] follows from minimizing eg at
fixed total density. This corresponds to simultaneously solving the gap and number equa-
tions (in dimensionless form)

0 e (275)
oA’

4 aeG

4__ 2

T (276)

with numerical solutions given in Fig. 43. We can find simple analytic approximations to
these solutions by evaluating the 1ntegral in Eq. (274) in the asymptotic BCS and BEC lim-
its. In the BCS regime (1 < — ) ft> 0 and 4 < ji, yielding for eg [using results from
Appendix C]

nA> 8 @ 1 . 82
~— —— P A In—=). 2
6= Ykra,  15° — Vi ( tin— ) (277)

a Aler
2.5

2

1.5

-10

Fig. 43. Plots of (a) A and (b) u as a function of coupling —(kga;)~", within mean-field theory for the single-
channel model, each normalized to €.
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Using this approximation for eg inside Egs. (275) and (276) in turn gives the gap and num-
ber equations

A ~8e2fiexp [ 278
e iexp [2,% f], (2784)
4 4oap S A2 AZ 21
o~ 278b
which, in the asymptotic BCS regime, are accurately solved by
SN T
A ~Ap =872 2
F = 8e ~exp [kaas]’ (279)
i ~1. (280)

In the negative-detuning BEC regime of — k%a < —1, in which ft < 0 and |fi] > 4, we find
eg 1s approximated by

nA? A2 n A

~ — - — = 281

(¢} 2kF + |lu| 2 (ﬂ: + 32 [12>7 ( )
that leads to the following approximate gap and number equations:

n 1 nA?
—_ | ~ ——— 282
e~ 2V = (282a)
4  moe It o,

(282b)

-~ A7 — A

37 4/[al 18]
Accurate analytic approximations to these equations can be obtained by neglecting terms
of higher order in 4. Thus, we find

1

L~ — , (283)
(kFaS)z

. 16

A 284
3nkra,’ (284)

where we see that the role of the gap and number equations is effectively reversed in the
BEC regime, with the gap equation approximately determining /i and the number equation
approximately determining A. In the next few subsections we will extend the above by-now
standard /& = 0 analysis to finite 4 and finite imposed species imbalance AN.

8.2. BCS regime of one-channel model at h # 0

In the present section, we analyze the positive-detuning side of the resonance (a, < 0)
within the one-channel model at finite 4. Our analysis will closely follow that of Section
5 for the two-channel model; with the results of that section in hand, we will be brief in
deriving similar results for the one-channel model. In addition, as in Section 5, we will first
neglect the possibility of the FFLO state in this section, returning to finite-Q ground states
in Section 8.5. Evaluating the momentum and / integrals in Eq. (271), with approxima-
tions 4 < p and h < u appropriate to the BCS regime, we obtain
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m 8¢ 1 A
Egr —— M —— i’ —cey/ud*( 5 —In——
G 4ma, i Tevrd (5 In

- cﬁ[h\/hz e Azcosh*‘(h/A)} O(h — A). (285)

We start in the grand-canonical ensemble at fixed p and /4. As we have already seen, the
first line of Eq. (285) (Eg at 2 =0) has a minimum at Agcs given by

Apcs = 8¢ 2juexp [m} . (286)
We recall that Agcs and the corresponding ground state energy Eg(4pcs) remain s-inde-
pendent at low £, consistent with a singlet magnetization-free BCS ground state. Physical-
ly, this is due to the fact that the 2 = 0 BCS state is gapped and / couples to a conserved
quantity AN. Mathematically, because of the step function in Eq. (285), Eg(4pcs) can only
become /-dependent for s > Agcs. However, before this can occur a first-order transition
to the normal state 4 = 0 takes place at

he () = A\;C; = 4v2e 2 pexp {%}, (287)

determined by equating Egn = Eg(4 =0,h.) and Eg sk = Eg(4pcs.h.), that is clearly
smaller than Agcs. Hence, the BCS minimum remains stable and independent of /.

At fixed density n, the chemical potentials ugg(n) and un(n) of the SF and N phases are
bounded by the distinct atom-number constraint equations

~ ﬁus/z é CAlzacs _ CAlzacs n Agcs (288)
375 4 s 2\/Hsy 8eugr
4 n
L I (289)
3 2\/iN

and therefore ugp # un. As a result, the jump discontinuity at the first-order transition at /.
(for fixed p) opens up into a coexistence region for fixed n, bounded by 4., = h(usg) and
he = hun), respectively determined by the solutions of Egs. (288) and (289) inside Eq.
(287). As discussed at length in in Section 5.3, since neither the SF nor the N can satisfy
the atom number constraint while minimizing Eg, for 4., <h < h., the system is forced to
phase separate into a coexisting mixture of SF and N states.

It is straightforward to find %.; and /., by numerically solving the sets of equations [i.e.,
Egs. (288) and (287), and Egs. (289) and (287)] that define them. At large (kg|ay)~" in the
BCS regime (large positive detuning), however, we can find accurate analytic approxima-
tions to these equations. To do this, we first write the corresponding sets of equations in
dimensionless form (h = h/ep, A = A/er, it = u/er) for her:

4 - 4 ~3/2 S}Alczl ilf] 1 hcl

dodiony S kg , 290a

37 3ksr 2Viise  Vise  4v2e2fisr ( :

. T

hot = 4v/2e 2 | 290b
l \/_e for 5P LkFasv ﬂsJ ( )

and for h.:
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4 4 5y By
3 3 +2 s (291a)
N T
hey =4V 2e72 1 — . 291b
> =4v2e 2 i exp [2 foa. TA‘N:| ( )

As in Section 5.2 where we studied the two-channel model, we solve these equations per-
turbatively about jisr >~ 1 and iy ~ 1, obviously a good approximation since /.y and A,
are exponentially small. Expressing /., and /., in terms of the gap Eq. (279) in that limit,
we have:

y 2 %2
het ~Ar exp —LFz , (292a)
V2 32(kg|ay|)
~ 2‘]: 7'522‘2
ho ~— - F 292b
: me[3%wj, (2920)

with each expression only accurate to leading order in the argument of the exponential.
Thus, we see that, in the asymptotic large (kgay)~' limit, 0 < /., < h., although in the
deep BCS regime they become exponentially close to zero and to each other. We note that
these expressions also agree exactly with the corresponding two-channel results Egs. (144c)
and (147b), using the relation Eq. (106) between the scattering length a, and the detuning
0. However, as we shall see, such a simple correspondence only holds in the BCS regime
and does not apply in the BEC regime. Physically, this correspondence occurs because the
molecular dynamics that are accounted for in the two-channel model (but neglected in the
one-channel model) are unimportant in the BCS regime.

To connect to experiments in which AN rather than / is imposed, he and h,, can be
easily converted into critical polarizations using the general formula for the population
difference:

e ViR PeGs ViR =X - (- Vi~ 2o - Vie - 2

N 2
x O(h — A). (293)

Since izcl < Apcs, clearly Eq. (293) gives AN.; = 0. This is consistent with our earlier find-
ing that the BCS SF ground state cannot tolerate any spin population difference in the
BCS regime. Using 4 = 0 in the normal state we find

AN, 11, A R N R . ) N
N : :E [('“N + h52)3/2@(,uN + hcz) - (,UN - h02)3/2@(,uN - th) ) (294)
3. -
thL'Z HUN, (295)

with the second expression applying for /., < jiy (which is always valid in the BCS regime
of interest). Inserting Eq. (292b) into Eq. (295), and using jix ~ 1 — § A% [which follows
from Eq. (291a) to leading order], we have
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ANL’Z N 32‘1: TCZ‘%; 2‘%
N 23 (1 el )\ ) (296)
3AF TEZZ%
— 2
WA l 3kpla,||’ (297)

where in the last line we used (kglay) ' > 1 and re-exponentiated, valid to leading order.
Again, Eq. (297) agrees with the corresponding two-channel result Eq. (167b) using Eq.
(106). And, as in the two-channel model, for sufficiently large (kgla,|)~', there is a narrow
regime of FFLO phase (neglected in this section) that intervenes between the regime of
phase separation and the polarized N state. To remedy this, we must recompute the
ground-state energy and number and gap equations including the possibility of a spatial-
ly-varying A(r). Before doing this (in Section 8.5), we first study the strong-coupling BEC
regime at a, > 0.

8.3. BEC regime of one-channel model

Here, we analyze Eg, Eq. (271), in the BEC regime of a, > 0, still focusing on the case of
Q =0, which, as we saw in Section 7, is actually not a restriction as the ground state in the
BEC regime is always at Q = 0. We also anticipate that ;1 <0 in the BEC regime, remain-
ing valid even for finite 4. Physically, this well-known property of the BEC regime is due to
the finite molecular binding energy E,, that fixes u ~ —E/2. For u <0, the Q = 0 ground-
state energy for the single-channel model, Eq. (271), can be simplified considerably by
expanding it to leading order in A4/|ul:

Ea = —rse(h W) 00— |ul) ~ V2’ + 3 Vs’ (298)
where the “Landau’ coefficients are given by

V= g = eVIulFa(h ), (299a)

Ve= 2| |3/2 Falh/Iu)), (299b)

with F»(x) and F4(x) given by Eqgs. (194) and (195), respectively. The gap and number
equations then reduce to

V2 :A2V4, (3008.)

n=—0Eg/0u, (300b)

with n the total fermion density. We emphasize that, like in the two-channel model, the

naive solution of Eq. (300a) is only a minimum of the ground-state energy for sufficiently

small /; at larger 4 it is a local maximum and therefore does not correspond to a physical

ground state.
To leading order in the small A/|y| limit, Egs. (300a) reduce to

vy =0, (301)

; f +2elh— |ul) O — ). (302)

n=
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First focusing on the gap equation, Eq. (301), and ignoring the weak A/|u| dependence in
the second term of V> we find (using F»(0) = rt/2)

m 1
STl (303)

- 4may
which gives for the chemical potential [22]

L B & (304)

p=- 2ma? ) (kFaS)2 ’
minus one-half the molecular binding energy E, = 1/ma?, a well-known result for 4 =0,
that we see extends approximately to /2 > 0. With this result, Eq. (302) becomes

\/ECTE ) 2 Eb 32 Eb

Clearly, the first and second terms on the right side of this number equation represent
fermions bound into molecules and free spin-up fermions, respectively, characteristic of
the magnetic superfluid (SFy;) phase that we have discussed for the two-channel model
in Section 6. This allows us to relate the molecular condensate wave function (order
parameter) to A via [22]

CTC

2 _ 2
= A 306
V= gt (306)
giving for the number equation
2 E)\? E
N PN (L) _=h
nthm+3c<h 2) @(h 2). (307)
It is also useful to define an effective molecular chemical potential
Wy = Eb + 2#7 (308)

in terms of which our approximate solution to the gap equation above [i.e. Eq. (301)] sim-
ply corresponds to u,, ~ 0, as expected for a T'= 0 Bose condensate. Re-expressing Eg in
terms of u and ,,, we find

4 Eb 5/2 Eb ~ 2 1 =~ 4
with the quadratic and quartic coefficients
. 2 Uy 2h
V2—2Eb[l—E(I—Z—Eb>F2<Eb>}, (310)
~ 4n 2h
V= ——-F4| — . 311
YT Em (E,,) (311)

Using Eqgs. (306) and (307), we can obtain an approximate expression for the pair field 4
as a function of /:
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V3E 2 3/2 E
A = an” n— ; (h—?) @(h—%) : (312a)
1/h Ey\° E,
A1 - (=2 i —— 12
0 2<ep 261:) <h 2) ’ (312b)

with A4, the pair field at 4 = 0:

2n\/2Eb dnmt 16 (313)
mla, 3nkra,’

where we used Eq. (104) for n. The preceding equations determine the phase diagram of
the single-channel model Eq. (266) on the BEC side of the resonance. We determine the
phase diagram at fixed N and 4, fixed N and AN, and fixed x and % in Sections 8.3.1,
8.3.2 and 8.3.3, respectively, with the latter a prerequisite to studying inhomogeneous
polarized paired Fermi condensates in a harmonic trap within the local density approxi-
mation.

8.3.1. Phase diagram at fixed h and density n

The three critical chemical-potential differences describing the phase diagram at fixed
density and chemical potential difference are: 4,,, the SF-SFy; transition point, /.|, defined
by when the SFy; phase becomes unstable to phase separation and /,, defined as the 4
above which the purely fermionic polarized N state is stable. By examining Eq. (270),
we see that

hy =\ 2 + A, (314)

with u and 4 given by their values in the SF phase, i.e., Egs. (304) and (313), respectively.
As we found for the two-channel model in Section 6.3, /., is most easily (approximately)
determined by finding the point where 7, vanishes (so that molecules are no longer repul-
sive), signaling the first-order instability. Examining Eq. (311) and recalling F4(1.30) =0,
we see that this occurs at 24.,/E, = 1.30. Finally, A, is defined as that /4 at which the
molecular density vanishes according to Eq. (307) and the system consists of a fully-polar-
ized Fermi gas. Taken together, these three critical /’s are then given by:

E} 2n\2E
By o (|2 g VTR (315a)
4 cm
1 16
~epy [ ——+—) 315b
g (kFaS)4 3nkFas ( )
h. ~0.65E, = 1.30——, 315¢
1 b (kFaS)z ( )
1 3n\*? 1
th ~ EEb + (2—Z> — €f (22/3 + (k p )2>, (315(1)
Flg

where we have expressed them in terms of the molecular binding energy E, = 2eg/(kpa,)*.
Note that, as can be seen from the way it is displayed in the phase diagram Fig. 44, £, is
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Fig. 44. Plot of approximate critical curves h,, [Eq. (315b)], A, [Eq. (315¢)] and /., [Eq. (315d)] which separate
regions of magnetized molecular superfluid (SFy), a fully-polarized normal Fermi gas (N), and a singlet
molecular superfluid (SF). The critical detunings 5. = —(kpau)’l and oy = —(kpa‘\,M)’l denote a tricritical point
and the beginning of the SFy; phase, respectively. This approximate phase digram agrees well with the
numerically-determined mean-field phase diagram for the single-channel model Fig. 41.

only defined for sufficiently large (kra,) ' (to the left in the figure), and ceases to be defined
when it crosses the lower critical 4., boundary at the critical scattering length a,;, satisfy-
ing (kpasp) ' ~ 1.35. Similarly, 4., is only defined for small (kFaS)*l, until it crosses /., at
ay. given by (kga,.) ' ~ 2.30; this is a tricritical point. These two critical points are anal-
ogous to the critical detunings d,, and J. in the two-channel model.

8.3.2. Phase diagram at fixed population difference

In the present subsection, we convert these critical /#’s to corresponding critical popu-
lation differences (or magnetizations). To do this, we simply use AN(%4), Eq. (179). Of
course, since 4, is defined by the & at which the population difference AN increases
from zero in a continuous fashion, AN,, =0. Moreover, everywhere on the BEC side
AN_,/N =1, as can be seen by plugging Eq. (315d) into Eq. (179); thus, a normal Fermi
gas with anything less than complete polarization is unstable to pairing or phase
separation in the deep BEC regime. We are therefore left with the computation of
AN,.y, the population difference at which the polarized one-channel model (in the SFy
state) is unstable to phase separation. Eq. (179) yields for AN, [using Eq. (109); recall
Egs. (105a), (105b), (105c), (105d), (105¢)]:

ANa V[ 7 N (.
=5 (Vi -2 -at) (i -2 -1al), (316

where ji is given by Eq. (304) and 4 is given by its value at the transition, obtained by plug-
ging /. into Eq. (312b):

3/2
. 16 1 1.30 1
FEPRL I PR (U N B (317)
3TCkFaS 2 (kFax) (kFas)

which, along with Egs. (316) and (315c¢) yields
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32

AN, 1 (1.30)2_ o
N2 ( (kray)* A (kFaS)2> ’ (318)

plotted in Fig. 45. This analytic approximation agrees well with the exact numerically-de-
termined mean-field phase diagram for the single-channel model Fig. 42.

8.3.3. Phase diagram at fixed chemical potential

We conclude this subsection by computing the phase diagram in the grand-canonical
ensemble at fixed u and £ that will be important for the extension of this bulk analysis
to that of a trap in Section 9. Our analysis here will mirror that of the BEC regime of
the two-channel model in the grand-canonical ensemble presented in Section 6.6.

To determine the phase diagram at fixed u and 4, it is most convenient to use the
ground-state energy function Eq. (309) as a starting point. We first consider the case of
h =0 in the SF phase. Since Eg has the form of a conventional “¢*” theory [129], with
quadratic and quartic terms in the molecular field v,,, the vanishing of the quadratic coef-
ficient signals a second-order SF-to-Vacuum transition in a well-studied universality class
[132,133]. At 2=0 the point where this occurs is given by f/zﬁ = ft,. = 0. For small
h < h,,, the same qualitative behavior, of a SF-to-Vacuum transition at y,, .= 0, persists
and leads to the vertical phase boundary in Fig. 46. With increasing /, the vacuum phase
undergoes a continuous transition to the spin-polarized N phase when pt becomes posi-
tive, yielding the phase boundary = (E, — w,,)/2.

Similarly, with increasing / the SF phase acquires a nonzero magnetization, entering
the SF,; state, when m(h) becomes nonzero at #h, satisfying Eq. (314). Using
1 =3%(w, — Ey) and the sixth-order approximation for A? [i.e., the analogue within the
one-channel model of our result Eq. (216) for the two-channel model] with Eq. (314) yields
the SF-SFy; phase boundary depicted in Fig. 46.

As we saw for the two-channel model, for / sufficiently close to |fi| (so that V4 > 0)
there is a continuous SFy—N transition at 7, = 0, yielding the following extension of
Um. at higher h:

AN
7 -
ANe 0.8
_
AN 0.6
PS 0.4
SF

M 0.2
__1
-3 Sc -2 S}\l -1 b

Fig. 45. Approximate (analytic) polarization-scattering length phase diagram on BEC side, for the single-channel
model, illustrating the critical polarization boundaries AN, and AN, = N, with critical detuning values 3, and
dw defined as in the Fig. 44. This approximate phase digram agrees well with the numerically-determined mean-
field phase diagram for the single-channel model Fig. 42.
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Fig. 46. Phase diagram in the grand-canonical ensemble for the single-channel model Eq. (266) as a function of
molecular chemical potential g, and atomic chemical potential difference 4, showing superfluid (SF), magnetic
superfluid (SFy), vacuum and fully-polarized N phases. Black lines denote continuous 7'= 0 transitions, while
the gray curve denotes a first-order SFy—N transition. The red dot at (0.058,0.65) is a tricritical point separating
first-order and second-order SFy,—N transitions. Beyond the purple dot at (0.121,0.77), the SFy; phase ceases to
exist.

e = Bo(2 = ). (319)

a formula that applies to the left of the tricritical point at (0.058, 0.65) (where V4 vanishes).
Beyond this tricritical point, the fourth order expansion of the ground-state energy breaks
down and we must incorporate the sixth-order term as we did in Section 6.4 for the two-
channel model. Of course, the close analogy between the one and two-channel models
means the sixth-order term is essentially the same. Inclusion of this term (which we shall
derive in Section 9.2 below) yields a first-order SFy—N transition at /.. (satisfying the ana-
logue of Eq. (221b) for the one-channel model) at
~E|2————F— 320

valid beyond the tricritical point

n m (F4(2h/E}))
lum,c > ﬂm,tric. = 0058Eh’ (321)

256 F4(2h/Ep)

and plotted as a gray curve in Fig. 46.

As seen in the figure, at higher p,,, the first-order curve Eq. (320) intersects the SF-SFy,
transition curve 4,,. Although our small-4 expansion of Eg becomes quantitatively invalid
in this regime, the existence of such an intersection at p,, ~ 0.121E, (the purple point in
Fig. 46) is correct, as can be verified by an exact numerical minimization of the full
ground-state energy. Beyond this point, the SFy, state ceases to exist, and there is a direct
first-order SF-N transition.

8.4. Molecular scattering length and zeroth sound velocity

In the present subsection, we compute the molecular scattering length a,; and the corre-
sponding zeroth sound velocity within the single-channel model. To do this, we need to
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first calculate the molecular dispersion induced by atom-molecule resonant interactions.
This requires a computation of the leading-order contribution to the energy due to spatial
variations in 4 or ,,, which comes from computing the momentum-dependent part of the
self energy (diagram Fig. 47):

3(q,Q) = / (d3p T 1 : (322)

2“)3 o 1w — &y i —1Q + &gy ,

with the w being fermionic Matsubara frequencies and &,, =€, — u,. As usual, we shall
take 7—0; furthermore, we only require 2(¢,0) to leading (quadratic) order in ¢. As in
the gap equation, the short-scale (UV cutoff) dependence of X(¢,0) can be absorbed into
the experimentally-measured scattering length a,. Direct evaluation of Eq. (322) then
yields (to quadratic order in g)

1 m c
_Z4y - 2=
P + (q,O) 4Ttas + C\/ﬁFz(h/LuD +q 32m|'u|1/2Fq(h/|:u|)a (323)
where
F,x)=1- gtan’lv —l—i\/ -1 l—l-i Okx—-1) (324)
o= T o 3 X2 2x x ’

and we recall that F»(x) is given by Eq. (194). Clearly, the first two terms of Eq. (323) sim-
ply represent the previously-computed coefficient —V; in Eq. (298). The g-dependent part
is new, and represents the energetic cost of spatial variations of 4, or, more physically, the
molecular kinetic energy. Thus, the generalization of Eg, Eq. (298), (restoring the system
volume V) to the case of a spatially-varying A4 is simply given by (neglecting an overall A4-
independent constant term):

Py P CT)

32mp|'"?
that in terms of ,, reduces to the standard Ginzburg-Landau form [using the relation of
4 to ¥, Eq. (306)]

1
VA — V|4 +§V4|A|4 ) (325)

~ 3 |Vl//m|2 U 2 1” 2
Eo~ [ 4 V[zmb Vol 3 Pl (326)

The molecular mass m,, is defined by
1 Fy(2h/Es)

327
my, 2m ’ ( )

S N ___>_

Fig. 47. Feynman diagram corresponding to the molecular self energy, in which the solid lines are atomic
(fermion) propagators and the dashed lines are molecular propagators.
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and therefore is not simply 2m but is enhanced through the function F,(2//E,). Note that,
unlike the function F4(x) that vanishes indicating the instability of the SFy; phase, F,(x) is
positive in the regime of interest x > 1.

This expression for m;,, together with V4, allows us to deduce the molecular scattering
length a,,

~ STCCISF4(2/’I/E[,)
= 328
4 Fq(2h/Eb)mb ’ ( )
4ma
=—" 329
e, (329)

where in the second line we used the well-known relation [127] between the quartic coef-
ficient and the molecular scattering length a,, to identify

F4(2h/E,)

am(h) = 2a }W »

(330)

that decreases with increasing / as we found in the two-channel model. We note here that,
because Eq. (330) is computed only within the Born approximation (equivalent to our one-
loop mean-field theory), it is certainly not quantitatively accurate. This is consistent with
our caveat, made at the start of this section, about the uncontrolled accuracy of the mean-
field approximation on the one-channel model. The level of this quantitative inaccuracy
can be assessed by noting that our result for a,,(k) reduces to [22] a,,(h = 0) = 2a, that
is known to be off the exact value in the dilute BEC limit of a,,(# = 0) = 0.64, found by
Petrov et al. [134] (see also Refs. [135,28]), with the difference arising from strong molec-
ular fluctuations about the mean-field theory solution [28]. Finding the generalization of
the formula a,, = 0.6q; to finite chemical-potential difference [which would give the exact
form of Eq. (330)] remains a challenging open problem.

Using Eq. (330), it is straightforward to find the sound velocity « inside the SF and SFy
phases using the standard expression [127]

,  4nn,a,

2
my

u (331)

Following the analysis of Section 6.7 and using Eq. (330), we find

) 1 E,\? 2 2
E, E,

m? 2 €F 261:
at fixed chemical potential difference /4, or, at fixed polarization,
2ANN? 2AN\?
(kFaS)z (N) + 1 (k]:as)z (N) + 1

With increasing AN, there are two ways u(AN) can vanish according to Eq. (333): For
moderate detunings, (kya,) ' close to unity, it vanishes when the effective molecular inter-
action proportional to the function F, vanishes at AN, approximately given by Eq. (318),
signaling the first-order transition to the regime of phase separation. In contrast, for large
negative detunings, deep in the BEC regime > L the velocity u(AN) vanishes due to

1
kpas ~ kpag’

> Tnag AN
wms =k,

x Fy . (333)
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the vanishing molecular density 7, (1 — AN/N), before F, does. In this regime the van-
ishing of u simply signals the second-order transition to the normal state.

This concludes our description of the single-channel model Eq. (266) at finite chemical
potential difference / in the BEC regime. Next, we study the FFLO regime of the single-
channel model, confined to the positive-detuning BCS regime.

8.5. FFLO state in the one-channel model

In the present subsection, we analyze the FFLO ground state for the single-channel model
Eq. (266). As in the preceding subsections, we shall be brief in our analysis as details closely
resemble those for the two-channel model discussed in Section 7. For simplicity [102], we take
the single-Q FF pairing ansatz for the ground state of the form A(r) = AQe‘Q". Following our
previous analysis, the ground state energy for this ansatz is [as before, exchanging the cou-
pling 4 for the s-wave scattering length a, using Eq. (52)]:

Eg
4Tl',aq

+Z<bk—Ek+A >+Z (B O(=Exr) + EqO(=Ex))],  (334)

where we recall that E is given by Eq. (74Db), ¢, is given by Eq. (74a), and Ey, is given by
Eqs. (74c) and (74d).

As in the two-channel case, the FFLO state in the single-channel model is described (in
the grand-canonical ensemble) by the gap (0E;/04q = 0) and momentum equations (0Eg/
0Q = 0), that, using Eq. (334), give

A —;(———)+Z (1 4+ O(~E) — O(Ex)), (3350)

2ma,

o;%;[uﬁ%(@(—m O(Fw) ]——Zk Q(O(~Ey) + O(E).  (335b)

We remark that the right side of Eq. (335b) can also be obtained by computing the expec-
tation value of the momentum operator with respect to our variational ground-state wave-
function [89].

We now proceed to evaluate the momentum sums in Egs. (335a), (335b), focusing on
the small-4q limit. Starting with the gap equation, the first sum in Eq. (335a) is

11 . 8
Zk: (E_k_e_l) ~ 2N () In——, (336)

Q

while the second, excluded, sum can be evaluated following the procedure of Appendix F.
We find, assuming from the outset that we are in the doubly-depaired FFLO state occu-
ring near the second-order FFLO-N transition at /ggr o [86]:

5 5 (14 0(-E0) - 0(Ew) =2 [G(Q-+) + GO~ ). (37)
where Q oc 1/4¢ is given by Eq. (244a) and
G(x) = (xcosh'x — Vx2 — 1)O(x — 1). (338)

With this result, the gap equation Eq. (335a) becomes
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Z;"as — 2N () In SZQ“ + ]\% [G(Q+h)+G(Q—h)]. (339)

Near the second-order transition at /ipp; o, we can expand the right side of Eq. (339) in
small A¢, using Eqgs. (336) and (337). To leading order, we find
m 8e 21

0=-— —2N(p)1
27'CCIS (,U) n AQ

+N(m<1n4(Q 1)+ ang Zu;@l__) (340)

Expressing Eq. (340) in terms of the 72 =0 gap Apcs in the single-channel model using

—m 8e2u
= 1 41
Nt (341)

using fi = u — Q/8m, and switching to our dimensionless variables Egs. (105a), (105b),
(105¢), (105d), (105¢) and (248) we have, to leading order in 4q and the dimensionless
momentum Q,

O - h, O+h O 8/1]’ (342)

B 2@ —it)|2—mHE ) Ry OO
N Ajes O O-h 8  Agcs
which describes the magnitude of the pairing order parameter 4¢ in the FFLO regime near

hepLo-
Turning to the momentum equation, we split the first line of Eq. (335b) into two sums:

5 [1 + (O~ - @(Eu))] =2 (1 ‘8_k>

' k |8k|
’ Z <|8k| (=Ex) — @(Eki))>- (343)

The first sum can be easily evaluated exactly:

5 (1) =V (344)

k

For the second sum in Eq. (343), we make a standard approximation, replacing the density
of states by its value at the Fermi surface, valid for a degenerate Fermi gas (appropriate in
the BCS limit). This gives:

5|1+ 2 ((-E) — 01| =N+ NG+ 2 - )
4
~3

k

cAg
4 345
cu’ + 2\/[7, ( )

with the last line applying for 4¢ < ji. The second momentum sum of Eq. (335b) can also
be evaluated within this degenerate Fermi gas approximation, yielding
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AokeN ()
—Zk Q(O(—Ew) + O(Ex,)) =~ “ 60"
x 20+ B = 117 = 3p(0+ h) + 200~ B)’ = 1] + 3@ - h)],  (346)

where y(x) = (xvx2 — 1 — cosh’lx)@(gc — 1). Combining these terms yields for the number
equation Eq. (335b) (approximating kr = kf)
4 mAqOu  mAY0

Aok - - _ .
~ o U@ R 1R =300+ 1) + 20— ) 12 + 30 - ).
) (347)
which, near /igpr o (and switching to our standard dimensionless variables), yields
2
0m1 B Qth, 0 (348)
20 0—h AR

Our subsequent analysis of Eqs. (342) and (348) mirrors that of the two-channel gap and
momentum equations [Egs. (251a) and (251b), respectively] from Section 7. We are pri-
marily interested in the width of the FFLO regime in the phase diagram as a function
of (kplasl)*1 which at fixed / is bounded above by the second-order FFLO-N transition
at hppro and below by the first-order SF-FFLO transition. We express the gap and
momentum equations in terms of the parameter A, defined by O =

4h2(A —1) 1, A+1 2Pr*. 8

~ 2R (2 =1)|2—1n —>In — In~
A2 A A=1 8i2  Apcs

, (349)

1 i+ 20
~l-=Ih—F+—.
0 5 o + T (350)
As we saw in Section 7, in the asymptotic BCS regime (kgla)~' > 1, upon dropping the
exponentially small last term oci?, Eq. (350) is solved by A ~ 1.200. [86] Inserting this A val-
ue into Eq. (349) and neglecting the subdominant last term of Eq. (349), and setting
Aq =0, we find [86]

ilFFLO(ﬂ) = WZ‘Bcsa (351)

with # = 0.754, as for the deep-BCS two-channel model. This result applies for small kg|a
in the BCS regime at fixed chemical potential Combining this with the number equation

(which fixes tat i~ 1— hFZLO ~1-— i ) yields for hppLO and ANgf1o:

16kg|ay]|

ANFFLO
\[hFFL07

3 - TP A%
~—/ — . 2
5 Arexp [ Tokela] (352b)

R N 7 222
hrrLo =n4r exp [— i ]7 (352a)
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Howeyer, as we showed in the two-channel case, close to the resonance fzpFLo approaches

h. & Agcs/V/2, with reduced (kglay|) ™', crossing it at a critical coupling strength kgay, that

we now determine. To do this, we first re-express the last term in square brackets in Eq.
(349) in terms of a, using Eq. (341), after setting 4¢ = 0:

0mn 1n4():2 -0 1, A+l ol iR .

A A A—1 4 16f2kra,/ft

Numerically solving Egs. (353) and (350) for EFFLO(kFaS), we find that /ipg; o crosses /. at
1

.~ 046, 354
kF|aS*‘ ( )

(353)

defining the abovementioned critical coupling strength beyond which the FFLO state ceas-
es to be stable within our mean field theory (as plotted in the phase diagram Fig. 41).
Although the location of this crossing is not guaranteed to be accurate (due to the absence
of a small parameter to justify mean field theory near unitarity), we do expect the existence
of the crossing to survive beyond mean-field theory.

9. Polarized superfluidity in a trap: Local density approximation

The primary experimental application of our results on polarized paired superfluidity is
that of trapped degenerate atomic gases. It is thus crucial to extend our results to take into
account the effect of the potential V'/(r), that in a typical experiment is well-approximated
by a harmonic-oscillator potential. While a full analysis of the effect of the trap is beyond
the scope of this manuscript, in the present section we study this problem within the well-
known local density approximation (LDA). We note that several recent studies (e.g., Refs.
[52-55,58,59,68]) have also addressed polarized superfluidity in a trap.

For simplicity, and because of its more direct current experimental relevance, in this
section we focus on the single-channel model Eq. (266). The generalization of this model
to a trap is straightforward:

5, 1V : 2> el ol
H= dr| ————+4+ (Vr(r) — p,)|é(0)]" | + 4 | d’refele ey, (355)
;;l/ ( m r)—u r / e

where ¢,(r) is a fermionic field operator with Fourier transform ¢,,. Henceforth, to be con-
crete, we shall focus on an isotropic harmonic trap V(r) = Vy(r) = %szTrz, although this
simplification can easily be relaxed. Within LDA (valid for a sufficiently smooth trap po-
tential V'7(r), see our discussion in the introduction, Section 1.2), locally the system is tak-

en to be well approximated as uniform, but with a local chemical potential given by
u(r) = i — m@, (356)

where the constant u is the true chemical potential (a Lagrange multiplier) still enforcing
the total atom number N. The spatially-varying spin-up and spin-down local chemical
potentials are then [cf. Eq. (54a)]:
wy (r) =u(r) + b, (357)
p(r) =p(r) =, (358)
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with the chemical potential difference & uniform. Thus, within LDA we approximate the
system’s energy density by that of a uniform system with spatial dependence (via the trap)
entering only through p(r). The ground state energy is then simply a volume integral of
this energy density. Below we compute the resulting ground-state energy and analyze spa-
tial profiles that emerge from it throughout the phase diagram. Within LDA, the phase
behavior as a function of chemical potential, u, translates into a spatial cloud profile
through p(r), with critical phase boundaries . corresponding to critical radii defined by
e = u(re,h). [136] As we first predicted [36], this leads to a shell-like cloud structure that
has subsequently been observed experimentally [30,31,35] and reproduced theoretically
by a number of works [53,55,59,58].

Below we study these shell structures in much more detail using LDA. We note, how-
ever, that throughout our discussion, sharp (discontinuous) features (like the shell struc-
ture) that are arise are an artifact of LDA (precisely where it is invalid) and are
expected to be smoothed on microscopic (Fermi wave-) length scales by the kinetic energy
(or, surface tension [73]).

9.1. BCS regime

As we have seen, for a bulk system in the BCS regime (a; < 0) there are three possible
homogeneous phases: (1) the singlet superfluid phase (SF), which is paired and has zero local
magnetization (2) the normal phase (N), and (3) the FFLO phase, which exhibits both pair-
ing and local magnetization, but is only stable for a narrow window of chemical potential
difference Apcs/ V2 < h < 0.754Agcs. The narrowness of the window of FFLO phase trans-
lates, within LDA, to a thin shell . <r <r.+ ér of FFLO phase in a trap. Although the for-
malism that we shall now present can be easily generalized to find this shell, we believe that
the LDA approximation (which relies on slow variations of physical quantities) is not quan-
titatively trustworthy for such a thin region, especially considering that the FFLO state itself
varies over a large length scale Q' ~ (kpt — k1)~ '. This is not to say that the FFLO state is
not observable in a trap, but merely that theoretical study of the FFLO state in a trap will
require a more sophisticated technique than LDA [53]. Thus, in the following analysis we
shall generally neglect the FFLO phase, briefly returning to it at the end of this section to
estimate the expected width or of the FFLO phase in a trap within LDA.

Taking advantage of our bulk results at fixed x and £, in the SF state, the mean-field
LDA ground-state energy is given by

Base = [ 7]~ 50 = 20" 4 Nu0) (- 5407+ 407 g 20 |,

15 4nay 8e=2u(r)
(359)
while in the N state it is given by
4C 3 3 3
Eox=—15 | dr[(u(r)+ )+ (u(r) = Y], (360)

~ / dzr{_f_‘;u(rfﬂ - mh] (361)
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with the second line applying for /& < u(r) and we recall the dimensionful parameter c is
defined in Eq. (100). The pairing field A(r) that locally minimizes Eq. (359) within LDA
is then simply given by

A(r) = 8e *u(r) exp [m} (362)

Plugging this into Eq. (359) yields
Eqsp = /d3 { f‘; )2 - \/ P A(r } (363)

so that, by comparing Eg sr, Eq. (363), with Eg n, Eq. (361), we find the critical chemical
potential difference

A(r)
h.(r) = W ,
—4v/2e 2 u(r) exp [M”W} : (364)

at which the SF and N states locally have the same energy. Thus, within LDA, at fixed &
any regions of the system that satisfy 4 < /.(r) are in the SF state while those that satisfy
h > h.(r) will be in the N state. Since u(r) in Eq. (356) decreases with increasing r it is clear
that, within LDA, the higher-density superfluid regions will be confined to the center of
the trap (where p and thus 4. is largest), with the lower-density polarized N state expelled
to the outside, as illustrated in Fig. 5. The resulting shell structure with radius r.(%) of the
SF-N interface is implicitly given by

m
h=4vV2e u(r, —_— 365
Vae e [, (365)
a striking signature of the regime of phase separation in a trap.

To describe the shell structure of the regime of phase separation for positive detuning at
fixed atom number N,, we exchange w and A for the total atom number N = N1+ + Ny and
normalized population difference 4 xl &i To do this we first note that the local total

atom density in the SF and N phases is given, respectively, by [cf. Egs. (159) and (161)]

4c

N 3 5¢A(r)? _ cA(r ) A(r)
nsg =~ ?,u(r) + A ) 2\/_l Se2u(r (366a)
nN = I’INT(I’) + I’INL(I"), (366b)
~ %u(r)% + W CZ(V) ) (366¢)

where the local density of spin-o atoms in the N state is nx,(r) = % p, (r )3/ >, Egs. (366a),

(366b), (366¢) can also be easily obtained by functionally differentiating Eqgs. (359) and
(361) with respect to u(r). To determine the chemical potential i in the BCS regime, we
note that the above expressions are each well-approximated by their first terms (which
are identical). This underscores the weakness of pairing 4 and of the corresponding
depairing field /. in the BCS regime, with only a small fraction of states near the Fermi
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surface paired, slightly modifying . We first consider the singlet BCS SF at 4 = 0. Since it
is unmagnetized, Nt = Ny and the total atom number is given by

N= %C /d%(u - %mgirz)m, (367)

where the integration is restricted to r < Ry, with the Thomas—Fermi (TF) radius

| 2u
Ry=,/— 368
0 m.Q?-’ ( )

defined by where p(r) vanishes and approximately delineating the edge of the system [136].
We shall see below that, at 4 # 0, the spin-up and spin-down clouds actually have different
Thomas-Fermi radii Rt # Ry. Evaluating the integral, we find

e e 2 V2
N — 32p3 — 3 369

that gives u = (3N)1/3hQT (a result that is valid beyond LDA [137]), with Egs. (368) and
(369) valid approximations for a cloud at small polarization.

Next, we turn to the mixed state where p > ur,h) > 0, and, as a result, the abovemen-
tioned SF-N shell structure develops. Thus, for r <r, the system consists of a SF core and
for r. <r < R the system consists of a polarized N Fermi gas. Thus, since nt = ny in the SF
sphere, the total Nt — N is determined by the difference of the total number of spin-up
and spin-down atoms in the normal shell outside r., which we label by Nyt and Nyy.
The corresponding atom numbers in these normal shells are given by:

_2c

1 3/2
Ny, d3r<,u(, - —szTr2> , (370)
3 re<r<Rqs 2

that lead to distinct Thomas—Fermi radii for spin T and !:

/2
R, = “”27 (371)
m&2;

with the majority (taken as spin-T, for /> 0) population occupying the larger volume.
Evaluating the integral in Eq. (370), we find

2
_TCC 3/2

N =75 2 Rl — f(r./R,), (372a)
with
fx) = % 3sin ' x — xv/1 — x2(8x* — 14x% + 3)] : (372b)

Eq. (372a) counts the number of spin-o atoms in a spherical shell of inner radius r. and
outer radius R,. For 0 <x <1, f(x) is a monotonically increasing function of x with
f(0) =0and f{1) =1 (so that a shell of vanishing width naturally contains no atoms). Sub-
tracting Nyy from Ny, we have for the polarization
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AN :NNT —]\71\/17 (373)

@) ) G) e

Expanding Eq. (374) to leading order in //u (valid since h(r) < p in the BCS regime), we
have [using Ry | = Ro(1 £ 4/2u), from Egs. (368) and (371)]:

3/2
AN =~ wel 2 / h? (61 — f(xe)] + xof"(x.)) (375)
- 12 in l’t . c C. c b)
with f'(x) the derivative of f{x) and where we have defined x.=r./Ry. Using Eq. (369) for
N, (valid for h <« p) we obtain
AN h ,
= 3 (611~ /] s (). (376)
Using Eq. (365) for x, to eliminate //u, and defining k¢ via pu = klz: /2m (an approximation
corresponding to u = €g, valid in the BCS regime), we thus have our final expression for x,.
in the BCS regime:

AN ~ -2 2 T /

- 2V (1 - ) exp [MFQS ﬁ] < (61— ()] +xf(x.)). (377)
For AN =0, Eq. (377) is solved by x. =1, i.e., the entire system is in the SF phase. With
increasing difference AN in the number of spin-up and spin-down atoms, however, a thin
shell of spin-polarized normal Fermi liquid forms on the outside of the cloud, correspond-
ing to x. = r./Ry decreasing from unity. Although Eq. (377) cannot be solved analytically
for x., the radius of the inner SF sphere, it is straightforward to determine it numerically,
as shown in Fig. 48 for coupling strengths kgla,| = 2, kgla,| = 1.5 and kgla,| = 1 (the latter
falling outside the range of quantitative validity of the BCS approximation, but expected
to be qualitatively correct). As illustrated in Fig. 48, r(AN) vanishes at a critical popula-
tion difference AN, beyond which the cloud is completely in the N phase, exhibiting Pauli

TC/}%O

0.1 0.2 0.3 0.4

Fig. 48. Radius r. (normalized to the TF radius Ry) of the SF cloud core as a function of imposed normalized
population difference on the positive detuning BCS side of the resonance for coupling strengths (by which they are
labeled) (kplay) ' =2, (kelay) ' = 1.5, and (kgla]) ™' = 1.
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paramagnetism and no pairing even at zero temperature. This critical population differ-
ence increases with increasing coupling strength, indicating the increased strength of Coo-
per-pairing as the Feshbach resonance is approached from positive detuning.

When the system is in the mixed phase, 0<x.<1, the local magnetization
m(r) = nq(r) — ny(r) will exhibit an interesting radius dependence that we now compute.
We find for m(r)

2c 2 n\"? 2 n\?
M(r)=§u3/2[<1—R2+ ) _<1_F_ﬁ>
0

with the heaviside step function enforcing that m(r) vanishes in the SF state, where
nt(r) = ny(r). For r > r,, in the normal shell, m(r) = ny1(r) — nyy(r) is nonzero and given
in terms of x = /R, and a population-difference scale (restoring h for clarity here)

O —r.), (378)

2¢ 2m3/2 3/2
my = — 32 2 K

3 T3 e

wo-nl(1-243)" 1)

To plot m(r) for a particular coupling and population difference, we combine Eq. (380)
with Eq. (377) for r.(AN) and Eq. (365) for & at that particular population difference
and coupling. In Fig. 5, we do this for coupling (kgla) ' = 1.5 and two different values
of the relative population difference: 4% = 0.15 (dashed) and AN = 0.20 (solid). We note
that, since the spin-T TF radius Rt is shghtly larger than Ry, m(r) is nonzero even slightly
beyond unity in the figure.

In Fig. 49, we also plot the experimentally-accessible [30,31] individual spin-up and spin-
down densities n1(r) and ny(r). As expected, for r <r,, in the SF phase, n1(r) = ny(r) = nsg(r)/2,
with ngg given by Eq. (366a). To obtain this plot, we need n1(r) and ny(r) at a particular u.

(379)

O(x —x.). (380)

Mg /Mo

r/ Ry

0.2 0.4 0.6 0.8 1

Fig. 49. Local fermion densities n1(r) and ny(r) (dashed and solid, respectively, normalized to ny = —cu3/ )asa
function of radius (normallzed to the AN =0 TF radius Ry) in the regime of phase separation in a harmonic trap
for coupling (kglay) ' = 1.5 and NT \ =0.15.
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Although in the above analytical calculation of u we have neglected the subdominant A-de-
pendent terms, in plotting nq(r) and ny(r) in Fig. 49 we have included them.
In the normal state, n(r) and ny(r) are simply given by the two terms in Eq. (378):

) 3/2
nNT(I’):?Cf/Z(l-*-%—xz) @(1-1'%—)52), (381)

3/2
an(r)_?M3/2<l—Z—x2> @<I—Z—x2). (382)

Then, to obtain n,(r) for a particular (kga,) "' and population difference AN, we first deter-
mine x, through Eq. (377) and then plot n,(r) = 1nsp(r)O(r. — r) + nn,(r)O(r — r.). In
Fig. 49 we plot the resulting n1(r) and ny(r) as a function of r for (kga,)~' = 1.5 and
AN'=0.15 (i.e. the same parameters as the dashed curve of Fig. 5), for which the SF-N
boundary is at x. = 0.36, i.e., at r. = 0.36R,,

Before proceeding to the LDA in the negative-detuning BEC regime, we compute the
width or of the FFLO phase in a trap. As we have noted above, because the FFLO phase
intervenes between the SF and N phases, for a homogeneous system at fixed p and A,
strictly speaking LDA predicts a thin spherical shell of FFLO between the SF and N.
To estimate the width of this shell, first imagine imposing a particular / so that the system
is polarized. Now, r. defined by & ~ A(r.)/v/2 Eq. (365) denotes the critical radius at
which the system jumps from the SF phase to the FFLO phase with increasing radius.
Similarly, using Eq. (351), we see that at radius r. + Jr defined by & = hrpro = nA(r. + 0r)
the FFLO phase disappears continuously into the N phase. To find dr, we simply expand
each of these equations to leading order in small or and equate them, which [using Eq.
(368)] yields (at kglad > 1)

or 1\ 2kg|ag|Ro 7. 32
LPON S P el LY (R I
Ry ( \/§n> e < R0> (383)

The first factor (1 — \%2”) ~ (.062 in Eq. (383) is numerically small by virtue of the thinness

of the FFLO region of the phase diagram, i.e., f being close to 1/v/2. The apparent diver-

gence at r.—0 is an artifact of approximating (r. + 5r)2 ~ 12 + 20rr., valid for or < r,
that can be easily fixed. Clearly, or < Ry simply because kgla,| < 1 in the BCS regime.
However, even for kgla,| = 1, reading a typical value of r./Ry = 0.5 for AN/N = 0.2 from
Fig. 48 yields ér/Ry ~ 0.05.

9.2. BEC regime

We now turn to the BEC regime in which a, > 0. As we have already discussed in the pre-
ceding subsection, within LDA the phase structure in a trap follows from the phase diagram
at fixed u and A, with the local phase at position r determined by the local chemical potential
u(r) satisfying Eq. (356). However, an important distinction is that, as we found for the
homogeneous case in Section 8.3, the chemical potential p at the center of the trap is already
negative in the BEC regime and therefore |u(r)| does not vanish as in the BCS case.

We start by recalling the BEC-regime phase diagram in the grand-canonical ensemble
Fig. 46, which we re-plot here (Fig. 50) as a function of / and the fermion chemical poten-
tial it (zoomed-in to emphasize the SFy; phase). The black solid lines represent continuous
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Fig. 50. Mean-field phase diagram (equivalent to Fig. 46) for the single-channel model Eq. (266) as a function of
atomic chemical potential ¢ and atomic chemical potential difference /, each normalized to the molecular binding
energy Ej,, showing superfluid (SF), magnetic superfluid (SFy), and fully-polarized normal (N) phases. Thin
black lines denote continuous 7' = 0 transitions, while the gray thick curve denotes a first-order SFy—N or SF-N
transition. The red dot at (—0.47,0.65) is a tricritical point separating first-order and second-order SFy—N
transitions while the purple dot at (—0.44,0.77) shows the chemical potential above which the SFy, phase ceases to
exist.

phase transitions between the SFy; and N phases (upper line), and between the SF and
SFm phases (lower line). The gray solid line denotes a first-order SFy; to N (or, to the
right, a first-order SF to N) transition. Within LDA, a trapped fermion gas with particle
number N and population difference AN is characterized by a certain chemical potential
and chemical potential difference (u,h) at the center of the trap that can be interpreted
as a coordinate in Fig. 50. With increasing radius, p(r) changes according to Eq. (356),
tracing out a left-ward moving horizontal line segment (u(r),/#) on Fig. 50. Thus, if a polar-
ized Fermi gas is in the SF phase at the center of the trap, with increasing radius it will
generally go through the sequence of phases SF — SFy; — N, with the SFy; — N transi-
tion continuous for & < 0.65E, and first order for & > 0.65E), (the latter indicating jumps
in the local density as we have seen in the preceding subsection).

The LDA ground-state energy, which determines u and / as a function of N, AN and
the scattering length a, is obtained by spatially integrating the local energy density
Eg[A(r),u(r)] over the cloud’s volume. We approximate the full uniform-case energy den-
sity Eq. (271) by expanding to sixth order in small A/E, (with E, the binding energy
E, = */ma?). Defining dimensionless quantities A(r) = A(r)/E,, R(r) = p(r)/E, and
h = h/E, (the latter not to be confused with the same symbol used in Sections 7 and
8.5) we find

L= [ ar(~ 5t = )00 — o)) - Palh o) 20

1

3 Pall ODACY + 3 Palh T )AC) ). (384)

with the coefficients
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%@szi%—vﬁVmem (385)
,,7_1'[ -
o) = Falh ), (386)
_o- 3 o
o, 1) =5 P/ D, (387)

where Fg(x) is given by Eq. (213b).
The local pairing field 4(r) is given by the gap equation [cf. Eq. (215)]
0= —V(h, w(r)A(r) + Va(h, i(r) 4 (r) + V(h, 1(r)) 4 (r), (388)

which has the trivial (normal-state) solution A = 0, as well as the nontrivial solution (sup-
pressing the arguments of the 7, for simplicity)

2 () :2”—;6 {_1 /i +4V2V6/f/ﬁ} (389)

As discussed in Section 6.4, the correct physical solution (locally corresponding to the
SF or SF); state) is given by the + of Eq. (389) for ¥4 > 0 and the — of Eq. (389) for
174 < 0.

Next, we determine equations for the local number density and magnetization. For the
former, we find (keeping only leading-order terms) n(r) = cEi/ *7lh, @(r)], with

Al 1) = 3 (5 — |
LAy
2/l

the dimensionless density. Crucially, the spatial dependence of A[p(r)] arises only via a(r).
Similarly, the local magnetization m(r) = cE;/*m|h, i(r)] with

32
i )] =3 (Vi = 207 = 101) (391)

(5~ tan i/t = 106~ 1)) ). (390)

In terms of n(r) and m(r), the total particle number N and population difference AN are
given by

N = / d&’*ra(r), (392)
AN = /d3rm(r)7 (393)
constraints that determine i and 4 at a particular N and AN.

9.2.1. h=20 case

We start by restricting attention to # = 0, appropriate for AN = 0. For this case, 4%, Eq.
(389), vanishes continuously as ¥, — 0, which in a homogeneous system corresponds to a sec-
ond-order SF-to-Vacuum transition, as discussed in Section 8.3.3. In the present LDA con-
text, it corresponds to the vanishing of the molecular density at the boundary of the system.
Thus, we can define the Thomas—Fermi radius Rypo, where ¥/, vanishes, via this condition:
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f/z[O, &(Rtro)] =0, (394)
or,
m> 1
I(RTr0) = Tl — TZR%FO =5 (395)

Solving Eq. (395) for Rtgg yields, [using Eq. (356)]

Ey(2p0 + 1)
mQZT ’

(396)

Rtpy =

with the zero subscript on fiyp and Rygg indicating that they are for 2 = 0. We proceed to
normalize the cloud radius r to Rygg, defining x = r/Rrgo, in terms of which the normal-
ized chemical potential is

o) = fio — X (no n ;) (397)
With this definition, Eq. (392) becomes
N = No(2f0 + 1) / dx X[, i (x)], (398)
with
)= 4LE%, (399)
m3/2Q;

a characteristic particle number scale. One can easily estimate the parameter N, from typ-
ical experiments. For the case of “°K, given typical values from the Jin group [13,1], we
take scattering length a, = 750aq, (ay the Bohr radius) trap frequency Qr = 21 x 400 s .
With these parameters, Ny = 2 x 10® and we must adjust [i, to attain a realistic particle
number. Numerically solving Eq. (398) to find the normalized chemical potential yields
fio = —0.465 for N = 10°. Since the effective molecular chemical potential u,, = E, + 2u
Eq. (308), which in dimensionless units is @, = 2u + 1, we see that the deviation of iy from
—0.5 directly measures the effective molecular chemical potential. Consistently, we see
from Eq. (397) that, at the boundary of the system (x = 1), fip(x) = —1 indicating a van-
ishing of the effective molecular chemical potential. In Fig. 51, we plot the effective nor-
malized molecular density 7, = n4?/8,/|i| as a function of radius for this case,
showing the standard Thomas—Fermi profile for a molecular Bose condensate.

9.2.2. h#0 case

At h#0, the system becomes locally magnetized, with the total population difference
given by Eq. (393). We now study our system at nonzero population difference by simul-
taneously solving this along with the number equation. In dimensionless form these are

N = No(2itp + 1) / dx ¥k, 1)), (400)

AN = No(2ftp + 1) / dv il j(x)], (401)
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Fig. 51. Normalized molecular density 7,, = n,, /cEZ/ * as a function of radius for an unpolarized trapped fermion
cloud, with parameters given in the text.

where we note that the dependence of Eq. (401) on [i, arises because we are still measuring
the radial coordinate in units of the unpolarized system, i.e., we continue to use
x = r/Rytro. To maintain constant N, the chemical potential i deviates slightly from fg
and the general formula for fi(x) as a function of the normalized radius is

) == (o +3) (402)

Using Eq. (402) along with Egs. (400) and (401), it is straightforward to numerically study
the cloud shape with increasing AN, using the same parameters as before.

As shown in Fig. 6 in Section 2.2, the typical sequence of phases with increasing
radius that we find within LDA is SF — SFy; — N. As in the positive-detuning BCS
regime, this is due to the spin-polarized normal fermions having been expelled to the
outer shell of the system. In this context, the SFy; phase that is unique to negative
detuning represents a thin shell in which the singlet molecular bosons and outer nor-
mal-phase fermions “bleed” into each other. In Fig. 52 we plot the normalized molec-
ular density 7,(r) and normalized magnetization m(r) as a function of radius for
A¥'=0.26 (Fig. 52a) and 4 =0.73 (Fig. 52b). Fig. 6a is for the same parameters
but 4% =0.39.

The three radii labeled on the horizontal axes of Figs. 52a and b, indicated in the car-
toon picture Fig. 6b of the superfluid shell structure, are: Ry, the radius below which
m(r) =0, Rrg, the radius below which 7, (r) # 0 and the system is superfluid and Rp,
the radius above which m(r) = 0. Thus, for r < Rrg and r < Ry, the system is in the SF
phase, consisting of singlet molecular pairs while for Ry <r < Ry the system is in the
SFy phase with coexisting molecular pairs and single-species fermions. For Rrg <r < Rp
the system consists purely of single-species fermions.

With increasing 4%, Rrr and Rj; decrease and R, rapidly increases as the system is
converted from a molecular superfluid to a single-species fermion gas. This behavior,
seen in comparing Fig. 52a and b, is shown in detail in Fig. 53, in which we plot all
three radii as a function of 4¥. We note in particular that, for very large 4¥, Rq — 0
with Ryp#0. Thus, in this regime, LDA predicts the sequence of phases with increas-
ing radius to be SFy; — N.
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Fig. 52. Normalized molecular density 7, = n,/ cEZ/ ? and normalized magnetization m = m /cEZ/ 2 as a function
of radius for a polarized trapped fermion cloud, with (a) AN/N = 0.26 and (b) AN/N = 0.73 and other parameters
given in the text.
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Fig. 53. Plots of the three radii R, (outer boundary of N phase), Rty (outer boundary of SFy; phase) and Ry
(outer boundary of SF phase) characterizing the polarized cloud in the BEC regime within LDA.

10. Discussion and conclusions
10.1. Summary

In this lengthy manuscript, we have studied the rich zero-temperature phase behavior of
a two-species (pseudo-spin up and down) Fermi gas interacting via a tunable Feshbach
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resonance and constructed its phase diagram as a function of Feshbach resonance detun-
ing ¢ and pseudo-spin population imbalance AN (and chemical potential difference /). Our
main results relied on a well-controlled mean-field analysis of the two-channel model of
fermions interacting via a Feshbach resonance that is quantitatively accurate in the narrow
resonance limit. In addition, we have complemented this with a study of the one-channel
model, appropriate for the wide resonance limit, for which the mean-field approximation
that we use is not quantitatively justified near unitarity, but is expected to be qualitatively
correct, finding an expected qualitative agreement between the two models.

As described in the main text, for /4 below a critical value that is exponentially small in
the BCS regime of § > 2ep, the fully-gapped singlet superfluid (SF) is stable and under-
goes the (by now) standard BCS-BEC crossover with reduced . On the positive-detuning
BCS side of the resonance, for / larger than /.,(9) the fixed atom-number constraint forces
the system to enter a regime of phase separation (PS) consisting of coexisting singlet SF
and partially magnetized FFLO states for s, <h <h.. At h., for 6 > 2eg, the system
enters the periodically-paired FFLO phase, before undergoing a continuous [105] trans-
tion to the normal Fermi gas (N) phase at Appro. At lower detuning values 6 &~ 2¢p, the
FFLO phase becomes unstable and the thin window of FFLO phase between /., and
hrrrLo 1s “‘squeezed out.” In this crossover regime, upon increasing /s, the SF undergoes
a direct first-order transition to the N phase, with SF-N coexistence for /. <h <h.
for fixed atom number.

On the negative-detuning BEC side of the resonance, for /4 > /,,(J) the fully-gapped
molecular SF undergoes a continuous transition to a homogeneous magnetized superfluid
ground state (SFy) composed of molecules and a single-species Fermi gas, with the latter
responsible for the gapless atomic excitations and finite polarization characterizing the
SFy state. Upon further increase of the chemical potential difference, %, for 6 > o, the
SFy undergoes a first-order transition to a fully-polarized N phase, with, for fixed particle
number, a phase-separated regime consisting of SFy; and N polarized states. In contrast,
for § <. there is a continuous SFy;-N transition. We give a detailed description of these
T =0 phases and phase boundaries characterizing the phase diagram, with many of our
predictions already verified in recent experiments [30,31,35].

10.2. Relation to other work

Our study of polarized resonantly-interacting Fermi gases builds on a large body of
work dating back to the seminal contributions of Clogston [84], Sarma [85], Fulde and
Ferrell [86], and Larkin and Ovchinnikov [87]. These were followed by many studies of
FFLO and related exotic paired superfluid states that, in additional to off-diagonal
long-range order, also break spatial symmetries. These studies range from solid state elec-
tronic systems [95] to nuclear matter (quark-gluon plasma) [92,94,103], but until very
recently were generally confined to the weakly-interacting BCS regime.

This theoretical effort has recently seen a resurgence of activity, stimulated by the dis-
covery of tunable resonantly-paired superfluidity in degenerate atomic Fermi gases [1-6].
However, perhaps the first theoretical work to study atomic gases with unequal spin pop-
ulations in the BCS regime, by Combescot [37], preceded these experiments. Also preced-
ing such experiments was the proposal by Liu and Wilczek [38] of the breached pair state,
that is closely related to the FFLO and SF); phases. Other notable theoretical work on
spin-polarized Fermi gases in the BCS regime includes that by Mizushima et al. [41],
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who studied signatures of FFLO phases in cold fermion experiments but did not determine
the conditions necessary (i.e., the phase boundaries) for the observation of such states and
that by Bedaque, et al. [39], who emphasized the first-order nature of the SF-N transition
and the concomitant regime of phase separation (missed in an important work by
Gubankova et al. [138], see Ref. [139] for a discussion).

Later, in a predominantly numerical work Carlson and Reddy [42] extended the study
of polarized paired superfluids across the resonance to include the BEC regime, still not
including a trap. One important prediction in Ref. [42] is numerical evidence for a uniform
magnetized paired superfluid around the unitary point, corresponding to a finite critical
value of polarization (species imbalance) to produce phase separation. The unitary point
under applied polarization was also studied by Cohen [43], who derived general conditions
for phase separation in this regime.

These early microscopic studies and ideas that followed were compiled into a general
phenomenological phase diagram by Son and Stephanov [48]. The first microscopic ana-
Iytical study of the problem across the BCS-BEC crossover was done by Pao et al. [47]
within the single-channel model via mean-field theory. On the BCS side their study of a
uniform Fermi gas (that ignored the interesting FFLO state), was consistent with earlier
BCS-regime studies [85,39]. However, their extension to the BEC regime was done incor-
rectly, leading to a qualitatively wrong phase boundary below which the magnetized
superfluid SF), is unstable. [121] The correct zero-temperature mean-field phase diagram
for the single-channel model (consistent with our earlier work on the two-channel model
[36]) was published by Gu et al. [64], by Chien et al. [75], and by Parish et al [78], although
these authors also neglected the possibility of an FFLO state.

Our work [36] presented the first analytical prediction of a complete (full range of
detuning) phase diagram for a resonantly-interacting Fermi gas within the more general
two-channel model. Our work also included a detailed study of the FFLO state (extending
the original work of Fulde and Ferrell and Larkin and Ovchinnikov to a resonant tunable
interaction) as well as a prediction regarding the experimental consequences of the trap.
With regard to the former our main contribution was a prediction of the phase boundaries
(herLo(0) and h(9)) for the FFLO state, showing their crossing at d. = 2¢g that leads to
the elimination of the FFLO state for ¢ < d.. With regard to the trap that we studied with-
in LDA, as summarized in the inset of Fig. 1 and last section of our earlier publication
[36], with many additional details presented here, our main prediction is that, in a trap,
phase separation leads to the recently observed [30,31,35] shell-like cloud profile, with
interfacial boundaries whose detailed dependence on detuning and population imbalance
we predict.

Our original study also clearly identified the source of the error of Pao et al. in comput-
ing phase boundaries in the BEC regime. We unambiguously showed that much of the
BEC regime that they claimed to be a uniform stable magnetized superfluid (SFy; in
our notation), was in fact a phase separated regime, consisting of coexisting SFy; and fully
polarized normal Fermi gas. We have explicitly identified the error in Ref. [47] by repro-
ducing their (in our view erroneous) results. The error stems from the fact that some solu-
tions to the gap equation correspond to saddle points or maxima of the variational ground
state energy Eg(4q). Pao et al. only used the positivity of local magnetic susceptibilities
and the superfluid stiffness to check stability of the identified solutions. Since this stability
criterion is not stringent enough, being necessary but not sufficient, certain solutions of the
gap equation identified as stable in Ref. [47] are in fact maxima of Eg(4¢q) and therefore in
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fact unstable [122]. In the presence of a first-order transition a careful study of Eg(4q)
(best done in the grand-canonical ensemble [139], with number constraints only imposed
a posteriori) is necessary in order to ensure that extrema solutions to the gap equation
indeed correspond to stable phases that minimize Eg.

Following the subsequent experimental observations by Zwierlein et al. [30] and by Par-
tridge et al. [31], qualitatively consistent with our original predictions (e.g., the shell-like
phase structure of the atomic cloud as a signature of phase separation in a trap, the expul-
sion of magnetization to the outer shell, the general location of phase boundaries and their
qualitative detuning and population imbalance dependence), there has been an explosion
of theoretical activity. Many of our 7'= 0 predictions have been carefully verified and
extended in important ways by many works that followed (see, however, Refs.
[47,67,121]). These include nontrivial extensions to a finite temperature [75,78], uncon-
trolled but elaborate extensions to a broad resonance treated within the one-channel mod-
el (beyond our original mean-field approximation), as well as more detailed studies of the
effects of the trap [52-55,58,59,73,68], and extensions of the FFLO [50] and other related
exotic states [49,51,60]. A notable work by De Silva and Mueller [58] demonstrated that
consistency with experiments [31] requires a breakdown of LDA in an anisotropic trap;
clearly LDA must also obviously break down at an interface between coexisting phases.
This was followed by a detailed treatment of the trap beyond LDA [73], an issue that
was also addressed in Refs. [68,32].

The experimental observation [31] (that, however, has not been seen in the MIT
experiment [30,35], see also Refs. [32,33]) of the existence of a uniform magnetized
superfluid at the unitary point (where 1/kra — 0) and a corresponding critical polarization
(AN./N = 0.09) necessary to drive it to phase separate has generated considerable theoret-
ical interest. With the exception of the theory by Ho and Zhai [62], that attempts to
account for this feature via a phenomenological model of Bogoliubov quasi-particle
pairing, to our knowledge no model has been able to capture this putative experimental
feature; some support for it however exists in the original Monte-Carlo work by Carlson
and Reddy [42]. From our perspective, this seemingly qualitative feature reduces to a
quantitative question of the location of the critical detuning J,, point in Fig. 3 (or,
equivalently, the a,;, point in Fig. 42) Our work shows unambiguously that for a narrow
resonance (y < 1) at T =0, d,, most definitely falls in the BEC regime (negative detuning),
thereby excluding the uniform magnetized SF), state from the unitary point. Our mean-
field theory predicts the critical scattering length for the broad-resonance one-channel
model to be close to kga,y, = 1, again excluding the SFy; state from unitarity. For reasons
discussed in the Introduction, Section 1, however, mean-field theory for a broad resonance
(relevant to present-day experiments) is not quantitatively valid for a broad resonance.
Thus, it is quite possible that for finite 7 [140] and a broad resonance J,, indeed
shifts to a positive detuning, with the experimental findings of AN, [31] then naturally
interpreted as the observation of the SFy; phase at the unitary point.

10.3. Experimental predictions

Most of our predictions were made both for a narrow resonance within a two-channel
model and for a broad resonance within a one-channel model. As discussed in the Intro-
duction, the former has an important advantage that it is quantitatively accurate with the
width of the resonance as the small expansion parameter. However, unfortunately,
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experiments are deep in the broad-resonance regime, where the two-channel model exactly
[28] reduces to a one-channel model, that in the interesting crossover regime cannot be
treated analytically in a quantitatively trustworthy way. We do, however, expect it to give
qualitatively correct predictions. And, as mentioned earlier, indeed we find that recent
experimental findings are qualitatively consistent with our wide-resonance predictions
done within the one channel model.

However, as we discussed above, our perturbative mean-field analysis, in either the nar-
row or broad resonance limit, does not find a uniform magnetized superfluid near the uni-
tary point and a corresponding finite critical population imbalance AN..

Another feature thatis seen in experiments[30]is that at unitarity the upper-critical bound-
ary where coexistence ends and the normal state takes overis given by AN»/N ~ 0.7 < 1. That
is, the transition from phase separation is to a normal state that is only 70% polarized. This
seemingly qualitative feature is actually a quantitative question. In contrast to experiments,
as we show in the main text (see Fig. 3) our quantitatively accurate narrow resonance two-
channel model analysis (that can answer such a question) at the resonance position unambig-
uously predicts the transition directly to a fully-polarized normal state, i.e., AN»/N ~ 1 at
unitarity. However, the less quantitatively trustworthy broad-resonance limit gives a predic-
tion of AN /N = 0.93 < 1, more consistent with experiments. Pick your poison.

We expect that many of our general predictions will continue being fundamental to the
understanding of specific experiments. Our predictions that can be already directly tested
(some have already been qualitatively tested [30,31]) are for the atomic cloud phase com-
position and spatial density and magnetization profiles. Most of these have already been
discussed in Section 9, summarized by Figs. 5, 6, 49-53, where we give details of the phase
separation-driven cloud shell structure, dependences of radii on detuning and population
imbalance, and detailed spatial gas profiles that can be imaged by cloud expansion.

In principle, the FFLO state (that was the original impetus for our study) should exhibit
particularly striking experimental signatures, associated with its simultaneous ODLRO
and spontaneous breaking of translational and orientational symmetry, encoded in 4q.
For a homogeneous cloud, the typical population imbalance required to enter the FFLO
state is given by Eq. (261), which in dimensionful units is approximately (recall n = 0.754)

ANppLo _ 3ndgcs

4
N 261: ( 03)

which we can easily estimate using typical values of Apcs and er from experiments. For
example, the last data point of Fig. 2 of Ref. [6] has Fermi temperature 7¢ = 1.2 uK
and gap Agcs/h ~ 1 KHz (here A is Planck’s constant). Converting the former to frequency
units yields the Fermi energy e ~ 25 KHz and Apcs/ep ~ .04, which, when inserted into
Eq. (403), yields ANgpo/N ~ .05, a rather small polarization that will grow closer to
the resonance.

Upon expansion (after projection onto a molecular condensate [1]), a trapped cloud in
the FFLO (supersolid [96-99]) phase should exhibit peaks

hit
n(r,t) ]-'(r — Q), (404)
m
in the density profile n(r,?) at time 7 set by the FFLO wavevector Q, reminiscent of a Bose

superfluid state trapped in a periodic optical potential [109], but contrasting from it by the
spontaneous (since translational symmetry is broken spontaneously) nature of the peaks.
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The width of the peaks (given by the function F(r) that is a Gaussian for a Gaussian
trapped cloud, see Appendix G) is set by the inverse spatial extent of the FFLO state.
Using the same typical numbers as above from the experiments of Ref. [6], the typical
wavevector Q [given by Eq. (260)] can be estimated to be Q™' ~ 5um.

The formula Eq. (404) assumes the simplest FFLO-type superfluid B(r) o< ¢"~". Howev-
er, as we have discussed, in reality the true ground state in the FFLO regime of the phase
diagram will likely be a more complicated (but nearly degenerate) state containing more
Fourier modes [87,94,93,90] Q,,, yielding a more complicated density profile of the expand-
ed gas given by the more general formula Eq. (G.9) in Appendix G.

Also, the spontaneous anisotropy of the FFLO state should manifest itself in the atom
shot noise distribution [110-112], with peaked k, — k correlations that are anisotropic
around the Fermi surface with the axis of symmetry spontancously selected by the Q’s
characterizing the FFLO ground state.

However, there might be serious impediments for such a direct detection of the FFLO state
in trapped atomic gases. As we showed this phase is confined to a narrow sliver of the phase
diagram on the BCS side of the resonance. Within LDA, this narrow range of 6/ in chemical
potential difference translates into a thin FFLO shell at .. of width [using Eq. (383)]

iQr

c

2 2
57~ 0.04kr|ay| 2 (1 - r—z) (405)
7 R;

(applying for r. not too small) with the cloud radius R,. Now the (above-mentioned)
width of the spontaneous Bragg peaks will be limited from below by this finite shell
width as §Q = 2n/dr. This places a requirement that Q > 2r/dr in order to be able to
resolve the peaks. This is consistent with the condition of applicability of LDA. On
the other hand in Section 7 we found the optimum Q characterizing FFLO state is given
by O x Apcs/hvp [Eq. (260)] Hence it is clear that, generally, Qér < 1.

The identification of phases and the corresponding quantum and thermal phase transi-
tions should also be possible through thermodynamics by measuring, for example, the heat
capacity. Although we have not done detailed quantitative studies of this, general argu-
ments [141] predict that the SFy; and FFLO states at low 7T should be characterized by
a heat capacity that is linear in 7 due to gapless atomic excitations around the majority
particle Fermi surface of the SFy state. This dependence should distinguish the SFy,
and FFLO states from a fully gapped BCS-BEC singlet SF state. On the other hand
the finite molecular BEC peak and ODLRO, along with their dependence on detuning
and polarization, should distinguish the SFy; and FFLO states from the normal Fermi
gas (N) state. Direct observation of gapless atomic excitations via Bragg spectroscopy
[142] should also be possible. Phase transitions should also be readily identifiable via stan-
dard thermodynamic anomalies, such as divergences of susceptibilities across a transition,
in addition to effects observable in the density and magnetization profiles.

We hope that our work on this exciting subject of polarized resonant superfluids will
stimulate further careful and detailed experimental studies to test our predictions.
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Appendix A. Scattering amplitude

For completeness, in this Appendix we review the properties of the s-wave scattering
amplitude following Refs. [114,26]. The s-wave scattering amplitude is related to the phase
shift d,(k) (not to be confused with the bare and renormalized Feshbach resonance detu-

nings oo and 9, respectively) by
L 1), (A1)

k) =—
Clearly, the unitarity requirement |2 ikf, + 1| = 1 is automatically satisfied, which implies
that f, may be written as
_ 1

go(k) — ik’
with go(k) a real function of k*. At low energies, expanding the denominator to leading
order in k? yields

fo(k)

fo (A.2)

1

— , A3
—a;! k)2 — ik (A-3)

with a, the s-wave scattering length and rq the effective range, that for our resonant two-
channel model is actually negative.

The simplest way to compute the scattering amplitude (in vacuum, yu = 0) for the two-
channel model Eq. (25) is to note that it is proportional to the molecular propagator
Gi(E) = (B(E)b!(E)).

1

M (Y5}

(A4)

with X(g¢,E) the molecular self energy (diagram in Fig. 47; see Ref. [26]):

Z(q,E)Zgz/(dp Ty 1 : (A.5)

3 . - - .
2m) o 10 — €, 10 —1Q + €g-p |00t

Taking the ¢ = 0 and low-E limit, we obtain

508y~ & p g [ Lo m A6
JE) =~ —i - —, .
OB~ 4 ¢ / (2n)’ P (A.9)

which, when used in Eq. (A.4), gives G,(E) in the low-energy limit. Defining the physical

(renormalized) detuning 6 = ) — g* [ &pm (o absorb the short (molecular) scale depen-

(2n)® p?
dence in the scattering amplitude, we have
\/ F()/m
E)=——""TFT"7"F"——+, A7
) = = S iVTovE (A7)
I'y/m
folk) = VIo/ (A8)

T KB /m—5+iyTok/ym’
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with

_g'm’

0=Tem (A9)

a measure of the width of the resonance and where an overall factor [that is the constant of
proportionality between G,(E) and fo( E)] is fixed using the unitarity condition Eq. (A.2).
In obtaining Eq. (A.8), we replaced E — k*/2m,, with m, = m/2 the reduced mass. Com-
paring Eq. (A.8) to Eq. (A.3), we identify

E o\/m

a; R/ (A.10)
2

o= — — (A.11)

in terms of the detuning ¢ and the width I'.

A.1. Experimental determination of parameters

The detuning parameter 0 is related to the difference in rest energy between the closed
channel and the open channel [10,143]. For a Feshbach resonance tuned to low energy o
by a magnetic field, we expect é o< (B — By) near the position of the resonance, where B is
the field at which the resonance is at zero energy. Determining the precise constant of pro-
portionality requires a detailed atomic physics analysis that is beyond the scope of this
manuscript. However, we can approximate 6 by the Zeeman energy difference between
the closed and open two-atom states. The latter are approximately dominated by electron-
ic triplet (open channel) and singlet (closed channel) states, giving

0~ 2ug(B — By), (A.12)
with pg the Bohr magneton. With this approximation, we can extract parameters of our

model, the most important being the width of the resonance, from current experiments.
Using Eq. (A.12) inside Eq. (A.10), we get

2
al = v gy (A.13)
VI
which should be compared with the form [10]
B,
dg :abg<1 —BB(]), <A14)

observed near a resonance [13,17], with B,, defined to have the same sign as a,,. For
B — By, Eq. (A.14) can be written as

-1 N,B_BO

aS

(A.15)

)
abgBW

and comparison to Eq. (A.13) gives
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2 B,
,/pO:%’ (A.16a)
2
R (A.16b)
MUpQpe B,y

where we have reinserted the correct factors of hso that I'y has units of energy and rq has
units of length. Experiments at JILA on *“’K have studied a resonance with [13] a;, = 92A
and B, =9.76 G. Using m = 6.64 x 1072° kg gives ro ~ 10 A and /Ty = 4.06 x 10" /T.
Comparing the width I'y to the Fermi energy er yields the parameter y o< \/I'y/er Eq.
(37) characterizing the two-channel model. We find, for a typical ex =3 x 107 %J (see
Ref. [111]), y ~ 6600 and 1/kgro| ~ 2600. Clearly, this Feshbach resonance is quite broad.

For the 830G °Li resonance studied in Ref. [17], we have |lape = 744 A and
|B,,| =300 G, that together with m =9.96x 10~ 2Tkg, gives /Ty =3.93 x 10"'"/J and
[rol = 0.5A. A typical value for the Fermi energy may be taken from Zwierlein et al [2],
who quote k;] ~ 2000aq, with ag = 0.529 A the Bohr radius. This yields kr = 9.4 X 101,
er = Wk /2m = 4.9 x 107%], y = 5000 and 1/kg|ro| =~ 1982, also a very broad resonance.

Finally, we consider the narrow °Li resonance near 543 G studied, e.g., in Ref. [15].
Although to our knowledge fermionic superfluidity has not been observed near this reso-
nance, in the near future it is quite likely. Estimating |ap,| = 1004, and |B,,| = 0.1G yields
(using Tp~ 1.4 uK from Ref. [15]) y = 18 and 1/kg|ro| = 7.3.

A.2. Bound states and resonances of the scattering amplitude

The poles of the scattering amplitude determine the positions of bound-states and res-
onances [114]. Since ry is negative [114,26,29], we write f; as

1
k) = A7
1) =~ (A7)
with the poles given by the quadratic equation:
k=t L+ 2lrol/a; (A.18)
—|ro

The only subtlety is that these solutions do not always correspond to physical bound states
or resonances. Purely imaginary poles are physical bound states only if Imk, > 0, such that
the corresponding wavefunction decays at large radius. Complex poles correspond to a
resonance only if the real part of the energy Re £ > 0 and Im E < 0.

For the BEC regime a, > 0, we can identify the correct pole as the — of Eq. (A.18),

g — Lo ivL+2lrol/a; (A.19)

? —|ro| ’

since it is the one that in the ro — 0 limit yields the correct pole at k, = ia;'. This pole is at

k, = ix with x a real and positive (as required) wavevector (since /1 + 2|ry|/a, > 1) and
thus corresponds to a bound state [114,144] at energy E,= —x*/2m,= —x’/m, with
m, = m/2 the reduced mass. Eq. (A.19) then yields
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2 7o 2|ro|
E, ——— 14700 fy 2l A2
g mrg * ay + a; |’ (A.20)
_ I 20| 49|
e LR Rl (A21)

where in the final equality we used Egs. (A.10) and (A.11). For |r| < a, or |§| < Ty, K =
1/a,, a regime that is referred to as ‘“universal.” The bound-state energy is

E,~ - = —%z. In the opposite limit of |rg| > a, or [§] > Iy, Kk ~ ﬁm‘, corresponding
to the bound-state energy E ~ —(|rolagn) ' = 8. Thus, in this regime the bound state sim-

ply follows the detuning.

On the BCS side a, <0, for 2|rg| <|a, both the + and — of Eq. (A.18) apparently give
solutions of the form k, = ix for x real. But since, for both, « is negative, they do not
correspond to a physical bound state since the corresponding wavefunction is an exponen-
tially growing solution of the radial Schrédinger equation [114,144]. On the other hand,
for 2|rg| > |ay|, the pole k, is complex. Choosing the correct sign of the square root, we have
the physical pole at

o 1 2‘}"0|_1 1

el Vlad Il

(A.22)

P

This pole corresponds to a physical resonance (by definition) only when the real part of the
energy of the pole is positive while the imaginary part is negative. The resonance energy is

B2
E="t= <|r0|—l—i\/2ro|/|as|—1), (A.23)

“m o mg \Ja

which can be written in terms of the real part of the pole location E, and width I as

E=E, i, (A.24)

2 |I"0| 1
=2 (s _1p, A25
mr} <as| 2" 0 ( )

_2 Ly [45
= o VIRl =T =0 o 1, (A.26)

where again we used Egs. (A.10) and (A.11). Thus, there is a true resonance for 1/|a >
1/|ro| (or, 6> T'o/2), with a width I' > I'y/2. We note that E,. — 0 as 6—Io/2, but I'(d)
remains finite at this point with I'(6 = I'o/2) = I'o/2.

The positive-energy resonance in the two-channel model can also be seen in the s-wave
partial cross section gy = i—’; sin® ;. Using Egs. (A.1) and (A.2), the phase shift J; satisfies

o2, :iz i‘i/]; (A.27)
g =— a;l + rok2/2, (A.28)

so that gy is given by
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4n
= . A.29
go gé T k2 ( )
Using Eq. (A.28) and E = k*/m, we find for a, <0 after straightforward algebra:
16m 1 (A.30)

o) = s
T Rm (E—E) +I?

the Lorentzian structure expected for a resonance.

Appendix B. Ground-state energy of two-channel model

In this Appendix, we give details of the derivation of the mean-field ground-state energy
for the two-channel model, Eq. (76), presented in Section 4. There, we expressed the effec-
tive fermion action in terms of the fermion Green function G(k,w), defined in Eqs. (72) and
(71). Now, we must simply compute the expectation values of Hg and Hp, defined in Egs.
(64a) and (64Db).

B.1. Computation of {Hp)

We start by noting that Eq. (54a) implies that Hg can be written in the form [this also
follows from Eq. (61)]

(Hg) = Z &(elyeus) — BAN, (B.1)
k.o
with AN the population difference:
AN =3 () - (chaw) (B.2)
We now compute the two terms of Eq. (B.1) in turn. The first is given by

D Glelbns) =D& 9T Y
k,o k

. . 2
o (o, — &_g))(im, + &y ) — g

i, + &g
+Zék+%TZ 1o kgT
k

. R 7
On (lwn + ékf%)(lwn - §k+%1) - |AQ|

io
n+ fk+%

(B.3)

where we have defined &, = ¢, — u,. The first frequency sum in Eq. (B.3) is easily evalu-
ated after factorizing the denominator:

iw, + & .o .
TZ : . I - TZ i, + §If+Q/21 ’ (B.4)
o (i, = gk—%T)(lw” + ék+%1) — |4q| — (i, — Exy)(iw, + Ex|)
1
=35 [(Eki + &g e (Bxy) + (Exg — ék%)nF(Em)}, (B.5)

with ng(x) the Fermi function and where we used Egs. (74a), (74b), (74c), (74d). Taking the
T — 0 limit, in which ngx) - @(—x), we have
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>,

. . 2
wy (lwn - ékf%)(lwn + ék+%i> - |AQ|

= % [@(—Em) + @(Ekl)] + ;—Ek,k [@(—Em) — @(Ekl)]. (B.6)

A similar result for the second frequency sum in Eq. (B.3) may be obtained by taking
Q — —Q and 7 — —h in Eq. (B.6) (since this operation interchanges &, 9 and ik%):

iwn + ék—QT
T - — ;
wn (lwn + ék_%)(lwn - ék+Ql) - |AQ|

= JO(~E) + OB + E O1-E) ~0(e) (B.7)
=3 O(-E) + O(Ew)] + 52

where in the last line we used @(x) =1 — @(—x). Inserting these sums into Eq. (B.3), we
have after a straightforward rearrangement'

; & (Ch o) = Z & + Z (—Ex) — O(Ex)]
- Z S [@(—Em) + O(Ex)]- (B.9)

Following the same procedure as above, AN is given by

iw, + ék+gl iw, + fk—QT
AN = ZTZL — T 7
on lwn - 6k,gT)(1wn + ékJr%) - |AQ| (lwn + gkf%)(lwn - 'fk+%l) - |AQ|

(B.10)
—Z —14+0(=Ey)+O(Ey)), (B.11)

which can be combined with Eq. (B.9) to yield (using >, k- Q =0)
Z e+ Z (—Ex) — O(Ex))]
> (— " h) — O(~Ex) - O(Ew), (B.12)

used in the main text.

iw, + £k+%

“[O(~Ex;) — O(Ex)], (B.8)

B.2. Computation of {Hp)

The computation of (HF) follows straightforwardly along the lines of the calculation of
(Hg) presented above. The two terms comprising (Hy) are identical, and yield

2|40
ZTZ | Q| 5
|Aq]

o (iw, — ék%)(zwn + éH%) _

=> |AE(1 [O(=Exy) — O(Ew))], (B.13)

the result used in the main text.



D.E. Sheehy, L. Radzihovsky | Annals of Physics 322 (2007) 1790-1924 1911
B.3. Ground state energy at Ag =0

One simple check on our expression for Eg, Eq. (75), is the limit Aq—0, required to
reproduce (at arbitrary Q) the ground-state energy for a normal Fermi gas under a finite
chemical potential difference 4, a quantity that we also use in the main text. Taking this
limit, we have

Ec =Y (e —la) + D lal(1+ O(=Ewy) — O(Ex)))

k k
> <%+h)(1 — O(~=Ex) — O(Ev)); (B.14)
k
where now, at 4q =0, ©(—Exr) and O(Ey) are given by
O(—Ey) = @[kz'n?w— Iekl], (B.15)
= 0(h =&, 9)0(a) + 04 g + h)O(—z),
O(Ey) = @[%+h+|8k|:|a (B.16)

= 0(6,0+MO() + O(h — &, _g)O(—&).

The second lines of Egs. (B.15) and (B.16) can each be verified by considering the first lines
for ¢, > 0 and ¢, < 0. With these expressions in hand, Eq. (B.14) may be considerably sim-
plified. Inserting them into Eq. (B.14), and combining all the momentum sums, we have

Eo = la(1+ 00— o)~ 0(5.0+h))

+(%”’><1 S CIGNE @(ék+g+h)))} (B.17)

Next, using the identity @(x) =1 — O(—x), Eq. (B.17) further simplifies to

k- k-
Eg = Z <5k_2—n?_h>@(h_ fk—%) +; <8k+2—n?+h)@(_h_€k+%)’

(B.18)

where we note that, since the sums over k are restricted to small k by the step functions,
the sums are each convergent at large k. Therefore, it is valid to shift k — k + Q/2 and
k — k — Q/2 in the first and second terms, respectively, which yields

Eg = [(&—hO(h— &)+ (& +nO(—h— &), (B.19)

k

the correct result for the ground-state energy of a normal Fermi gas under an applied
chemical potential difference.

Appendix C. BEC-BCS crossover at 1 =0

In this Appendix, we review the BEC-BCS crossover [19-27] exhibited by H, Eq. (61),
at zero chemical potential difference 7 = 0. This will set the stage for our subsequent
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treatment at finite /2 of interest to us and will also serve to establish notation. The mean-
field ground-state energy Eg associated with H is Eq. (76). After taking 7 =0 in the Eq.
(76), to be completely general one must then minimize over Q and Bg. However, in the
absence of any chemical potential difference it is clear that Eg is minimized by Q =0 as
there is no energetic gain (only cost) of FFLO-type states. Thus, at the outset we set
Q =0 along with 2 =0 in Eq. (76), obtaining (writing 4, as 4 for notational simplicity):

A A
Eg = (6 —2u) 2+Z(ék Eit5- ) (C.1)
where we have defined
. K
G=a—n=5_-1 (C2)

and used Eq. (27) for the renormalized detuning 6. We first compute Eg in the normal
state 4 =0:

Eg(4=0) :Z(fk — &), (C.3a)
= 185 0 (u), (C.3b)

where we converted the sum to an integral and used the three-dimensional density of states

N(E) = ¢VE with

32
=—. C4
N (C4)
Combining this with Eq. (C.1) then gives:
48
Eo = (6~ 21) o5 — 5en0) + (1. 4), (C5)
where
d’k 4
I(p,A4) = , C.6
= [ (1l -Ee ) c6)

where we have converted the momentum sum to an integral.
The standard BEC-BCS crossover follows from finding the minimum of Eg which sat-
isfies the gap equation

0Eg
0= 677 (C7a)
while satisfying the number constraint
O0Eg
=~ (C.7b)

which we evaluate numerically in Fig. C.1.

For a narrow Feshbach resonance (y <« 1), we can find accurate analytic approxima-
tions to Eg in Eq. (C.5) in all relevant regimes. The first step is finding an appropriate
approximation to Eq. (C.6), which has drastically different properties depending on
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; L
0.75
0.5 A/Agprc
0.25

Fig. C.1. Plot of ZI/ZlBEC (i.e., the gap normalized to its asymptotic value Agpc = v/27/3) in the BEC regime and
it, as a function of normalized detuning 4 = /¢ for y =0.1.

whether u > 0 (so that the low-energy states are near the Fermi surface) or u <0 (so that
there is no Fermi surface and excitations are gapped with energy bounded from below by
|lul). We proceed by first evaluating the derivative & and then integrating the expression
with constant of integration /(u,0) = 0.

ol / d’k (1 1)
— =Y ———, C.8a
0A 2n)’ \Ex & ( )
© 1 1
= —cA/ Vede| —————|, (C.8b)
‘ V0e—w'+4 €
8e 2
~ —2N(uw)A1n T H> 0; u> 4, (C.8¢c)

~ N(u)4 ;o u<0; ul >4, (C.8d)

e (Y

16 \ u
Eq. (C.8d) may be obtained by Taylor expanding the integrand in 4 < |u| and integrating
term by term, with details of the derivation of Eq. (C.8¢c) appearing in Ref. [29]. Integrat-
ing with respect to 4, we thus have

—N(,u)(“;—&- Azlngez‘i> u>0u> A,
I~ (C.9a)

. 2
N(w) % [n+% (4) ] < 05| > 4,
Having computed Eg(u,4) in the regimes of interest, the phase diagram is easily deduced
by finding A that minimizes Eg(u,4), subject to the total atom number constraint Eq.
(C.7b).
C.1. BCS regime

The BCS regime is defined by 6 > 2¢p, where A <« pand p = e > 0, with pairing taking
place in a thin shell around the well-formed Fermi surface. In this regime, Eg is given by
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48 o,
S C.10
82 15K (C.10)

AZ
Eg ~ —c?ﬁlz +?(5 —2u) + ¢y/uA* In

It is convenient to work with the dimensionless variables defined in Egs. (105a), (105b),
(105c¢), (105d), (105¢). The normalized ground-state energy eg in the BCS regime is then
given by

Eg Vit

e =—55 = —7212 + 226 =2y + /A In
F

4 8 s
o 15 (C.11)

where, y, defined in Eq. (37), is a dimensionless measure of the Feshbach resonance width
Iy to the Fermi energy. With this, (C.7a) and (C.7b) become

aeG

=5 A (C.12a)
~ 24(6 — 20)y~" + 2/l 1nge"7ﬂ, (C.12b)
g _ a@i; (C.12¢)
~ 2 f}%%ﬁ/zujzw _Zf'/zﬁ ln%, (C.12d)

that admits the normal state (4 = 0, i = 1) and the BCS SF state
A ~Apes(it) = 8e*2ﬂe*"71(3*2’1)/\/’r‘, (C.13a)
e Y (C.13b)

where in the second line we approximately neglected the first term on the right side of Eq.
(C.12d), valid since Apcs < 1 (and y < 1). It is easy to show that the BCS solution is al-
ways a minimum of Eg.

The meaning of the two terms on the right side of Eq. (C.13b) is clear once we recall its
form in terms of dimensionful quantities:

4
n zgcu3/2+2|b|2, (C.14)

i.e., the first term simply represents the total unpaired atom density, reduced below n since
i < er, while the second term represents the density of atoms bound into molecules, i.e.,
twice the molecular density |5]>. Qualitatively, we see that at large 4, 4 < 1, implying from
the number equation that ji < 1.

C.2. BEC regime

We next consider the BEC regime defined by 6 < 0. As we shall see, in this regime u <0
and |u| > 4, so that Eq. (C.9a), I(u,4), applies. This yields, for the normalized ground-
state energy,
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~ ~\ 2
AU — A? n (4
eG:(5—2u)AZV L ‘,U|7 [7'54-3—2(5) ]7 (C.15)

and, for the gap and number equations (dividing by an overall factor of A in the former)

i

0~ 2y (6 —2) + /i [n—i—%(z‘) }, (C.16a)

N A?
S L

— (C.16b)
4/l

wl

As noted in Ref. [22], in the BEC regime the roles of the two equations are reversed, with i
approximately determined by the gap equation and A approximately determined by the
number equation. Thus, i is well-approximated by neglecting the term proportional to
A? in Eq. (C.16a), giving

2

At large negative detuning, \3| > 1, where it is valid in the BEC regime, Eq. (C.17) reduces
to u ~ 0/2, with the chemical potential tracking the detuning.
Inserting Eq. (C.17) into Eq. (C.16b) yields

5 2.2
g 1+ 2" i (C.17)

B m (C.18)

S o + 3209

Using 4 = 4 /er and the relation A* = g°n,, between 4 and the molecular density, we have

A :E/_lﬂzn, (C.19)
4
:g [P L (C.20)

(ym)* +32/9]

which, as expected (given the fermions are nearly absent for < 0) simply yields 7,, ~ n/2
in the asymptotic (large |0|) BEC regime.
Appendix D. Derivation of Eq. (102)

In the present appendix, we provide the steps leading from Eq. (97) to Eq. (102). To this
end we need to evaluate
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S(h) =S1(h) + Sa(h), (D.1)
Si(h) =E. > O(h — Ey), (D.2)
hy=—hY O(h—E). (D.3)

We shall derive Eq. (102) by showing that 0S/0h = —m(h), with m(h) given by Eq. (99b).
Since S(0) = 0 (recall Ej, > 0), this is sufficient. First, using @’(x) = o(x) with d(x) the Dirac
delta function, we have

%:ZEké(thk) =h> S(h—E), (D.4)
%:—Z@(k—Ek)—hZ(S(h—Ek). (D.5)

Adding these, we obtain
— > 0(h—E) = —Vm(h), (D.6)
k
which provides the connection between Egs. (97) and (102).

Appendix E. Derivation of leading-order contribution to T-matrix

The leading-order contribution to the T-matrix is given by the Feynman diagram in
Fig. 25 (corresponding to molecular scattering), with external momenta and frequencies
set equal to zero. We find it easiest to compute this diagram by starting at finite temper-
ature 7 before taking the 7'— 0 limit. Standard analysis gives

1
AT : E.l
iy 2/ o (E.1)

w pT) ( 1o —

with &,; =€, — 1, as in the main text. The fermionic Matsubara frequency sum can be
straightforwardly evaluated using standard techniques: [145]

1
=T , E.2
Z (io — A)* (i — B)? (E-2)

d d 1 1

*d—Ad—BT;—iw_A—iw_Bv (E3)
_d d np(4) —np(B)
dAddB  A-B
Taking the 7'— 0 limit, in which nxx) — @(—x) and evaluating the derivatives, we have

-2 o(4) o(B)
S(A,B) = ———[0(=A4) — O(—B)] — —=2 — —~. E.5
(4.8) == sl0(-) — O(-B) - =57 - = (E.5)

Using Eq. (E.5) for S(4,B), with 4 = ¢,1 and B = —¢,|, the molecular T-matrix is (using
the density of states N(e) = cy/e) given by:

(E4)
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4 o]
cg 1
T, = _T/ der/e——— [O(—e+ p;) — Oe — )]
0 (e—n)

s [T ole—py)  ole—py)
—c dev/e . E.6
¢ /0 \/_[(6_.“1)2—’_ (6_%)21 (0

Since we are in the BEC regime, p <0. Taking (without loss of generality) 2> 0, we
have py <0 always and the second step function in the first line of Eq. (E.6) is always
unity. Moreover, for the same reason, the second delta function in the second line is
always zero. However, ur does change signs with increasing /4, so that the first delta
function in the second line can contribute. Evaluating the remaining integrals in Eq.
(E.6) then yields

cg*n

= Wﬂ(}l/“ﬂ)a (E7)

m

with Fy(x) defined in Eq. (195), the result used in the main text.

Appendix F. Computation of excluded sums

In this Appendix, we provide details for the computation of the “excluded sums”
appearing in the ground-state energy Eq. (241) [86]. The first such sum is

S1= ) E(l 4 O(—Ex) — O(Ex))). (F.1)

Using Egs. (74c) and (74d) for Ey,, we see the first step function gives unity for (with 6 the
angle between k and Q, and in this section dropping the subscript Q on 4 for simplicity)

kQcos0 5 5
o +h>e+ 47, (F.2)

while the second gives unity for

kQcos0 > 5
. +h>—\/eg+ 4, (F.3)

and each vanishes otherwise. Clearly, if Eq. (F.2) is satisfied, then so is Eq. (F.3). Thus, out
of four possibilities only two nonzero contributions to Eq. (F.1) occur, when either both
inequalities are satisfied or when both are violated.

The conditions Egs. (F.2) and (F.3) restrict the momentum sum in Eq. (F.1) to the
immediate vicinity of the Fermi surface. Thus, we shall replace £ — kr on the left side
of Egs. (F.2) and (F.3), where kr is the Fermi wavevector associated with the adjusted
chemical potential ji = u — Q?/8m, i.e., k%/2m = ji. Following Ref. [86], we now determine
where these conditions intersect the Fermi surface where ¢ — 0. In this limit, Egs. (F.2)
and (F.3) can be written as

1 _
cos O > cos Opin =—=—, (F.4)
0
1+

cos 0 > cos O = — , (F.5)

Q!
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where (as in the main text) we deﬁned the rescaled momenta Q = ’2‘;3 and the rescaled
chemical potential difference 4 = 4
Now, S; can be straightforwardly computed (converting sums to integrals via

S — Y8 [de [deos0)

S :AN(;])/ dcosQ/ dey/1 +
cos 6,

min

€05 Omax 2 2
—i—AN(ﬁ)/ dcos@/ dey/1 +%, (F.6)
-1 0

8+EA\/(QCOSO+I_1)2—1, (F.7)

is the maximum energy at a particular @ where the contribution to S is finite. The two
lines of Eq. (F.6) correspond to the cases when both Egs. (F.2) and (F.3) are satisfied,
or both violated, respectively.

Clearly, if cos 0,.x < —1 or cos O, > 1 (as defined by Eqgs. (F.4) and (F.5)) then these
integrals simply vanish. These limits are manifested in the final expression by step (@)
functions in the final result. Furthermore, we have implicitly assumed in Egs. (F.4)
and (F.5) that =% h <1, and — 15” —1. If either assumption 1s not valid, then the corre-
sponding 1ntegrat10n range over cos 0 in Eq. (F.6) becomes f d cos 0. Taking this into
account, the integrals in Eq. (F.6) yield for S;:

N(@) A

Si1=—y5 HQ+h)+HQ k)~ H(:-0), (F.8)

H(x) = E(x2 —1)*? 4 xcosh™'x — Va2 — 1|@(x — 1).

where

Following the same procedure for S, the final line of Eq. (241), gives

=) ("2—Q + h) (1 — O(—Ey) — O(Ey))), (F.9)
=ML @+ i) +a@ -1y -6 - 01 (F.10)

with
Jx)= (2 -1 -1), (F.11)

which is the result used in the main text.

Appendix G. Free expansion

In this Appendix, for completeness we review the free expansion dynamics of a trapped
Bose gas, recalling how it yields information about the initial boson momentum distribu-
tion [146-149]. This is of interest here as free expansion is a direct probe able to distinguish
and identify the phases discussed in this paper. Its application to the FFLO state requires
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an additional first step of sweeping the resonance in the usual manner [1] to project the
FFLO state onto a finite momentum molecular condensate.

We take the initial state of the Bose system to be a condensate characterized by a single-
particle wavefunction By(r). After time ¢ of free expansion, By(r) evolves into b(r,?) given
by

d3k n ik-r 71htk2/2m
b(l’, t) = 2—),;Bo(k)e € (Gl)
/ d’rBy(r)e ™, (G2)

governed by the free-particle Schrédinger equation. The corresponding spatial boson den-
sity distribution at time ¢ is

n(r,t) = (b'(r,0)b(r, 1)) ~ b*(r,1)b(r,1). (G.3)
Inserting Eq. (G.1) into Eq. (G.3), using Eq. (G.2), and shifting k — k -+ mr/hz, we have

}’l(l‘7 t) ~ /d3i"1d3}"2_f(l'1,rz)ei%r'(rlirZ)BS(l'l)B()(l'z), (G4)
3 347

e = / L (G.5)
(2Tc) (2n)

The function f{r,r,) can be evaluated by changing variables to k.k’ = p & q/2, giving

dp &
fr,r) = / P4 gvinn)gia(nr)/2gil/mpa,
(2n)” (2n)

m \3 .
_ im(ry+ry)(r;—ry) /20t 6
(2nm) ¢ ’ (G6)
Inserting Eq. (G.6) into Eq. (G.4), we find
n(r,t) =~ <27tht /d ridrpeihin ) el o B (r1)Bo(r2). (G.7)

Noting that the initial cloud is small compared to the expanded one, we may neglect r; and
r, compared to r in the exponential in the first line of Eq. (G.7) since r is measured in the
expanded cloud while r; and r, are confined to the initial cloud. This reduces n(r,?) to

n(r, t) :(%) SB(’; (%r)]?o (%r), (G.8)
~ (%) 3nk:%,, (G.9)

where ny is the momentum distribution function. Thus, as advertised, the density profile
n(r,) in the expanded cloud probes the initial momentum distribution. For the simplest
trapped FFLO-type state By(r) = BQ(r)e‘Q'r, Eq. (G.9), with Bg(r) the shape of the ampli-
tude envelope determined by the trap. Taking it (for concreteness and simplicity) to be a
Gaussian Bg(r) « ¢ /2R and using Eq. (G.9) we find

n(r,t)ocexpl (r——Q) /(Z 01>2], (G.10)
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i.e., a Gaussian peaked at r = % thus probing the FFLO wavevector Q. Requiring the
peak location be much larger than the Gaussian width hz/mR, thus implies that
QR > 1 is necessary to observe the FFLO state in this manner.
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