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Abstract: We review the mathematical speed limits on quantum information processing in many-body

systems. After the proof of the Lieb-Robinson Theorem in 1972, the past two decades have

seen substantial developments in its application to other questions, such as the simulatability

of quantum systems on classical or quantum computers, the generation of entanglement, and

even the properties of ground states of gapped systems. Moreover, Lieb-Robinson bounds

have been extended in non-trivial ways, to demonstrate speed limits in systems with power-

law interactions or interacting bosons, and even to prove notions of locality that arise in

cartoon models for quantum gravity with all-to-all interactions. We overview the progress

which has occurred, highlight the most promising results and techniques, and discuss some

central outstanding questions which remain open. To help bring newcomers to the field up

to speed, we provide self-contained proofs of the field’s most essential results.
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Introduction1

We are all familiar with the idea that there are “speed limits” on physical dynamical processes. For
example, in special relativity, no two parties can send information faster than the speed of light c. This
simple observation allows us to reconcile our notion of causality with Einstein’s observation that there
is no absolute time. Consider events A and B separated (to one observer, in flat spacetime) by time
∆t = tB − tA and distance ∆r = |xB − xA|. If ∆t > 0 for this observer, then all observers will find (in
their own frame)

∆t′ > 0 if and only if ∆r < c∆t. (1.1)

It is no stretch to say that this speed limit on information underpins our confidence in the theory of
relativity, and thus in our understanding of the universe.

Of course, for more “human scale” problems, often the speed of light is effectively infinite: c ≈ ∞.
Still, there can be important emergent speed limits on information transmission. For example, auditory
signals propagate at vsound ∼ 10−6c. Listening to an orchestra, it is not important that some information
content of the music might in principle be transmitted at the speed of light c, because the medium through
which information is transmitted is subject to a stricter non-relativistic speed limit.

This review article discusses how such stricter non-relativistic speed limits arise in quantum many-
body systems. One way this can arise is when the system is effectively described by a model of particles
interacting on a lattice, which is nearly always the appropriate description of a many-body system in
condensed matter or atomic physics. On the lattice, non-interacting particles have dispersion relations
with the schematic form ε(k) ∼ J cos(ka), where J is an energy scale and a is the lattice spacing. The
velocity of information is bounded by

vgroup =
1

~
sup
k

∣∣∣∣ ∂ε∂k
∣∣∣∣ ∼ Ja

~
. (1.2)
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In typical condensed matter systems, this velocity is roughly 10−3c . vgroup . 10−2c.
The particular focus of this review is on the remarkable fact that one can prove such speed limits

in a huge number of physically realistic lattice models (and, with caveats, in some continuum settings
as well!). Because the relevant literature intersects heavily with physics, mathematics, and quantum
information, much of the review may be more formal and precise than a typical physics review article.
However, the subject does not require intense training in modern mathematics, but rather the creative
use of simple mathematics which should be familiar to any physicist who has studied quantum mechanics.
We will begin gently and guide the reader through the formal proofs of central results in the field while
highlighting some more technical but important extensions in recent years, which will almost always be
stated without (a full) proof.

We remark in passing that sometimes the phrase “quantum speed limit” is used to refer to the
Heisenberg energy-time uncertainty principle [1, 2]: namely, if we look at the solution to some time-
independent Schrödinger equation

|ψ(t)〉 =
∑
α

cαe−iEαt/~|α〉, (1.3)

with |α〉 the eigenstates of a Hamiltonian, we can show that if ∆E is the largest difference between two
Eαs represented in the above sum, |ψ(t)〉 and |ψ(0)〉 cannot be orthogonal before a time

∆t &
~

∆E
. (1.4)

The purpose of our review is to explain why even in the thermodynamic limit when ∆E →∞ is extensively
large, there are still meaningful notions of “speed limits” deriving from spatial locality.

For the remainder of the introduction, we tell a historical story that places work on Lieb-Robinson
bounds into its broader context; starting in Section 3, we begin our formal but friendly tour through the
mathematical physics of quantum speed limits.

1.1 The EPR paradox

Probably the first serious consideration of information propagation in quantum mechanics was in the
classic paper [3] by Einstein, Podolsky, and Rosen. The resulting EPR paradox goes as follows: suppose
Alice and Bob have two qubits prepared in a Bell pair [4]: the wave function of their “universe” is

|ψ〉 =
|0〉A|0〉B + |1〉A|1〉B√

2
(1.5)

where |0〉, |1〉 represent the up and down states (in the z-direction) of a (two-level) spin-1
2 system (i.e.

qubit), and A/B denote the qubit held by Alice/Bob. Now suppose Alice measures her qubit to be |0〉. No
matter how far Bob is from Alice, instantly Bob’s qubit is also |0〉. EPR believed this must communicate
information, and thus quantum mechanics was not compatible with relativity and locality.

Actually, no information has been communicated in this process. In particular, Bob and Alice only
know their measurements agree (and confirm the state was |ψ〉) after sending classical signals to each
other announcing their measurement outcomes: these classical signals travel at most at the speed of light
c.1 EPR’s “paradox” is fully compatible with relativity and locality.

1.2 The Lieb-Robinson Theorem

To further constrain quantum mechanics via locality, we now claim that the Bell state |ψ〉 is not easy
to prepare. As made precise in Section 5, suppose Alice and Bob are separated by distance L with two

1They must also do this experiment many times to confirm that |ψ〉 was entangled (while outcomes may differ, they
always agree)!
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unentangled qubits |00〉, then if

e−iHt|00〉 ⊗ |rest〉 = |ψ〉 ⊗ |rest′〉, (1.6)

with “rest” denoting any additional qubits in the universe. Then, in any lattice model the evolution time
t must obey

t ≥ L

vLR
, (1.7)

where vLR – the Lieb-Robinson velocity – is an L, t-independent constant. This bound holds even in a
non-relativistic spin chain where c =∞. Intuitively, vLR ∼ Ja/~ as in (1.2).

The way the Lieb-Robinson Theorem is stated, as we will do when we prove it in Section 3, is not in
terms of such a Bell pair experiment. In 1972, Lieb and Robinson instead thought more abstractly [5], in
terms of the operator norms of commutators of Heisenberg-evolved operators. They proved that for any
local spin model, there exists a constant µ > 0 such that

‖[A(t), B]‖ ≤ eµ(vLRt−L) (1.8)

where A,B denote Pauli matrices of Alice and Bob respectively, and A(t) = eiHtAe−iHt. In Section 5 we
will, in some detail, explain the connection between this abstract bound, and the concrete constraint on
preparing a Bell pair (along with many other entangled states!). In a nutshell, only when the commutator
is large O(1) can a Bell pair be formed out of |00〉, which implies (1.7).

1.3 Applications of the Lieb-Robinson bound

The broader physics and quantum information community only seemed to become aware of the Lieb-
Robinson Theorem in the past two decades. Perhaps the most immediate reason why the Lieb-Robinson
bound became better known is that in a beautiful pair of papers [6, 7], it was shown that the Lieb-
Robinson bound implies the finite correlation length of any gapped ground state. This took a curious fact
about the dynamics of Heisenberg-evolved operators, and connected it to a completely different kind of
question, of broad and independent interest in the quantum matter community (Section 6)!

The story above focuses on the ground state properties of a many-body quantum system. But, over the
past two decades, an increasingly large fraction of the theoretical physics community has begun to focus on
the dynamics of large quantum systems. Some of this focus has arisen due to developments such as a theory
of many-body localization [8, 9, 10, 11, 12, 13], quantum scars [14, 15], or prethermalization (discussed in
Section 7.2), which suggest that dynamics can be more complicated than textbook hydrodynamics2. Just
as much has arisen out of the rapid and impressive developments in experimental quantum simulation
(and the baby steps toward quantum information processing and computation in the lab). In a quantum
simulator, one often studies highly excited states and, in principle, desires control over much of Hilbert
space – not merely the ground state! Lieb-Robinson bounds then limit how quickly interesting operations
can be done (using unitary quantum mechanics alone) in such a simulator. The consequences of a Lieb-
Robinson bound on information spreading and correlations have been observed in actual experiments on
cold atomic gases [17].

Looking forward, if someday a large-scale quantum computer is built, Lieb-Robinson bounds provide
very non-trivial constraints on how efficiently such a computer could operate. When laying out physical
qubits in a two-dimensional chip, one cannot perform quantum state transfer at the speed of light c – the
effect is limited by the emergent Lieb-Robinson velocity! The implications of Lieb-Robinson bounds on
the resources required to prepare interesting entangled states will be discussed at length in Section 5.

2Yet even this subject is undergoing a revival of interest! See, e.g., the review [16].
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Lastly, the increase in classical computational power has been enormous since 1972, and papers now
routinely use numerical simulation to model complex quantum dynamics, at least in small systems and at
short times; in recent years, researchers have begun to consider potential usage of a quantum computer
for the same task. In Section 4, we explain how the Lieb-Robinson Theorem gives guarantees for classical
simulations accuracy, and, at the same, gives rise to provably efficient quantum algorithms.

The increased attention to Lieb-Robinson bounds has also led to significant developments and ex-
tensions of the original Lieb-Robinson bounds to new settings. Indeed, an unfortunate reality is that
many-body quantum systems realized in the lab usually do not merely consist of spins interacting with
nearest neighbors. Charged particles interact with 1/r interactions, dipolar objects have 1/r3 interac-
tions, and even genuinely neutral objects have 1/r6 van der Waals interactions. For many years, there was
a theoretical effort to extend the Lieb-Robinson Theorem to systems with power-law interactions; this
recently-resolved question will be the focus of Section 10. Many other systems have interacting bosonic
degrees of freedom, which introduces an additional subtlety (Section 11).

Lastly, there is a profound (and not fully understood) connection between the physics captured by
Lieb-Robinson bounds and the holographic theory of quantum gravity. We will briefly describe this story
in Section 9. It is likely that a full resolution of these questions will require powerful generalizations
of Lieb-Robinson bounds to other “norms for operator”; we will explain this perspective in detail in
Section 8.

1.4 Outline

Our review is organized into roughly two parts. In the first part, we introduce more basic content, focusing
on minimal lattice models with nearest-neighbor interactions and finite-dimensional Hilbert spaces, to
give the reader a sense of the broad scope and implications of Lieb-Robinson bounds. Section 2 gives a
lightning review of useful mathematical definitions, propositions, and conventions. Section 3 motivates
and proves a standard Lieb-Robinson bound for dynamics on a lattice. The next three sections all
provide key applications of this technique to different problems: the simulatability of quantum dynamics
(Section 4), bounds on entanglement and correlations (Section 5), and the proof that ground states of
one-dimensional gapped systems have area law entanglement (Section 6). We also include discussions of
bounds on thermalization in Section 7, although this is a less developed area of the field.

The second part of the review focuses on more recent extensions of the Lieb-Robinson bound away
from local spin models. In Section 8, we introduce the notion of quantum operator growth and the
Frobenius light cone, which have become of recent interest in studies of chaotic many-body dynamics
(but prove mathematically interesting as well). Section 9 describes all-to-all interacting systems, with no
strict spatial locality, but still a “computer science” notion of k-locality (which can be used to constrain
operator growth and chaos). Section 10 describes the extension of Lieb-Robinson bounds to systems with
power-law interactions, while Section 11 extends Lieb-Robinson bounds to systems at a finite charge or
energy density, and to certain bosonic systems. Lastly, our final section describes our perspective on
important open problems.

Earlier reviews that discuss locality bounds include [18, 19, 20, 21, 22, 23], including their tests in
experiment [24]. Other recent reviews [25, 26] discuss many-body chaos and operator growth. Our review
is complementary: we provide a self-contained introduction to this subject (which can appear rather
formidable to an outsider!), but also illustrate, with some depth, how the Lieb-Robinson bounds can be
applied very broadly. We have found, working in this field, that often one mathematical technique will
find surprising applications to multiple types of problems previously thought unrelated. We hope that
our review, organized around a few key mathematical results and their many applications, will inspire
future scientists and mathematicians to uncover new results, for many years to come.
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Mathematical preliminaries2

We begin by reviewing our conventions and important mathematical facts. The reader may skim this
section and refer to it as appropriate throughout the review.

2.1 Notation

The prevailing notation is summarized by the following, admittedly scattered, collection of facts and
definitions.

We denote the complex numbers by C, the real numbers by R, the non-negative real numbers by
R+ = {t ∈ R : t ≥ 0}, and the integers by Z (non-negative ones by Z+). Sets, subsets, and parties
(Alice/Bob) will always be denoted with uppercase serif font: A,B, etc. The complement of a subset A is
denoted as Ac, which consists of all elements not in A. (The set of all elements that should be considered
will be clear from the context.)

We use roman/upright font e, i, π, to denote mathematical constants (such as i =
√
−1). Variable

names which are problem-specific will be italic (e.g. site/vertex i in a lattice/graph). States in quantum
mechanics are described by vectors in a Hilbert space (denoted with H); this Hilbert space will mostly
be finite-dimensional. Vectors in Hilbert space are described in Dirac’s bra-ket notation: |a〉 or |ψ〉. Note
that we will always use lower-case letters for their arguments. Uppercase italic letters (A, B) are reserved
for operators on a quantum Hilbert space, which one can often think of as matrices. We will reserve the
letter I for the identity operator:

I|ψ〉 = |ψ〉, (2.1)

while H is reserved for the Hamiltonian acting on a quantum system, generating time-evolution via the
Schrödinger equation:

H(t)|ψ(t)〉 = i
d

dt
|ψ(t)〉. (2.2)

Here and henceforth, we set ~ = 1. An entry of matrix A will be denoted as Aij = 〈i|A|j〉.
Sometimes, it is useful to think of the operators acting on H as vectors themselves. Mathematically

this can be stated as follows: the set of linear transformations, which is denoted as End(H), is itself a
vector space.3 When we wish to highlight this fact (starting in Section 8), we will use bra-ket notation
with parentheses to write down operators: for example, we write A as |A). This notation is especially
useful when we wish to use the natural notion of Hilbert-Schmidt inner product on this space:

(A|B) :=
Tr(A†B)

Tr[I]
. (2.3)

The symbol := denotes “the left-hand side of this expression is defined by the right”; the symbol =: would
mean the right is defined by the left. In Section 11, we will find it useful to consider alternative inner
products on this space. Lastly, in the Heisenberg picture of quantum mechanics, the Schrödinger equation
(2.2) generalizes to

d

dt
|A) = L|A), (2.4)

with the Liouvillian L defined as

i[H,A] =: L|A). (2.5)

3The “End” stands for endomorphism, which is a mathematical generalization of the notion of linear transformation to
more complicated structures.
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Without using this bra-ket notation and assuming H is time-independent, we can integrate (2.4) to find

A(t) := eiHtAe−iHt = eLtA. (2.6)

It is almost always the case in this review that a result derived for t-independent H also holds for t-
dependent H; so we will often write (2.6) even when the result does hold for t-dependent H (where e−iHt

becomes a time-ordered path integral).4 In general, we will denote “super-operators” (transformations
on the space of operators) by curly fonts A,B, etc.

We use D to denote the dimension of a finite-dimensional Hilbert space (often this will be exponentially
large in the number of qubits or degrees of freedom N). The spatial dimension is denoted by d (defined
below), which is never particularly large.

Expectation values in quantum mechanics may be denoted with the following shorthand notation:
with states, 〈A〉ψ := 〈ψ|A|ψ〉, while with density matrices, 〈A〉ρ := Tr(ρA). The symbol E[· · · ] will
denote expectation value with respect to a classical probability distribution, not a quantum state, while
P[· · · ] will denote the classical probability of an event.

We say that f(x) = O(g(x)) if there is a constant c <∞ such that |f(x)| ≤ c|g(x)| for all x and that
f(x) = Ω(g(x)) if there is a constant c > 0 such that |f(x)| ≥ c|g(x)| for all x.

2.2 Qubits

We will often discuss qubits: two-level systems with states |0〉 and |1〉. We define the Pauli matrices

X = |0〉〈1|+ |1〉〈0|, (2.7a)

Y = −i|0〉〈1|+ i|1〉〈0|, (2.7b)

Z = |0〉〈0| − |1〉〈1|. (2.7c)

Of course, the Hilbert space is often the tensor product of N two-level systems (so the Hilbert space has
dimension D = 2N ). The most general operator on this system is the tensor product of the operators on
each of the N two-level systems. On a single two-level system, the most general operator can be expanded
in the Pauli basis: A = a0I + a1X + a2Y + a3Z, where all coefficients ais are real if and only if A is
Hermitian. Therefore we conclude that the most general operator on the 2N -dimensional Hilbert space is
a sum of 4N different possible Pauli strings. Denoting (I,X, Y, Z) = Xa for a = 0, . . . , 3:

A =

3∑
a1···aN=0

Aa1···aNX
a1 ⊗ · · · ⊗XaN , or |A) =

3∑
a1···aN=0

Aa1···aN |a1 · · · aN ). (2.8)

The following fact will prove very useful in Section 8:

Proposition 2.1: Pauli strings are orthonormal

Using the inner product (2.3),

(a′1 · · · a′N |a1 · · · aN ) = I(a′1 = a1, . . . , a
′
N = aN ). (2.9)

The symbol I[· · · ] denotes the indicator function, which is 1 if its argument is true, and 0 if its argument
is false. As is standard, we will denote with Xa

i the Pauli matrix Xa acting on qubit i, tensored with
identity I on all other qubits.

4In the mathematics literature one often finds the notation A(t) = τt(A); we stick to the physics notation A(t).

8



2.3 Graphs and local Hamiltonians

Many-body quantum systems are interesting precisely because the Hamiltonian is usually expressible in
a simple way. For most of this review, we will focus on Hamiltonians between N qubits that can be
expressed as

H(t) =
N∑
i=1

3∑
a=1

hai (t)X
a
i +

N∑
i<j=1

3∑
a,b=1

habij (t)Xa
i X

b
j . (2.10)

Because H contains terms that have at most two non-identity Paulis at a time, we call H 2-local.
Each 2-local Hamiltonian can be naturally described via an undirected graph G = (V,E), where V is a

vertex set and E is a collection of two element subsets of V. We place a qubit (or more generally, a degree
of freedom) on each vertex v ∈ V; we place an edge {u, v} ∈ E if and only if habuv(t) 6= 0 for some a, b and
t (except for in Section 10). In many physics problems, one actually has a graph G which is pre-specified
- only couplings between certain qubits are permitted, so it will be natural for us to describe notions of
locality and Lieb-Robinson bounds in terms of graphs. A useful notation is to keep track of what edges
are adjacent to each vertex: for v ∈ V,

∂v = {e ∈ E : v ∈ e} ⊂ E. (2.11)

More generally, for any set A ⊆ V,
∂A = {e ∈ E : |e ∩ A| = 1} (2.12)

contains the edges that connect vertices in A to those outside of A. The Manhattan distance (for us,
just “distance”) d(u, v) on a graph is defined as the fewest number of edges that can be traversed to get
between any two vertices. This distance measure obeys the triangle inequality:

d(u, v) ≥ d(u,w) + d(w, v), for any w ∈ V. (2.13)

The diameter of a set S ⊆ V is defined as

diam(S) = max
u,v∈S

d(u, v). (2.14)

We say that the graph is d-dimensional (as measured by constant C > 0) if

|{u ∈ V : d(u, v) ≤ r}| ≤ 1 + Crd, (2.15)

for any v ∈ V; this is, of course, satisfied by the d-dimensional lattice Zd with nearest-neighbor connec-
tivity.

Naturally, one may consider k-local Hamiltonians where each of the interaction terms is k-local (e.g.,
X1X2X3 is a 3-local term). Physically, we often take k as constant independent of the system size N . We
will not focus too much on k-local Hamiltonians in this review: many of the techniques we have described
for k = 2 generalize somewhat straightforwardly. We think an elegant way to generalize what is described
in this review to k-local problems is the factor graph construction: see [27] for details.

2.4 Operator norms and identities

Operator dynamics involve complicated, high-dimensional objects. Nevertheless, we may capture its sizes
using prevailing choices of matrix norms. The operator norm

‖A‖ := sup
|ψ〉,|φ〉

|〈φ|A |ψ〉|√
〈φ|φ〉 〈ψ|ψ〉

(2.16)
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controls the matrix element between any possible states and is equivalent to the maximal singular value;
the Frobenius norm is the root-mean-square of singular values

‖A‖F :=

√
Tr(A†A)

Tr(I)
(2.17)

which corresponds to its strength on random states (see (8.12)). Intuitively, the operator norm and
Frobenius norm respectively capture the strength of the operator over the worst and average inputs
states. Naturally, the above are special cases of the Schatten p-norms at p =∞ and p = 2

‖A‖p :=

(
Tr((A†A)p/2)

Tr[I]

)1/p

for each 1 ≤ p ≤ ∞. (2.18)

In the above, we have normalized all norms such that ‖I‖p = 1 as it appears natural in our discussions.
Perhaps the most useful fact about these norms is the triangle inequality:

‖A+B‖p ≤ ‖A‖p + ‖B‖p (2.19)

and Hölder’s inequality.

Proposition 2.2: Hölder’s inequality for Schatten norms

For any square matrices A and B, we have

‖AB‖r ≤ ‖A‖p‖B‖q whenever
1

r
=

1

p
+

1

q
. (2.20)

In particular, setting p =∞ yields the submultiplicativty of operator norm ‖AB‖r ≤ ‖A‖ · ‖B‖r.
Further, since our operator is defined on a Hilbert space with a tensor product structure, it is often

helpful to think about projection superoperators that isolate components of the operator according to
locality.

Definition 2.3: Super-projectors

For any set A, define the projection superoperator PA that annihilates operators acting trivially on
A by

PA|a1 · · · aN ) := I(aj 6= 0, for some j ∈ A) |a1 · · · aN ). (2.21)

Alternatively, let

PA := I − PAc , then PAA = A if and only if A = AA ⊗ IAc (2.22)

where I is the identity super-operator. We will say “operator A is supported on set A” or “operator
A acts non-trivially only on set A” if PAA = A.

It is worth distinguishing the functionality of the two super-projectors. The super-projector PA isolates
the components of the operator that do not vanish in commutators (Section 3.2); for any operator A
supported on A and any operator B, we have

[A,B] = [A,PAB]. (2.23)

Nicely, this superoperator cannot increase any Schatten norm by too much.
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Proposition 2.4: Super-projectors and norms

The projection PA at most increases the Schatten p-norm by

‖PAB‖p ≤ 2‖B‖p. (2.24)

In particular, it is an actual orthogonal projector in the Hilbert-Schmidt inner product such that

‖PAB‖F ≤ ‖B‖F. (2.25)

The super-projector PS has an elegant representation in terms of Haar averages:

Proposition 2.5: Haar representation for super-projector

For any set S and operator A, we can present the super-projector as

PSA =

∫
[dU ]ScU

†AU, (2.26)

where [dU ]Sc is the Haar measure for unitaries supported on set Sc. By the triangle inequality,

‖PSA‖p ≤ ‖A‖p. (2.27)

The following identity will prove immensely useful for us when we prove Lieb-Robinson bounds:

Proposition 2.6: Duhamel’s identity

For any square matrices A and B of the same dimension,

e(A+B)t = eAt +

t∫
0

dse(A+B)(t−s)BeAs. (2.28)

Proof. Call the right hand side C(t), and observe that dC/dt = (A + B)C. Explicitly evaluating the
right-hand side, we find C(0) = I. Then, solving the differential equation leads to (2.28).

2.5 Remark on C∗-algebras

In the mathematics literature, one often discusses Lieb-Robinson bounds using the formalism of C∗-
algebras. In a nutshell, the idea is that in an unbounded graph (e.g., V = Z: the one-dimensional
lattice!), many-body states are not precisely defined, yet local operators are. E.g. it is not possible to
specify the state | · · · 000 · · · 〉 and always correctly set the boundary conditions at infinity; however, we
can always discuss local operators, such as Pauli matrices Xj acting on site j ∈ V, whether or not V is a
finite set.

C∗-algebras provide a rigorous language [28] for discussing the objects that do have precise definitions:
bounded operators O which are supported on finite subsets of a (possibly infinite) vertex set V. The key
observation is that commutators of bounded local operators are also bounded local operators: this closure,
and the fact that time translation is generated by commutators with a local Hamiltonian, suggests that
C∗-algebras are a rigorous way to discuss the limit of infinite system size. We feel, however, that this
mathematical structure often distracts from the crucial intuition and ingredients behind making powerful
Lieb-Robinson bounds relevant to concrete physics problems, and will not focus on it in this review.
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Lieb-Robinson bounds3

We now turn to the core section of this review, where we introduce the famous Lieb-Robinson Theorem.
Assuming only spatial locality, the Lieb-Robinson bounds constrain a large class of many-body quantum
dynamics. Though it will take many pages to fully show it, these Lieb-Robinson bounds are remarkably
versatile, especially since exact dynamics of many-body Hamiltonians are generally analytically intractable
and problem-specific. In contrast, Lieb-Robinson bounds allow us to make statements about all local
systems.

3.1 Warm-up: particle on a line

Before we dive into the many-body problem, it is instructive to consider a single-particle problem on a
1d lattice (r ∈ Z) with the Hamiltonian

H = −h
∑
r∈Z

(|r〉〈r + 1|+ |r〉〈r − 1|) . (3.1)

This is essentially a discrete-space Schrodinger equation, or in computer science literature, the (continuous-
time) quantum walk [29]. We are interested in the Schrödinger picture wave function (presented in the
|r〉 basis)

ψ(r, t) := 〈r|e−iHt|0〉 for r ∈ Z+, t ∈ R+. (3.2)

The amplitude (squared) gives us the probability of the particle being on site r. The time evolution can
be rewritten in the form of Schrödinger equation by inserting a complete basis:

d

dt
ψ(r, t) = 〈r| − iHe−iHt |0〉 =

∑
r′

〈r| − iH |r′〉 〈r′| e−iHt |0〉 = −i
∑
r′

Hrr′ψ(r′, t). (3.3)

There are many approaches to solving this problem. One is to Taylor expand in time t:

e−iHt|0〉 = |0〉 − iht [| − 1〉+ |1〉]− (ht)2

2
[| − 2〉+ 2|0〉+ |2〉] +

i(ht)3

6
[| − 3〉+ 3| − 1〉+ 3|1〉+ |3〉] + · · · .

(3.4)

The coefficients in the above expression – at each order in t – are binomial coefficients, equivalent to
those that count the number of random walks analogous to a random walk (Figure 1). However, if we are
interested in ψ(r, t), the interference between terms at different orders can, a priori, be important:

ψ(r, t) =
(−iht)r

r!
+

(
r + 2

1

)
(−iht)r+2

(r + 2)!
+ · · · . (3.5)

For this particular problem, we can find the exact solution of the oscillatory sum via exact diagonaliza-
tion (3.14). However, in the spirit of a Lieb-Robinson bound, let us only look for an inequality. Then the
argument can greatly simplify. We take absolute values around the Schrödinger equation (3.3):

d

dt
|ψ(r, t)| ≤

∑
r′

|Hrr′ |
∣∣ψ(r′, t)

∣∣ . (3.6)

For this system of ordinary differential inequalities with initial conditions, Gronwall’s Lemma solves it by
exponentiation:

|ψ(r, t)| ≤
∑
r′

(eAt)rr′
∣∣ψ(r′, 0)

∣∣ = 〈r| eAt |0〉 where Arr′ = |Hrr′ | ≥ 0. (3.7)
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Intuitively, this inequality amounts to ignoring the phases in the Schrödinger equation and just adding
up all of the terms in (3.4) coherently. This also explicitly reduces the bound to a combinatorial problem
defined by the weighted adjacency matrixArr′ (which is entry-wise positive). The exponential conveniently
generates all paths connecting sites 0 to r:

〈r| eAt |0〉 =

∞∑
`=0

(h|t|)`
`!
·#(paths from 0 to r with length `)

=

∞∑
m=0

(ht)r+2m

(r + 2m)!

(
r + 2m

m

)
≤ (2ht)r

r!
·
∞∑
m=0

(2ht)2mr!

(r + 2m)!
≤ (2ht)r

r!
e2ht/r. (3.8)

The second line gives precisely the coefficients of Pascal’s triangle (3.4) without phases; the inequality
uses the following convenient bound on binomial coefficients and then that (r + 2m)!/r! ≥ r2m to obtain
the exponential:

Proposition 3.1: Bounds on binomial coefficients

For positive integers a > b ≥ 0, we have (
a

b

)
≤ 2a. (3.9)

To further simplify, apply Stirling’s approximation for the factorial (this will be suitably strong throughout
the paper).

Proposition 3.2: Stirling’s approximation

For non-negative integers ` ≥ 0, we have (
`

e

)`
< `!. (3.10)

We deduce that

|ψ(r, t)| ≤
(

2eht

r

)r
e2ht/r. (3.11)

In other words, we obtain an emergent speed limit : asymptotically, the particle cannot travel faster than
the speed

vLR = 2eh for r →∞. (3.12)

We are calling this emergent velocity vLR, in analogy with the Lieb-Robinson velocities we will soon
introduce. From the single-particle problem to the many-body problem, we will see the Lieb-Robinson
bounds have a similar combinatorial flavor: counting (weighted) paths on the lattice. Since the exact
dynamics of the many-body evolution now has exponentially larger dimensions and is thus much harder
to solve, the bounds that generalize our argument above can become much more important!

Before we move on, let us comment on the tightness of these naive bounds. The reader may find the
triangle inequality approach “wasteful” – perhaps one can do a better counting to get a smaller vLR? In
Section 8.1, we will refine this approach by further utilizing the probabilistic interpretation (constraints)
of |C(r, t)|2, and show that this is indeed possible.

For concreteness, let us now compare with the exact diagonalization results; the eigenvectors of the
Hamiltonian H are the non-normalized plane wave states

|k〉 :=
∑
r∈Z

eikr|r〉, (3.13)
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Figure 1: Quantum walk of a particle on a line with the nearest neighbor Hamiltonian (3.1),
starting at |0〉. The Taylor expansion gives precisely Pascal’s triangle (up to phases).

with eigenvalues
H|k〉 = Ek|k〉 where Ek = −2h cos(k). (3.14)

The maximal group velocity in the problem is

∂Ek
∂k

= 2h sin k ≤ 2h < vLR. (3.15)

How can anything travel faster than the fastest particle in the system? We will return to this issue in
Section 8.1; for now, we simply remark that our estimate’s r-dependence is so tight that we cannot improve
on the factor e in (3.11), although the factor of 2 can be removed using the methods of Section 3.3: see
(8.33) and nearby discussion for more. Moreover, we can solve the problem exactly using these eigenstates.
Define the Fourier transform

ψ̃(k, t) :=
∑
r

eikrψ(r, t). (3.16)

Using the Schrödinger equation, we find

∂tψ̃(k, t) = 2ih cos(k)ψ̃(k, t), (3.17)

which can be solved given our initial condition

ψ̃(k, t) = e2iht cos k. (3.18)

Rewrite in terms of the nth order Bessel function Jn

ψ(r, t) =

2π∫
0

dk

2π
e−ikrψ̃(k, t) = (−i)`Jr(2ht). (3.19)

Using the Bessel function asymptotics, we confirm (3.11) when t� r.

3.2 Lieb-Robinson bounds

Now, let us turn to many-body quantum mechanics. Unlike above, it will now prove more natural to
discuss the time evolution of operators, rather than states. The reason was described in Section 2.5: in
the thermodynamic (large particle number limit), a quantum state is an extremely complicated object.
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Figure 2: (Left) The system of ordinary differential inequalities between the commutator quan-
tities C0,e and C0,r for r = 4. However, this picture is unsatisfying: the commutator quantity
C0,e does not yield a “local operator” interpretation; the operator growth contribution comes
from both directions. (Right) An alternative picture for operator growth with an emphasis on
local approximation (Example 4.2). The growth of eL≤rtA is attributed to eL≤r−1tA and the
interaction Hr−1,r. This is closely related to Lieb-Robinson bounds based on self-avoiding paths
(Theorem 3.8).

Not only does this make it annoying to discuss, but it also makes it fragile: small local perturbations can
completely orthogonalize a quantum state [30]. For example, if |θ〉 = cos θ|0〉+ sin θ|1〉,

〈0 · · · 0|θ · · · θ〉 = cosN θ (3.20)

if there are N qubits, even though |θ · · · θ〉 is obtained from |0 · · · 0〉 by a simple sequence of N single-qubit
rotations. As this is the type of perturbation that will arise in quantum mechanics when we look at time
evolution generated by unitary e−iHt, we will need a different notion of locality.

With operator growth, we find such a notion: a local operator is robust to all but the perturbations
that arise near its starting location. This follows from the trivial (but extremely important) fact that:

Proposition 3.3: Locality gives commuting operators

If a quantum many-body system is defined on set V, and A,B ⊂ V obey A ∩ B = ∅, then operators
A and B, which act non-trivially only on qudits in A and B respectively, commute: [A,B] = 0.

Hence, Lieb-Robinson bounds will capture the dynamics of operators. In particular, we will evaluate
commutators of the form [A(t), B]. By this proposition, the commutator is not zero (as an operator) only
when A(t) has grown enough to act non-trivially (not as the identity) in B. Formally, we often consider
the following quantity

CAB(t) := sup
A,B:‖A‖=‖B‖=1

‖[A(t), B]‖ for any sets A,B ⊂ V. (3.21)

3.2.1. Warm-up: one-dimensional chain

It is instructive to begin by studying a one-dimensional spin chain with nearest-neighbor interactions. In
the language of Section 2, this is a 2-local Hamiltonian with interaction graph G = (V,E), with V = Z
and E = {{n, n+ 1} : n ∈ V}. One could write, assuming that the interactions have bounded norms,

H =
∑
r∈V

Hr,r+1 =
∑
e∈E

He such that ‖He‖ ≤ h. (3.22)

We will calculate the commutator between different operators at different times:

C0r(t) := sup
A0,Br:‖A0‖=‖Br‖=1

‖[A0(t), Br]‖
2

where A0(t) := eiHtA0e−iHt. (3.23)
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This commutator, albeit abstract, bounds numerous interesting tasks, as we show in Section 5: roughly
speaking, it tells us the extent to which a perturbation at site r can modify an observable at site 0 after
time t. Bounding C0r(t) becomes more complicated than the single-particle case. Naively, let us try
Talyor-expanding the Heisenberg evolution

eiHtA0e−iHt = A0+i[H0,1, A0]t+ i[H−1,0, A0]t−
∑
e2,e1

[He2 , [He1 , A0]]
t2

2!
+ · · · . (3.24)

Indeed, the leading order Taylor expansion tells us that the operator only grows “one step further”
(as in Figure 1) as a consequence of the spatial locality of the Hamiltonian. However, the high-order
terms include all possible chains of non-vanishing commutators, which grows factorially fast because –
unlike for a single particle – the operator acts on more sites as we commute with H more times, and
any of these terms can cause a non-vanishing commutator at a later order. For example, the following
fourth-order term is allowed: [H1,2, [H−1,0, [H1,2, [H0,1, A0]]]]. Directly taking absolute values of (3.24)
will give a divergent sum5 at constant time t = O(1).

The key to obtaining the Lieb-Robinson Theorem is unitarity. Indeed, because of the factors of i in
the exponential, many of the terms in (3.24) will destructively interfere with each other. In Section 8,
we will quantitatively use the intuition that Heisenberg operator dynamics amounts to a rotation in a
high-dimensional space: in this picture, it is particularly intuitive that many of the terms in (3.24) are just
“internal rotations” of the operator, that cannot contribute to the commutator C0r(t). Yet this picture
is better suited for the Frobenius light cone, which is a slightly different object than C0r(t) (see Section
8). Therefore, a bound on identifying which terms we can prove interfere requires some care. The key
insight is to use unitarity to move some of the time evolution onto the operator Br. Defining

Hr :=
∑

e∈E:e3r
He = Hr,r+1 +Hr−1,r, (3.25)

we find that

‖[A0(t+ ε), Br]‖ = ‖[A0(t), Br(−ε)]‖ ≤ ‖[A0(t), Br]− iε[A0(t), [Hr, Br]]‖+ O
(
ε2
)

≤ ‖[A0(t), Br] + iε[[A0(t), Br], Hr] + iε[[Hr, A0(t)], Br]‖+ O
(
ε2
)

≤
∥∥[A0(t), Br] + iεe−iεHr [[Hr, A0(t)], Br]e

iεHr
∥∥+ O

(
ε2
)

≤ ‖[A0(t), Br]‖+ 2ε
∑

e∈E:e3r
‖He‖‖[A0(t), B′e]‖+ O

(
ε2
)
. (3.26)

The first inequality Taylor-expands the Heisenberg equation of motion, using that the commutator [H,Br]
can only survive if a term He in H overlaps with site r (r ∈ e). The second inequality uses the Jacobi
identity, while the third line conjugates the argument of the norm by an overall unitary to cancel the
second term in the second line. This unitary rotation only causes additional errors at O(ε2). The fourth
line uses the triangle inequality, along with ‖Br‖ = 1 and the definition

B′e := He/‖He‖ such that ‖B′e‖ = 1. (3.27)

Remarkably, we see that at order O(ε), we have found a kind of “recursive” relation: the bound on C0r(t)
reduces to a system of differential inequalities. Upon taking ε→ 0 and defining sup‖A0‖=‖B′e‖=1‖[A0(t), B′e]‖ =
C0e(t) a la (3.23), we find that

d

dt
C0r(t) ≤ 2h

∑
e:r∈e

C0e(t), (3.28a)

5This is explicitly seen by considering imaginary time evolution, as in eβHA0e−βH . Here the commutator expansion is
genuinely less controlled [31, 32]. A very weak notion of locality is only known in 1d spin chains [33].
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d

dt
C0e(t) ≤ 2h

∑
e∩e′ 6=∅,e6=e′

C0e′(t). (3.28b)

Intuitively, the growth of bound C0r is bounded by C0e: this nearly coincides with the single-particle
recursion (3.6) except that the intermediate bounds are in terms of commutators C0e. In fact, for our
warm-up one-dimensional model, this is not a big deal, since

d

dt
C0,{r,r+1} ≤ 2h

[
C0,{r−1,r} + C0,{r+1,r+2}

]
; (3.29)

however, the manipulations of (3.26) will hold for general graphs too, so we keep (3.28b) general.
We can explicitly integrate (3.29), which is basically identical to (3.6). However, due to the relation

(3.28a) between C0e and C0r, we will multiply by an overall factor of 2 in our final bound to account for
the two terms in (3.28a). Following the derivation of (3.11), we find that

C0r(t) ≤
(4ht)r

r!
e4ht/r. (3.30)

Note that there is a factor of 4h instead of 2h, which arises from the extra factor of 2 coming from the
fourth line of (3.26), which itself comes from bounding the size of a commutator.

In retrospect, it is perhaps surprising that the commutator growth of a many-body quantum system,
like a single-particle system, is controlled by counting over paths (instead of branching trees)! We will
make this picture even sharper in Section 3.3.

At late times, the Lieb-Robinson bounds become very weak. Indeed, in the argument above, it is
always true that

‖[A0(t), Br]‖ ≤ 2‖A0(t)‖‖Br‖ ≤ 2, (3.31)

So Lieb-Robinson bounds are obviously best used outside the “light cone” (defined by where we know
that C0r(t) < 1.

3.2.2. Lieb-Robinson bounds on general graphs

As we have already noted, the manipulations in (3.26) apply to 2-local Hamiltonians on graph G = (V,E)
with arbitrary connectivity. With a slight generalization to our derivation above, allowing the operators
A and B to have support in sets A ⊂ V and B ⊂ V, we obtain the following theorem:

Theorem 3.4: Lieb-Robinson bound on a general graph [34]

For a 2-local Hamiltonian on graph G = (V,E), we have that

CAB(t) ≤
∞∑
`=0

(2|t|)`
`!

∑
paths Γ
|Γ |=`

∏̀
j=1

‖HΓj‖. (3.32)

Each path Γ = (Γ1, · · · , Γ`) of length ` is a sequence of edges Γj ∈ E from the set A =: Γ0 to the set
B =: Γ`+1, satisfying the connectivity rule

Γj ∩ Γj+1 6= ∅, Γj 6= Γj+1, ∀j = 0, · · · , `, (3.33)

Further, defining a symmetric real matrix indexed on V:

huv :=

{ ‖H{u,v}‖, u 6= v∑
w ‖H{u,w}‖, u = v

, (3.34)
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we find that
CAB(t) ≤

∑
u∈A,v∈B

(
e2|t|h

)
uv
. (3.35)

Proof. (3.32) is derived identically to our calculation in Section 3.2.1, so we focus on deriving (3.35) as a
simplification of (3.32). Since the sum over u, v in (3.35) comes straightforwardly from considering all the
initial and final points in A and B, let us focus on Taylor expanding the exponentiated matrix exp[2h|t|]uv,
and confirming that it includes all terms in (3.32) beginning and ending at fixed vertices:

(
e2|t|h

)
uv

=

∞∑
`=0

(2|t|)`
`!

∑
u1,··· ,u`′∈V:

u6=u1,u1 6=u2,··· ,u`′ 6=v

∑
p0,··· ,p`′∈Z≥0:

p0+···+p`′+1=`−`′−1

hp0uuhuu1h
p1
u1u1hu1u2 · · ·h

p`′
u`′u`′hu`′vh

p`′+1
vv

=

∞∑
`=0

(2|t|)`
`!

∑
u1,··· ,u`′∈V:

u6=u1,u1 6=u2,··· ,u`′ 6=v

∑
p0,··· ,p`′∈Z≥0:

p0+···+p`′=`−`′−1

`′+1∏
j′=0

 ∑
w 6=uj′

huj′w

pj′

huj′uj′+1
, (3.36)

where u0 := u and u`′+1 := v. We need to verify that each term in (3.32) is included in (3.36). For
each Γ satisfying (3.33), assign a vertex {u′j} = Γj ∩ Γj+1 to each edge Γj that grows the path further.
For two neighboring edges, we have two possibilities: either u′j−1 = u′j or u′j−1 6= u′j . Γj looks like a
branch for the previous case, and a part of the “core” path for the latter case, as shown in Figure 3.
The sequence (Γ0, . . . , Γ`+1) then corresponds to (u, . . . , u, u1, . . . , u1, u2, . . . , u`′ , . . . , u`′ , v . . . , v), where
uj′ appears pj′ + 1 multiple times with

∑
j′ pj′ = `− `′ − 1, and the subsequence (u′, u′1, · · · , u′`′ , v) obeys

u′j−1 6= u′j . The label (u′, u′1, · · · , u′`′ , v) and (p0, · · · , p`′+1) then corresponds precisely to the second and
the third sum in (3.36). Thus it remains to verify for a fixed label,

`′+1∏
j′=0

 ∑
w 6=uj′

huj′w

pj′

huj′uj′+1
≥

∑
paths Γ corresponding to

(u,u1,··· ,u`′ ) and (p0,··· ,p`′ )

∏̀
j=1

‖HΓj‖. (3.37)

This holds because we can always write any Γ included in the right-hand side as

Γ =
(
{u,w01} , . . . ,

{
u,w0ip0

}
, {uu1} , {u1w11} , . . . ,

{
u1, w1ip1

}
, {u1u2} , . . . {u`′v} , {vw`′+1,1}, . . .

)
,

(3.38)
where {u1w11} , · · · ,

{
u1, w1ip1

}
for example, are branches hanging at vertex u1. The left-hand side of

(3.37) includes all such terms, but overcounts them because, e.g., we are allowed to include the sum h2
uj′

on the left-hand side of (3.37) in a term with pj′ = 2, but on the right-hand side of (3.37) we cannot count
the same edge twice in a row.

3.2.3. Examples

We will improve the bound in Theorem 3.4 and thus (3.35) in Section 3.3, such that the diagonal elements
of huv can actually be eliminated. However, Theorem 3.4 is already useful (although not tight) in many
examples, as we show here. We will drop the absolute value for time t for notational simplicity.

Proposition 3.5: Lieb-Robinson bound on a graph of bounded degree g (loose version)

Suppose the graph G has bounded degree g, i.e., each vertex connects to at most g edges. If ‖He‖ ≤ h
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Self-avoiding paths
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ΓS
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Γ

paths

Figure 3: (Left) Operator growth is bounded by a sum over paths of Hamiltonian terms. Terms
in blue are the “core” terms corresponding to the hujuj+1 in (3.36), while terms in pink come
from hujuj . (Right) With the more careful expansion of the exponential, the branches and
backtracking steps do not contribute to operator growth.

for any e ∈ E, then for two vertices u, v of distance r = d(u, v) and a constant 0 < K <∞,

Cuv(t) ≤ K
(4(g − 1)ht)r

r!
. (3.39)

Proof. We relax the sum in (3.32) by not demanding the path ends at the fixed vertex v:

Cuv(t) ≤
∞∑
`=0

(2ht)`

`!
·#(paths Γ starting from u with length `)

≤
∞∑
`=r

(2ht)`

`!
(2g − 2)` =

(4(g − 1)ht)r

r!

∞∑
`′=0

(4(g − 1)ht)`
′
r!

(r + `′)!

≤ (4(g − 1)ht)r

r!
e4(g−1)ht/r. (3.40)

The second line uses the fact that each edge connects to at most 2g − 2 other edges. The last two lines
use manipulations analogous to the derivation of (3.8). Lastly, we fix the constant K by noting that if
(g− 1)ht� r, our bound is loose anyway. Since Cuv(t) ≤ 2, we can therefore follow the argument around
(3.31) to replace e4(g−1)ht/r by some finite constant K.

Proposition 3.5 reduces to the calculation of Section 3.2.1 by taking g = 2 (which is a one-dimensional
lattice with nearest-neighbor interactions), and implies that for a general graph, information propagates
under a speed limit proportional to the degree. This scaling is saturated, for example, by translational-
invariant free fermions in a g/2-dimensional lattice.

Example 3.6: Converting factorial to exponential decay

The tail bound of form (vt)r/r! is often relaxed to an exponential Ceµ(vt−r) (with a µ-dependent
prefactor C), where µ can be chosen to be arbitrarily large for sufficiently small t. This follows by
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considering the following chain of inequalities: for r > 1

(ct)r

r!
≤ e−µr

(eµct)r

r!
≤ e−µr

∞∑
n=1

(eµct)n

n!
= e−µr

(
eµvt − 1

)
. (3.41)

for constant v = µ−1eµc. The exponential tail bound is both easier to work with when a Lieb-
Robinson bound is an intermediate step in a calculation (see many examples in later sections), but
is also useful because it allows us to consider exponentially-decaying interactions. This often arises
when one calculates an effective Hamiltonian in the intermediate stages of another proof (see e.g.,
the discussion in Section 7.2).

Often, it is desirable to have a good Lieb-Robinson bound for Hamiltonians that have exponentially
decaying interactions and are not strictly local. A strong bound of this kind is given in Theorem 3.11,
as we will use more sophisticated techniques to streamline the proof. Here we show how to prove such a
bound when the vertices A and B both consist of a single vertex:

Theorem 3.7: Lieb-Robinson bound with exponentially decaying tails

Let a, b ∈ V. For a spatially local Hamiltonian H =
∑

S⊂VHS on a graph V in d spatial dimensions,
suppose that for any u ∈ V, ∑

S3u
‖HS‖eµ

′ (diam(S)−1) ≤ h <∞. (3.42)

We choose to define HS 6= 0 only for connected sets S; this means that terms in HS may not act
non-trivially on all sites within S. Then for any 0 < µ < µ′, there exist constants c, v > 0 such that
for any disjoint A,B ⊂ V,

Cab(t) ≤ ce−µd(a,b)
(
eµvt − 1

)
. (3.43)

Proof. Lieb-Robinson bounds for exponentially decaying interactions are discussed in [6, 7, 18, 35]. We
start with the following observation: for any µ < µ′ and α > d, there exists a constant h′ such that

h′
e−µ(d(i,j)−1)

d(i, j)α
≥

∑
S:{i,j}⊆S

‖HS‖. (3.44)

Moreover, for any two sites i, j in the vertex set V,∑
k∈V\{i,j}

e−µ(d(i,k)−1)

d(i, k)α
e−µ(d(k,j)−1)

d(k, j)α
≤

∑
k∈V\{i,j}

e−µ(d(i,j)−2)

d(i, k)αd(j, k)α
≤ K e−µ(d(i,j)−1)

d(i, j)α
(3.45)

for some constant 0 < K <∞. This latter fact follows from the fact that on a d-dimensional lattice, the
sum over k converges rapidly at large distances as

∫
drrd−1−2α, while at short distances only O(nd) sites

obey the product d(i, k)d(k, j) ≥ nd(i, j). We have also used the triangle inequality (2.13).
Using these facts, we now follow (3.34) to write (here a ∈ S1 and b ∈ S` is implicit):

Cab(t) ≤
∞∑
`=1

t`

`!

∑
Γ of length `

∏̀
j=1

‖HΓj‖ ≤
∞∑
`=1

t`

`!

∑
S1:a∈S1

∑
S2:S1∩S2 6=∅

· · ·
∑

S`:S`−1∩S` 6=∅

2‖HS1‖ · 2‖HS2‖ · · · 2‖HS`‖

≤
∞∑
`=1

(2t)`

`!

∑
v1∈V

∑
S1:{a,v1}⊂S1

∑
v2∈V

∑
S2:{v1,v2}⊂S2

· · ·
∑
S`−1:

{v`−2,v`−1}⊂S`−1

∑
S`:{v`−1,b}⊂S`

‖HS1‖ · ‖HS2‖ · · · ‖HS`‖
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≤
∞∑
`=1

(2t)`

`!

∑
v1∈V

∑
S1:{a,v1}⊂S1

∑
v2∈V

∑
S2:{v1,v2}⊂S2

· · ·
∑
S`−1:

{v`−2,v`−1}⊂S`−1

‖HS1‖ · · · ‖HS`−1
‖

 h′e−µd(b,v`−1)−1)

d(b, v`−1)α

≤
∞∑
`=1

(2h′teµ)`

`!

∑
v1,...,v`−1∈V

e−µ(d(a,v1)+···+d(v`−1,b)

d(a, v1)α · · · d(v`−1, b)α
≤ 1

K

e−µd(a,b)

d(a, b)α

∞∑
`=1

(2Kh′teµ)`

`!
. (3.46)

In the second line above, we perform the sum over set S` by first fixing a vertex v`−1 ∈ S`−1, and then
summing over all sets including that site and b; we can similarly sum over all intermediate sets by including
a site vj ∈ Sj∩Sj+1. Note that since this choice may not be unique, this line is an overestimate in general.
We do this because now we can carry out the sum over S` using (3.44): this is shown in the third line. In
the fourth line, we iterate this argument to reduce the sum to the intermediate vertices v1, . . . , v`−1, which
are then bounded using (3.45). We have also used the triangle inequality on distances in the exponential.
Since d(a, b) ≥ 1, we obtain (3.43).

3.3 Self-avoiding paths

In this section, we describe a simple yet powerful improvement of the proof technique of Theorem 3.4,
based on the notion of self-avoiding or irreducible paths.

3.3.1. General results

In Theorem 3.4, we summed over all “paths” of couplings He, including those paths that grow branches or
backtrack (see Figure 3). In fact, a sharper bound is possible by “ignoring” these “branches” in Figure 3.
One can show that we only need to account for the self-avoiding (originally called irreducible) paths [27]
in Figure 3.

Theorem 3.8: Summing over self-avoiding paths [27]

Theorem 3.4 can be improved to

CAB(t) ≤
∞∑
`=0

(2|t|)`
`!

∑
self-avoiding paths Γ

|Γ |=`

∏̀
j=1

‖HΓj‖ (3.47)

where each path Γ is a sequence of Hamiltonian terms HΓj from the set A to the set B, subject to
the connectivity rule

Γi ∩ Γj = ∅ if |i− j| > 1. (3.48)

The proof of Theorem 3.8 is more intricate, and we only provide a sketch of the construction [27].
The key idea is to artfully manipulate the exponential: resumming most terms into new exponentials,
and keeping only terms that contribute to operator growth. The “irreducible path” is named as the
path for which if a single “irreducible coupling” was dropped, the final commutator would vanish. This
resummation is achieved via the following identity:

i[B,A(t)] = LBeLt|A) = LB
∑

self-avoiding paths Γ

· · ·

· · ·
∫

t<t`<···<t1
`=|Γ |

dt1 · · · dt` eL(t−t`)LΓ`eL`−1(t`−t`−1)LΓ`−1
· · · eL1(t2−t1)LΓ1eL0t1 |A) (3.49)
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for appropriately chosen intermediate unitaries eL`−1(t`−t`−1) (depending on the path Γ ). Remarkably,
each term in the Taylor expansion of eLt is accounted for in exactly one self-avoiding path. With this
identity at hand, we immediately see that the unitaries (containing fictitious terms) do not contribute
to commutator growth after employing the triangle inequality: after all, ‖eLj(tj+1−tj)A′‖ = ‖A′‖ for any
operator A′.

Example 3.9: Irreducible path bounds for the one-dimensional line, and trees

For the 1d nearest neighbor spin chain (3.22), there is a unique irreducible path between any two
points (since the graph has no cycles (a.k.a. loops) in it). Hence, Theorem 3.8 implies

C0r(t) ≤
(2h|t|)r
r!

. (3.50)

This matches exactly the leading order Taylor expansion, without the higher-order terms in time t.
A similar result holds whenever the graph G is a tree.

The following corollary follows straightforwardly from the proof of Theorem 3.8, and is useful since it
bounds not only a particular commutator but also the part of the operator that can grow far away at all.

Corollary 3.10: Lieb-Robinson bound for operator to expand

Denote
Cr := {v ∈ V : d(v,A) ≥ r}. (3.51)

Then for a spatially 2-local Hamiltonian on a graph V with O(1) maximal degree, there exist O(1)
constants 0 < c, u <∞ such that

CACr(t) ≤ c
(ut)r

r!
. (3.52)

To prove this result, one simply sums over all irreducible paths of length ≤ r, which are required to hit
any vertex in Cr. The restriction to self-avoiding paths that Theorem 3.8 allows is only quantitatively
important in spatially local systems but becomes qualitatively crucial in random all-to-all models (Sec-
tion 9) and power-law interacting systems (Section 10). It also helps in the proof of the following result,
which is of high value in the literature:

Theorem 3.11: Lieb-Robinson bound with exponentially decaying tails

For H defined as in Theorem 3.7, for any 0 < µ < µ′, there exists constants c, v > 0 such that for
any disjoint A,B ∈ V,

CAB(t) ≤ c ·min(|∂A|, |∂B|)e−µd(A,B)
(
eµvt − 1

)
. (3.53)

Proof sketch. Since we have already discussed how to handle exponentially decaying interactions in The-
orem 3.7, we explain here how to get the area prefactor min(|∂A|, |∂B|) in (3.53). Any self-avoiding path
from A to B must start by intersecting some site near the boundary ∂A. For exponentially decaying
interactions, the number of such paths can contribute a total weight proportional to |∂A|. Once we pick
the first term in the irreducible path of Theorem 3.8, then we can use Corollary 3.10 to get the factor of
e−µd(A,B) in (3.53).
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3.3.2. Optimizing over equivalence classes

Sometimes in these generalizations, it proves valuable not to choose “self-avoiding paths” in the way
that we have defined above: so long as one can find any exact identity of the form (3.49), the strategy
of Theorem 3.8 can be applied. So far in the literature, this relies on finding an efficient notion of
equivalence class on the set of all possible sequences of Le. To highlight some ways that this equivalence
class construction can be used, let us give two simple examples.

Example 3.12: 1d transverse-field Ising model

The transverse field Ising model

H = −
∑
r∈Z

[JXrXr+1 + hZr] (3.54)

is a standard integrable model with a storied history [36]. Naively applying the Lieb-Robinson bound
of Theorem 3.8 to this problem, one arrives at

vLR . J. (3.55)

However, one can do better [37]. The actual sequence of coefficients that must occur to grow an
operator to the right is [hZ2, [JX1X2, [hZ1, [JX0X1, . . . , ]]]], since all the J terms commute. Our
equivalence class could simply require that the irreducible coefficients in the sequence correspond to
both the J and h terms above, and this leads to

vLR .
√
Jh. (3.56)

Of course, we could simply drop the J terms if J � h: the irreducible terms in the sequence of (3.49)
could amount to hX1, hX2, . . .. This choice leads to

vLR . h. (3.57)

Clearly, there is a lot of creativity in the equivalence class construction!

This example suggests it can be important to consider which operators in the Hamiltonian commute with
other terms. While this point was highlighted in [37], they did not use the factor graph and equivalence
class-based construction of [27]. Marrying these two approaches would be fruitful.

Example 3.13: 1d disordered spin chain

Consider a Hamiltonian of the form (3.22), but now where the magnitudes hr = ‖Hr,r+1‖ are strongly
varying from one site to the next [38]. Assume for simplicity that the hr are independent and
identically distributed. In this case, we should generalize Example 3.12 and look for the weakest
links between any two sites we wish to send signals between. In general, the nature of vLR on
very large distances will depend on the distribution of Jrs. Suppose for example that we know the
cumulative distribution function

F (h) = P[|hr| ≤ h]. (3.58)

Choosing our equivalence classes to only include the couplings where hr ≤ h∗ for any h∗, we can

23



bound (in the thermodynamic limit) the Lieb-Robinson velocity by:

vLR ≤ 2e× inf
h∗

h∗
F (h∗)

. (3.59)

Notice that vLR = 0 if F (h∗) ∼ hα∗ for α < 1, which happens when the probability density for small
hr diverges.

Theorem 3.8 has recently been generalized to get stronger bounds on the range/size of operators; such
a technical achievement is important in proving tighter Lieb-Robinson bounds in problems with decaying
interactions [39].

3.4 Generalization to open systems

It is straightforward to find Lieb-Robinson bounds in open quantum systems [40]. We present a modern
version reminiscent of Theorem 3.8:

Theorem 3.14: Lieb-Robinson bounds for open systems

For local Lindbladian L (i.e., generator of a completely positive unital map), defined on a graph
analogous to Theorem 3.8,

CAB(t) ≤
∞∑
`=0

(|t|)`
`!

∑
self-avoiding paths Γ

|Γ |=`

∏̀
j=1

‖LΓj‖∞−∞ (3.60)

where the super-operator norm is defined by

‖L‖∞−∞ := sup
O

‖L[O]‖
‖O‖ . (3.61)

In an open quantum system, the intermediate terms are not unitary but still satisfy ‖eLkt‖∞−∞ ≤ 1 [41]:
the proof of Theorem 3.8 immediately generalizes to open systems! The weaker Lieb-Robinson bounds
discussed in Section 3.2 can then also be derived for open systems by just replacing 2‖He‖ with ‖Le‖∞−∞
as appropriate. It is also straightforward to extend these results to k-local Hamiltonians that couple more
than two sites simultaneously.

Bounds on simulatability4

A general Hamiltonian evolution requires exponentiating a large matrix. Nevertheless, exploiting locality,
Lieb-Robinson bounds provide a rigorous starting point for studying the complexity of simulating many-
body quantum systems on a classical computer and a quantum computer. In this section, we discuss this
issue, along with many interesting extensions of Lieb-Robinson bounds that arise from this perspective.

4.1 Lieb-Robinson bounds and local approximations for dynamics

To guide our discussion, we consider classically simulating the value of a local observable A supported in
finite set A, given an initial state ρ. In particular, we ask what is the expected value of A after a later time
t: in the Heisenberg picture, this is equal to Tr[ρA(t)]. At t = 0, this reduces to the marginal TrA[ρAA],
where

ρA = TrAcρ (4.1)
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is the reduced density matrix of ρ on subset A. If we know how to calculate ρA efficiently (which we often
will), then we will classically evaluate TrA[ρAA] on a computer, which requires far fewer classical bits of
memory. As time evolves (t > 0), intuitively, Lieb-Robinson bounds tell us that the operator A(t) will
not have grown too large at small times t – if it had, then commutators CAB(t) would be large for sets B
far from A. Hence for small t, the calculation of Tr[ρA(t)] should also be tractable.

4.1.1. Local approximants

In this section, we discuss how to formally relate the bounds on commutators to the classical simulata-
bility implied above. In many contexts, the local approximation form of Lieb-Robinson bounds are both
conceptually and technically more powerful (e.g., when the Hamiltonian has a power-law decaying tail:
see Theorem 10.1).

Proposition 4.1: Commutator bounds and local approximant

For any operator A and vertex subset S ⊂ V,

‖PSA−A‖ ≤ sup
‖BSc‖=1

‖[A,BSc ]‖ ≤ 2‖PSA−A‖. (4.2)

Recall the definition of PS in (2.26).

Proof. The first inequality uses the Haar integral representation (Proposition 2.5) where [dU ]S denotes
the Haar measure of unitaries on set S

‖A− PSA‖ =

∥∥∥∥∫ [dU ]S(A− U †AU)

∥∥∥∥ ≤ ∫ [dU ]S · ‖[A,U ]‖ ≤ sup
‖BS‖=1

‖[A,BS]‖ (4.3)

and applies the commutator bound for each U . The second inequality uses that

‖[A,BS]‖ = ‖[A− PSA,BS]‖ ≤ 2‖A− PSA‖ (4.4)

for any operator BS with ‖BS‖ = 1. This is the advertised result.

For the task for obtaining the local marginal, TrA[ρAA], we additionally require an explicit, calculable
form of the local approximation; this will also help implement the unitary dynamics efficiently on a gate-
based quantum computer (Section 4.2). We can already see how to do this by tracing back to Corollary
3.10, which we illustrate again in the following example:

Example 4.2: Local approximation error on a 1d spin chain

Consider the Example of Section 3.2.1. Decompose the Hamiltonian H = Hr−1,r + (H≤r−1 +H≥r).
Consider the dynamics according to a restrcted Hamiltonian Ã(t) = eL≤r−1tA. Here by construction,

P≤r−1Ã(t) = Ã(t), (4.5)

although Ã(t) 6= P≤r−1A(t) in general. Still, we see that

‖A(t)− Ã(t)‖ ≤
∫ |t|

0
ds‖Lr−1,re

L≤r−1sA‖ ≤
∫ |t|

0
ds 2h

(2hs)r−1

(r − 1)!
=

(2h |t|)r
r!

. (4.6)
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The first inequality uses Duhamel’s identity (Proposition 2.6) for L = Lr−1,r + (L≤r−1 + L≥r)

A(t) =

∫ t

0
ds eL(t−s)Lr−1,re

L≤r−1sA+ eL≤r−1tA (4.7)

and the unitary invariance of the operator norm. The second inequality expands Lr−1,re
L≤r−1sA into

a sum over self-avoiding paths (Theorem 3.8).

The local approximation holds more generally. For any Hamiltonian, we define

HB := PBH for each set B (4.8a)

HB:C := HB∪C −HB −HC for any disjoint sets B and C. (4.8b)

Proposition 4.3: Truncated Hamiltonian evolution

For a spatially local Hamiltonian in d spatial dimensions, any regions B with complement C := Bc,
and any operator A supported on A, there exist constants µ, v, c > 0 such that∥∥∥ei(HB+HC+HB:C)tAe−i(HB+HC+HB:C)t − e−iHBtAeiHBt

∥∥∥ ≤ c · |∂A| ‖A‖e−µd(A,C)
(

eµv|t| − 1
)
. (4.9)

Indeed, the error term is reminiscent of the original Lieb-Robinson bound (Theorem 3.11). It is straight-
forward to generalize this result to any case where a Lieb-Robinson bound (3.53) holds (but with an
additional surface area term due to time integration).

Proof. By Duhamel’s identity,

∥∥∥e(LB+LC+LB:C)sA− eLBsA
∥∥∥ =

∥∥∥∥∥∥
t∫

0

ds e(LB+LC+LB:C)(t−s)LB:CeLBsA

∥∥∥∥∥∥
≤
∞∑
`=0

(2|t|)`
`!

∑
self-avoiding paths Γ : A→ C

|Γ |=`

∏̀
j=1

‖HΓj‖. (4.10)

The last inequality is the observation that any path from set A to set C must contain a term in B : C.
The conversion from factorial form to exponential form is analogous to Theorem 3.11.

4.1.2. Classical simulation with controlled error

By approximating A(t) by an operator with strictly local support, we can efficiently simulate the expec-
tation of local observables at short times.

Proposition 4.4: Classical simulation from local approximation

Consider a d-dimensional lattice and local operators A,B with ‖A‖ = 1, ‖B‖ = 1 acting on small
set R with |R| = O(1). Consider the correlation function 〈A(t)B〉ρ0 := tr[ρ0A(t)B] and suppose
the marginals TrSc [ρ0] can be obtained at cost eO(|S|). Then, for any ε > 0, there exists a classical
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algorithm that outputs the local expectation 〈A(t)B〉ρ0 up to error ε with

(classical memory and runtime) ≤ exp

(
O

(
vt+

1

µ
log

c

εµv

)d)
. (4.11)

Proof. By Proposition 4.3, the Heisenberg evolution A(t) can be approximated by a strictly local Ã(t),
that is evolved by the true dynamics restricted to the set of vertices S within distance L:∣∣∣〈A(t)B〉ρ0 − 〈Ã(t)B〉ρ0

∣∣∣ ≤ ‖A(t)− Ã(t)‖‖B‖ ≤ c

µv
eµ(vt−L). (4.12)

Error ε is guaranteed by choosing L to be sufficiently large:6

L = vt+
1

µ
log

c

εµv
. (4.13)

The expectation TrS[ρSÃ(t)B] can be evaluated by standard linear-algebra manipulation (exact diagonal-

ization and matrix multiplication) at cost Poly(2(LD)), which is the advertised result.

4.2 Quantum algorithms for Hamiltonian simulation

Now, suppose we want to simulate the expectation Tr[ρO(t)] on a quantum computer, given some initial
state ρ for a longer time t. The task boils down to Hamiltonian simulation [42, 43], that is, to
approximate the true unitary evolution by a product of simple unitaries

U = e−iHt ≈ V = g1 · · · gG. (4.14)

A Hamiltonian simulation algorithm must achieve the desired accuracy with minimal cost. For simplic-
ity, one may quantify the accuracy by the spectral norm of the difference

‖U − V ‖ ≤ ε (4.15)

which guarantees accurate simulation of any input state with any observable Tr[O(UρU † − V ρV †)] ≤
2ε‖O‖. The cost is often calculated in terms of the number of gates. Such Hamiltonian simulation
algorithms have numerous applications in quantum chemistry [44] and materials science [45].

In this review, we focus on how accurate simulations can be when H itself is a spatially local Hamil-
tonian, as we can then apply a Lieb-Robinson bound to try and prove that the simulation can be done
efficiently. Just as in the classical setting, it makes sense that evolution generated by a spatially local
Hamiltonian should be approximated efficiently by only local gates within the Lieb-Robinson light cone.
The technical question is how to patch local evolution together to approximate continuous time dynamics
well. After all, in a local circuit, there is an exact light cone: information cannot be sent farther than the
depth of the circuit (see Section 9.3).

A first attempt by [46] is to cut the systems into non-interacting pieces, and then put the interaction
back via the interaction picture, which we briefly review:

Proposition 4.5: The interaction picture

Suppose the Hamiltonian consists of two terms H = H0 + V . Then,

eiHt = T ei
∫ t
0 V (s)ds · eiH0t where V (s) := eiH0sV e−iH0s. (4.16)

6A better error dependence is possible by using a stronger Lieb-Robinson bound with factorial decay.
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Here T denotes the time-ordered exponential.

Now, suppose our system is a spatially local Hamiltonian. We may take V to be the interaction HB:C

between two regions B,C and H0 to be HB +HC. Then, we expect the unitary T ei
∫ t
0 V (s)ds to be a quasi-

local (by Proposition 4.3). One may iterate the above to cut the system into quasi-local patches, giving
a quantum algorithm for simulation of spatially local Hamiltonian. The main issue with this approach
is implementing the interaction picture, since the time-ordered integrals will be only quasi-local, and
therefore expensive to simulate by brute force (such as directly using the Solovay-Kitaev algorithm [47],
whose costs generally scale with the Hilbert space dimension).

The more recent HHKL algorithm [48] currently serves as the state-of-the-art method for quantum
simulation of spatially local Hamiltonian dynamics. Its core idea is to split the unitary evolution using
back-and-forth local evolutions that circumvent the explicit interaction picture, achieved via the following
lemma:

Lemma 4.6: Patching local evolution operators without the interaction picture

For a local Hamiltonian supported on disjoint sets A,B,C, with d(A,B) = d(C,B) = 1 but d(A,C) > 1,
and for constant time t = O(1), there is a constant µ > 0 such that

‖eiHABCt − eiHABte−iHBteiHBCt‖ ≤ O
(

e−µd(A,C)‖HA:B‖ |Supp(HA:B)|
)

(4.17)

where HAB := PABH and HA:B := HAB−HA−HB are defined in (4.8a) and (4.8b), and Supp(HA:B)
is the set on which HA:B) acts non-trivially.

Indeed, if the Hamiltonian is commuting, the equality holds; in the non-commuting case, the error is
exponentially small in the distance between region A and C. The terms ‖HA:B‖ and |Supp(HA:B)| scale
only with the surface area and merely contribute a polylogarithmic overhead for algorithmic cost.

Proof. We begin with an elementary identity

eiHABCt − eiHABte−iHBteiHBCt =
(
eiHABCte−iHBCt − eiHABte−iHBt

)
· eiHBCt. (4.18)

The first term can be expanded in the interaction picture by isolating the terms cutting A and B:

eiHABCte−iHBCt = V eiHAteiHBCt · e−iHBCt = V eiHAt (4.19a)

eiHABte−iHBt = V ′eiHAt (4.19b)

where

V := T exp

(∫ t

0
dsei(HA+HBC)sHA:Be−i(HA+HBC)s

)
(4.20a)

V ′ := T exp

(∫ t

0
dsei(HA+HB)sHA:Be−i(HA+HB)s

)
. (4.20b)

Therefore,∥∥eiHABCt − eiHABte−iHBteiHBCt
∥∥ ≤ ‖V − V ′‖
≤
∫ t

0
ds
∥∥∥ei(HA+HBC)sHA:Be−i(HA+HBC)s − ei(HA+HB)sHA:Be−i(HA+HB)s

∥∥∥
≤ O(e−µd(A,C)‖HA:B‖ |Supp(HA:B)|). (4.21)
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Figure 4: The HHKL decomposition of unitary in one dimension. For each short time O(1)
unitary, the first approximation illustrates one call of Proposition 4.3. Many iterations (the
second approximation) lead to a decomposition in terms of quasi-local unitaries, which can be
implemented at exponential precision using standard Hamiltonian simulation techniques (see,
e.g., [49].) This strategy naturally extends to higher dimensions.

The second inequality applies a telescoping sum over the time-ordered exponential. The second inequality
uses Proposition 4.3 and integrates over constant time t = O(1). This is the advertised result.

Recursively using the above gives the HHKL algorithm for d-dimensional lattices (Figure 4).

Theorem 4.7: The HHKL algorithm [48]

A spatially local Hamiltonian on a L × · · ·L = Ld lattice in d spatial dimensions can be simulated
for time t up to ε error in spectral norm using

gate complexity O(tLdpolylog(tLd/ε)) and depth O(Tpolylog(tLd/ε)). (4.22)

The gate complexity is essentially (up to the polylogarithmic corrections) the space-time volume of the
evolution, coinciding with our physical intuition. A matching lower bound (up to polylogarithmic factors)
is known by constructing a family of time-dependent circuits [48].

Bounds on entanglement dynamics and correlations5

Now, we use Lieb-Robinson bounds on commutators of local operators to derive (in many cases) optimal
bounds on the speed with which various information-theoretic tasks (such as entanglement generation or
quantum correlation/entanglement generation) can be performed.

5.1 Information signaling and quantum state transfer

We start from perhaps the most directly relatable task: transmitting a qubit of quantum information
across some distance in a many-body system. A particularly explicit example is to perform state transfer
during a single logical qubit initially stored on site i is stored on site f after the protocol: see (5.1) below.
The following proposition shows that a quantum state can be transferred no faster than the Lieb-Robinson
velocity v.

Proposition 5.1: State transfer is bounded by the Lieb-Robinson Theorem
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Consider the initial state and final state of the form

|Ψi(α, β)〉 := (α |0〉i + β |1〉i)⊗ |ψ−i〉 , (5.1a)

|Ψf (α, β)〉 := |ψ−f 〉 ⊗
(
α |0〉f + β |1〉f

)
, (5.1b)

where |ψ−i〉 and |ψ−f 〉 are both arbitrary states on all qubits except i and f , respectively, and
|α|2 + |β|2 = 1. Then, for any unitary U ,

U |Ψi(α, β)〉 = |Ψf (α, β)〉 implies
∥∥∥[U †XfU,Zi

]∥∥∥ = 2. (5.2)

Proof. Applying the commutator (5.2) to the initial state (5.1) involves two parts:

U †XfUZi |Ψi(α, β)〉 = U †XfU |Ψi(α,−β)〉 = U †Xf |Ψf (α,−β)〉 = U † |Ψf (−β, α)〉 = |Ψi(−β, α)〉
ZiU

†XfU |Ψi(α, β)〉 = ZiU
†Xf |Ψf (α, β)〉 = ZiU

† |Ψf (β, α)〉 = Zi |Ψi(β, α)〉 = − |Ψi(−β, α)〉 , (5.3)

and subtracting the second line from the first gives the commutator[
U †XfU,Zi

]
|Ψi(α, β)〉 = 2 |Ψi(−β, α)〉 (5.4)

which implies that
∥∥[U †XfU,Zi

]∥∥ ≥ 2. On the other hand,∥∥∥[U †XfU,Zi

]∥∥∥ ≤ 2
∥∥∥U †XfU

∥∥∥ ‖Zi‖ = 2, (5.5)

which follows from
‖[A,B]‖ = ‖AB −BA‖ ≤ ‖AB‖+ ‖BA‖ ≤ 2 ‖A‖ ‖B‖ . (5.6)

The upper and lower bounds on
∥∥[U †XfU,Zi

]∥∥ imply (5.2).

This relates directly to Lieb-Robinson bounds since if the protocol U came from continuous time
evolution with some local time-dependent Hamiltonian H(t), for time t . r/v with r the distance between
i and f , then a Lieb-Robinson bound will forbid (5.2) from being true.

By transmitting a qubit, an agent at i can send a bit of classical message to an agent at f . Thus,
sending quantum information is no faster than sending classical information. On the other hand, one may
wonder if sending classical information could be strictly faster, by some protocol that encodes the classical
bit into a quantum state in some more complicated way and then sends it via quantum dynamics. The
answer is no since classical information also propagates no faster than the Lieb-Robinson velocity. This
is summarized by:

Theorem 5.2: Information signaling bounded by Lieb-Robinson (informal version) [50]

Suppose the Lieb-Robinson bound (3.53) holds. Then information (both quantum and classical)
travels at a speed upper bounded by the Lieb-Robinson velocity v.

Ref. [50] uses the Holevo capacity to quantify the classical information, which is beyond the scope of this
review. Here we give an intuitive argument on why Theorem 5.2 should hold, generalizing the idea of
Proposition 5.1.

Consider Alice and Bob sitting at space-time points (xi, 0) and (xf , t) respectively. The system starts
in the state ρ0 at time 0 when Alice accesses the system locally at site i. It then undergoes local dynamics
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via unitary U until time t, when Bob tries to receive the information at site f . All correlations Bob can
measure are captured by the reduced density matrix ρf at site f :

ρf = Tr{f}c
[
Uρ0U

†
]
. (5.7)

If ρf does not depend much on what Alice did at (xi, 0), then Bob effectively cannot retrieve information.
For example, suppose Alice has a bit of classical information 0 or 1 at time 0, and she either does nothing
to the system if the bit is 0, or flips the spin (applies unitary Xi at time 0) if the bit is 1. Then the final
state at t is either Uρ0U

† or UXiρ0XiU
† based on the classical bit of Alice. Although these two states

may be drastically different globally, they are indistinguishable locally for Bob at f if this site is far from
i. Indeed, for any operator Bf on f , its expectation value differs between the two states by an amount

Tr
[
Bf

(
Uρ0U

† − UXiρ0XiU
†
)]

= Tr [ρ0 (Bf (t)−XiBf (t)Xi)] ≤ ‖[Bf (t), Xi]‖ . (5.8)

Thus if r & vt, the right hand side is vanishingly small for any Bf , meaning that the two states are
“close to each other locally” and Bob cannot distinguish them. In other words, in order to communicate
information, the local “perturbation” by Alice’s gate Xi should be able to reach Bob at time t. The
Lieb-Robinson bound tells us how quickly that can happen.

5.2 Entanglement dynamics

Consider a system made out of two subsystems A and B with Hilbert space H = HA ⊗ HB. For any
unitary U acting on H, one can ask how much it can grow local operators in one subsystem to the other.
According to previous sections, one way to quantify this is to study ‖PBUA‖, where A is some operator
supported in A, and U is the evolution superoperator

UA := UAU †. (5.9)

Note that our choice is different than Heisenberg evolution U †AU for later convenience. In this section,
we ask how much entanglement U generates between the two parties A and B, and connect this to a
Lieb-Robinson bound.

First, to quantify entanglement, consider the Rényi entropy for any pure state |ψ〉 ∈ H and any
0 ≤ α ≤ +∞

Sα(|ψ〉) :=
1

1− α ln TrραA where ρA = TrB|ψ〉〈ψ|. (5.10)

In particular, we recover the von Neumann entropy at α→ 1

S1(|ψ〉) := −Tr (ρA ln ρA) . (5.11)

The entropy Sα(|ψ〉) is decreasing function of α such that

α1 ≤ α2 implies Sα1(|ψ〉) ≥ Sα2(|ψ〉). (5.12)

In the following proposition, we show that the speed of generating the second Rényi entropy S2 is bounded
by operator growth.

Proposition 5.3: Operator growth bound and bipartite entanglement generation

Consider a unitary UAB acting systems AB and an operator A in the form

A = |ψA〉〈ψA| ⊗ IB. (5.13)
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Then, we have

‖PBUABA‖ ≥ 1− e−S2(|ψf 〉)/2 where |ψf 〉 := UAB |ψA〉 ⊗ |ψB〉 (5.14)

for arbitrary |ψB〉.

As a result, UAB cannot generate O(1) entanglement measured by the second Rényi entropy starting
from any product state |ψ〉 = |ψA〉⊗ |ψB〉, unless there is a local operator A that grows sufficiently to the
other party by UAB: ‖PBUABA‖ = O(1). Operator growth bounds then bound the generation of all Rényi
entropies Sα with α ≥ 2, according to (5.12). The bound (5.14) is loose in the situation where UAB is the
SWAP operation between A and B: No entanglement is generated although operators are moved around.
In this case, one can bound ‖PAPBUABA‖ instead, which we leave as an exercise. Namely, in order to
generate entanglement, a local operator needs to become nonlocal instead of just swapping to the other
subsystem.

Proof. For any bipartite system A,B with dimensions DA, DB, consider the Schmidt decomposition of the
final state |ψf 〉

|ψf 〉 =

min(DA,DB)∑
j=1

√
pj |j〉A ⊗ |j〉B where

min(DA,DB)∑
j=1

pj = 1 (5.15)

for some orthonormal basis {|j〉}A, {|j〉}B of A and B. In this basis, we expand the evolved operator as

UABA = PBUABA+

DA∑
i,j=1

Tij |i〉 〈j|A ⊗ IB where Tij =
1

DB
〈i|A TrB(UABA) |j〉A . (5.16)

Then, rearrange and take the operator norm to obtain

‖PBUABA‖ ≥ 〈ψf |PBUABA|ψf 〉 ≥ 1−
DA∑
j=1

pjTjj ≥ 1−

√√√√DA∑
j=1

p2
j

√√√√DA∑
j=1

|Tjj |2 ≥ 1− e−S2(|ψf 〉)/2. (5.17)

The second inequality uses UABA |ψf 〉 = |ψf 〉. The third is Cauchy-Schwartz. The last inequality uses
the definition of second Rényi entropy (5.10) and that

DA∑
j=1

|Tjj |2 ≤
DA∑
i,j=1

|Tij |2 ≤ DA‖
DA∑
i,j=1

Tij |i〉 〈j|A ⊗ IB‖2F ≤ DA‖UABA‖2F = DA‖A‖2F = 1, (5.18)

which concludes the proof.

5.2.1. von Neumann entanglement outside the Lieb-Robinson light cone

There are two other potential directions to improve Proposition 5.3. Are α < 2 Rényi entropies also
bounded by operator growth? Do tighter measures of operator growth, like Frobenius norm ‖PBUABA‖F,
also bound entanglement generation? We give partial negative answers to these questions using explicit
counterexamples.

Example 5.4: Generating large von Neumann entanglement with little operator growth

Consider two systems A,B with dimension dimA = dimB = D and local basis {|j〉}D−1
0 . Consider
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the unitary UAB = U2 ⊕ ID2−2, where the nontrivial part U2 is a 2× 2 matrix

U2 =

( √
1− ε −√ε√
ε

√
1− ε

)
acting on Span{|00〉, |diag〉}. (5.19)

We require that 0 < ε < 1 and define the “diagonal” state to be

|diag〉 =
1√
D − 1

D−1∑
j=1

|jj〉. (5.20)

Then, at large D � 1 and at a constantly small ε > 0, the unitary UAB generates arbitary large von
Neumann entropy

S1(UAB|00〉) = Ω(ε lnD) (5.21)

yet for any local operator A,
‖PBUABA‖ ≤ ‖A‖O(

√
ε). (5.22)

Simply put, the diagonal state |diag〉 has lots of von Neumann entanglement despite being one-dimensional.

Proof. To prove (5.22), observe that UAB is close to identity I: ‖UAB − I‖ ≤ O(
√
ε). Therefore,

‖PBUABA‖ = ‖PB(UABAU
†
AB −A)‖ ≤ ‖UABAU

†
AB −A‖

≤ ‖(UAB − I)AU †AB‖+ ‖A(U †AB − I)‖ ≤ ‖A‖O(
√
ε). (5.23)

But (5.19) leads to

UAB|00〉 =
√

1− ε|00〉+

√
ε

D − 1

D−1∑
j=1

|jj〉,

S1(UAB|00〉) = −(1− ε) ln(1− ε) + ε ln
D − 1

ε
= Ω(ε lnD) (5.24)

which verifies (5.21).

Given the above example, as well as Example 8.5, any improvement of Proposition 5.3 should only
involve Sα with 1 < α ≤ 2, and operator p-norms with p > 2. Such a generalization seems to be an open
problem. See also [34, 51] for further remarks on discrepancies between operator growth and entanglement
generation.

5.2.2. Entanglement generation bounds from interaction strength

In this section, we briefly discuss entanglement generation bounds independently of Lieb-Robinson bounds,
as these are of great importance on their own. Suppose systems A and B have limited bipartite interaction.
Can we bound the rate of bipartite entanglement growth? Here, the spatial locality is not the pronounced
structure but rather the bipartition of the system.

More precisely, suppose we begin with a pure state |ψ〉AB, and we are free to operate any unitary
operator on either set A or B. The goal is to bound the growth rate of entanglement entropy given
bipartite interactions HAB. The answer to this question is thoroughly addressed in a series of works
[50, 52, 53]; here, we provide an elementary argument and state the sharpest result. A technical difficulty
is that the sets A and B can have arbitrarily large dimensions and arbitrary entanglement structure; a
resource theoretical approach appears natural for addressing this.
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Proposition 5.5: Entanglement cost of bipartite Hamiltonian evolution [54]

Any 2-qubit Hamiltonian evolution eiH can be implemented using O(‖H‖)- bits of bipartite entan-
glement entropy.

Further, since bipartite entanglement is non-increasing under local operations and classical communication
(LOCC) (see Section 5.4), internal dynamics in A and B cannot increase the entanglement further:

Corollary 5.6: Limited interaction means limited entanglement

Any 2-qubit Hamiltonian evolution eiHij acting on a bipartite pure state |ψ〉AB for i ∈ A, j ∈ B can
at most generate O(‖Hij‖) bits of bipartite entanglement entropy between systems A,B.

Proposition 5.7: Entanglement rate of bipartite Hamiltonians [55]

For any systems A,B and for all initial pure states, suppose the global Hamiltonian takes the form
Hab +HA +HB where a ⊂ A, b ⊂ B. Then, the bipartite von Neumann entanglement rate is bounded
by

dS1

dt
≤ 8‖Hab‖ log[min(dim(A),dim(B))]. (5.25)

See Section 10 for an application to the entanglement rate in power-law interacting systems.

5.3 Connected correlation functions

Suppose we start from a “short-range correlated” state |ψ〉 such as a product state on all qudits. How
long does it take for two remote regions A and B to become correlated? Unlike Proposition 5.3, the
correlation between the two parties A and B is not bounded by the commutator quantity CAB: operators
in one party do not need to grow to the other in order to build up correlation. In fact, A and B can
be maximally entangled (by sharing |A| = |B| pairs of Bell states) even if CAB = 0! As one example,
in a 1d spin chain with A = {1} and B = {2L}, consider a protocol that first locally prepares a Bell
pair on sites {L,L+ 1} out of a product state, and then transfers the two qubits left and right to 1 and
2L respectively (using SWAP gates for example). In the final state, 1 and 2L share a Bell pair and are
maximally entangled. However, a local operator A1, after the Heisenberg evolution that is backward in
time, only grows “halfway” to site L+ 1. Similarly, B2L only extends to L.

In the above example, two regions of distance 2L can be correlated after time t ≈ L/v. This suggests
that the “correlation speed” is bounded by 2v instead of v. Indeed, this will be proven in Theorem 5.9.
Prior to that, we need to first quantify a useful notion of correlation.

Proposition 5.8: Connected correlations are bounded

Define the connected correlation function for a state |ψ〉

Corψ(A,B) := max
‖A‖,‖B‖≤1

〈AB〉ψ − 〈A〉ψ 〈B〉ψ , (5.26)

where A,B are Hermitian operators acting on systems A and B. Then, the connected correlation
satisfies

0 ≤ Corψ(A,B) ≤ 1. (5.27)
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Indeed, if ψ is a product state between A and B in the sense that Tr(A∪B)c |ψ〉 〈ψ| = ρA ⊗ ρ̃B, then
Corψ(A,B) = 0; otherwise, if A and B are maximally correlated by a Bell state ψ, then Corψ(A,B) = 1.
More generally, Corψ(A,B) measures how correlated A and B are, including both classical and quantum-
mechanical correlation.

Proof. The first inequality Corψ(A,B) ≥ 0 is trivial by choosing A = B = 0 and that the maximum must
be larger. To prove Corψ(A,B) ≤ 1, it suffices to show

〈AB〉ψ − 〈A〉ψ 〈B〉ψ ≤ 1 (5.28)

for any Hermitian operators A,B obeying ‖A‖, ‖B‖ ≤ 1. To see this, consider Hermitian operators

Ã = A− 〈A〉ψ , B̃ = B − 〈B〉ψ (5.29)

Then, we get(
〈AB〉ψ − 〈A〉ψ 〈B〉ψ

)2
=

(〈
ÃB̃
〉
ψ

)2

≤
〈
Ã2
〉
ψ

〈
B̃2
〉
ψ

=
(〈
A2
〉
ψ
− 〈A〉2ψ

)(〈
B2
〉
ψ
− 〈B〉2ψ

)
≤
〈
A2
〉
ψ

〈
B2
〉
ψ
≤ 1. (5.30)

The first inequality is Cauchy-Schwatz |〈ψ2|ψ1〉|2 ≤ |〈ψ2|ψ2〉|2 |〈ψ1|ψ1〉|2. This implies (5.28), which
concludes the proof.

Theorem 5.9: Bounds on correlation generation [50]

Suppose the initial state |ψ〉 has a finite correlation length ξ defined by

Corψ(A,B) ≤ c̃ (|∂A|+ |∂B|) e−d(A,B)/ξ, ∀A,B. (5.31)

If the Lieb-Robinson bound (3.53) holds with constant µ, v, then after time t, the final state |ψf 〉 =
U |ψ〉 roughly has correlation length 2vt+ ξ. More precisely, for any two subsets A,B with

d(A,B) > 2vt, (5.32)

the connected correlation is exponentially suppressed

Corψf (A,B) ≤ (c+ c̃) (|∂A|+ |∂B|) exp

(
−d(A,B)− 2vt

ξ + 2µ−1

)
. (5.33)

Proof. In the Heisenberg picture, correlation in the final state is equivalent to correlation of evolved
operators in the initial state, namely

Corψf (A,B) = max
‖A‖,‖B‖≤1

〈AB〉ψf − 〈A〉ψf 〈B〉ψf = max
‖A‖,‖B‖≤1

〈A(t)B(t)〉ψ − 〈A(t)〉ψ 〈B(t)〉ψ . (5.34)

Define R(A, r) = {i ∈ V : d(i,A) ≤ r} (and similarly for R(B, r)) with a tunable parameter r < d(A,B)/2.
According to (3.53) and Proposition 4.1, there exists an operator Ã supported in R(A, r) (and B̃ in R(B, r)
such that ∥∥∥A(t)− Ã

∥∥∥ ≤ c |∂A| e−µ(r−vt),
∥∥∥B(t)− B̃

∥∥∥ ≤ c |∂B| e−µ(r−vt). (5.35)
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Then, the correlation function in (5.34) is

〈A(t)B(t)〉ψ − 〈A(t)〉ψ 〈B(t)〉ψ =
〈
A(t)[B(t)− B̃]

〉
ψ
− 〈A(t)〉ψ

〈
B(t)− B̃

〉
ψ

+
〈

[A(t)− Ã]B̃
〉
ψ
−
〈
A(t)− Ã

〉
ψ

〈
B̃
〉
ψ

+
〈
ÃB̃
〉
ψ
−
〈
Ã
〉
ψ

〈
B̃
〉
ψ

≤
∥∥∥B(t)− B̃

∥∥∥+
∥∥∥A(t)− Ã

∥∥∥∥∥∥B̃∥∥∥+ Corψ(R(A, r),R(B, r))

≤ c (|∂A|+ |∂B|) e−µ(r−vt) + c̃ (|∂A|+ |∂B|) e
− d(A,B)−2r

ξ . (5.36)

The third line uses (5.28) and the fact that correlation is proportional to the norms of each operator, due
to the linearity of Cor and Proposition 5.8. The last line uses∥∥∥B̃∥∥∥ =

∥∥B(t)− PR(B,r)B(t)
∥∥ ≤ ‖B(t)‖ = 1 (5.37)

together with (5.35) and (5.31). We choose r such that the two terms in (5.36) are comparable:

r =
d(A,B) + ξµvt

2 + ξµ
∈
(
vt,

1

2
d(A,B)

)
, (5.38)

which implies that

µ · (r − vt) =
d(A,B)− 2r

ξ
(5.39)

using (5.32). We plug r into (5.36) and take maximum over A,B in (5.34) to conclude the proof.

5.4 Measurement-enhanced protocols

Theorem 5.9 bounds the total correlation generated between two faraway regions due to time evolution.
This correlation can be either quantum or classical; indeed quantum correlation is also generated by the
Bell pair preparation protocol discussed (Section 5.3).

The distinction between classical and quantum correlation becomes extremely important, however,
when one considers quantum dynamics with local measurements and active feedback. Here, classical
information can propagate through the “experimentalist” who performs projective measurements and
applies local unitaries based on those measurements. Since the experimentalist may only be limited by
Einstein’s speed of light c→∞, we should effectively consider this communication of classical information
to be instantaneous. Does this classical communication, combined with projective measurement, allow us
to beat the Lieb-Robinson bound?

It may seem that the answer is obviously yes. For example, after a measurement done at site 1, one can
immediately apply a gate to site L� 1 that depends on the previous measurement outcome. Moreover, a
local measurement is able to collapse the global quantum state, and one can apply gates adaptively based
on outcomes of arbitrarily faraway measurements.

However, the situation is exactly like the EPR paradox discussed in the Introduction. If no mea-
surement outcomes are used for feedback, local measurements are just local completely positive trace-
preserving (CPTP) maps that do not propagate information. As discussed in Theorem 3.14, Lieb-
Robinson bounds also hold in open quantum systems [40]; one can interpret an open quantum system as
one that is measured, while the measurement outcome is discarded and averaged over.

What if measurement outcomes are used to adjust the unitary dynamics adaptively? For concreteness,
consider the task of teleporting a quantum state from one end (site 1) to the other (site N = L+1) in a 1d
spin chain. First, one should avoid directly measuring site 1 because the state would collapse and destroy
the quantum information. Instead, site 1 needs to interact with its neighbors before some measurement
is done. Thus the task depends on what the initial state is on sites 2, · · · , N . If the sites 2 and N share a
Bell pair, one can perform the following standard teleportation protocol [56] that takes O(1) operations.
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Example 5.10: Standard teleportation protocol

Suppose the initial state on the three relevant qubits 1, 2, N is

|ψ〉 = (α |0〉+ β |1〉)1 ⊗
1√
2

(|00〉+ |11〉)2N

=
1

2
(|00〉+ |11〉)12 ⊗ (α |0〉+ β |1〉)N +

1

2
(|01〉+ |10〉)12 ⊗ (α |1〉+ β |0〉)N

+
1

2
(|01〉 − |10〉)12 ⊗ (α |1〉 − β |0〉)N +

1

2
(|00〉 − |11〉)12 ⊗ (α |0〉 − β |1〉)N , (5.40)

where we have expanded in the Bell-basis on 1 and 2. The first step of this protocol is to measure
1 and 2 in the Bell basis, so that the state collapses to one of the four terms above. This can
be done by measuring the commuting operators X1X2 and Z1Z2. If the measurement outcome is

1√
2
(|00〉 + |11〉)12, and this classical information is transferred to an agent Bob at N , then Bob

knows the state is already the honest qubit Alice at site 1 wants to transfer. If Bob knows that the
measurement outcome is 1√

2
(|01〉+ |10〉)12 instead, he can use an X gate on N to “correct” the state

because X(α |1〉+ β |0〉)N = (α |0〉+ β |1〉)N . This correctability holds for the other two outcomes as
well, so based on the transferred classical information about the measurement outcome, the state is
honestly transferred from 1 to N deterministically, after error correction has been applied.

A long-range Bell pair is consumed in the above process, which is itself hard to generate if the
initial state is a product state. Starting from short-range entangled states and/or product states, it
is then expected that teleportation requires large resources that scale with L.

As it turns out, however, such Bell pairs can be efficiently prepared using measurement-enhanced tele-
portation protocols that operate in constant time. This is, for example, behind the theory of measurement-
based quantum computation [57, 58, 59, 60]. Applying the identity gate on qubit on 1, in MBQC, amounts
to teleporting qubit 1 to L by pure measurements. MBQC is, in its simplest avatar, based on the cluster
state which can be prepared in constant depth. An easier version of this idea to understand is the quan-
tum repeater [61], or entanglement-swapping teleportation protocol (ESTP) [62], which teleports a qubit
to distance

L ≈ (2M + 1)T, (5.41)

using T layers of unitary gates and M local measurements. Fig. 5(a) gives an example of L = 15, T =
5,M = 2, where the spin chain is divided into M + 1 = 3 parts, each of length roughly L/3. In the
leftmost part, the quantum state |ψ〉 is simply transported by SWAP gates. In each of the other parts,
a Bell pair in the middle is generated and then transported to the two ends of the part by SWAP gates.
Then a Bell-basis measurement is performed in each shaded area that connects adjacent parts, and all
outcomes are collected to decide the error-correction unitary R that recovers |ψ〉 at the rightmost site.
Conceptually, one can think of this as a cascade of standard teleportation protocols in Example 5.10,
which first transfers |ψ〉 from site A1 to A2 by measuring A1, B1, and then from site A2 to the final site
by measuring A2, B2.

One can use (5.41) to make a tradeoff between unitary dynamics and measurements in a quantum
teleportation protocol. Is (5.41) the best one can achieve in all possible protocols with M measurements
and unitary dynamics of time T? [62] gives a positive answer by extending Lieb-Robinson bounds to
this setting of quantum dynamics with measurements. The idea comes from examining the ESTP in
the operator language. Fig. 5(b) shows how the final logical operator XN is evolved in the Heisenberg
picture (backward in time). Since the protocol can be schematically written as W = RMU , which does
measurements M and applies an adaptive gate R in the end, XN is first evolved to M†R†XNRM =
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(b)(a)

Figure 5: (a) Circuit design for the entanglement-swapping teleportation protocol (ESTP), il-
lustrated for L = 15 using a two-local Clifford circuit depth T = 5 and M = 2 two-qubit Bell
measurements. Bell pairs are generated on C and D qubits via a Hadamard–CNOT sequence,
and transported to A and B qubits via SWAP gates. The shaded areas indicate the standard
teleportation protocol and include Z measurements; the dashed line denotes classical communi-
cation. The logical qubit |ψ〉 starts at j = 1 and teleports to the rightmost site after applying
the error-correction gate R, which is determined by the measurement outcomes. (b) Heisenberg
evolution of the final logical operator XN for the ESTP depicted in (a). The local ZA1 , ZA2

operators are obtained by the measurement and error-correction procedure. Each of them grows
to a product of two Xs with Lieb-Robinson velocity 1, as depicted by the edges of the shaded
cones. When the light cones overlap, the whole operator becomes X1ZC1ZC2 , which is an initial
logical operator. Figure taken with permission from [62].

XNZA1ZA2 acting on the measurement sites A1, A2. Then these two “seeds” together with XN , will grow
into light cones due to the circuit dynamics U . In order to teleport the quantum information, the evolved
operators W†XNW = U †M†R†XNRMU and W†ZNW need to commute on all sites except 1. This
turns out to require that the light cones not only need to touch site 1, but also need to overlap with their
neighboring light cones, which makes (5.41) optimal. This is formalized by the following Theorem.

Theorem 5.11: Speed limit in quantum dynamics with measurements (informal version)

Consider a teleportation protocol that starts from a product state of all qubits, and teleports a
qubit to distance L using measurements in M local regions and unitary dynamics of time T . The
unitary dynamics is generated by a time-dependent Hamiltonian H(t) that may depend on previous
measurement outcomes. The measurement regions are also allowed to be adaptive. If the pure
unitary dynamics generated by H(t) has Lieb-Robinson velocity v, then there exist constants M0, T0

that do not depend on L,M, T , such that

L ≤ v(2M +M0)(T + T0). (5.42)

Although we refer to [62] for the detailed proof, we would like to mention one key idea called Stinespring
dilation [63, 64]. To be specific, any quantum channel, like the dynamics with measurement and feedback,
is equivalent to a unitary channel on a “dilated” Hilbert space Hdil = Hphys ⊗ Hss. Here Hphys is the
physical Hilbert space, while Hss is composed of ancilla Stinespring qubits that record the measurement
outcomes. This justifies our previous notations like W = RMU . The above Theorem then comes from
applying the Lieb-Robinson methods to this dilated unitary dynamics. The theorem makes clear that not
only the act of measurement, but also subsequent error correction, is required to beat a Lieb-Robinson
bound; see also [65].
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Theorem 5.11 also has various generalizations and applications [62]. To name a few, the initial state
can be generalized to all states with short-range entanglement. If one wants to teleport Q � 1 qubits
to distance L with Hamiltonian dynamics of time T , although M measurement regions satisfying (5.42)
suffice, the number of measurements done M ′ should scale with Q such that

L . 2vT

(
M ′

Q
+ 1

)
, (5.43)

(with a technical caveat that measurement locations do not depend on measurement outcomes). Beyond
quantum state transfer, (5.42) also bounds the resources needed for preparing long-range entangled states,
including long-range Bell pairs, error correcting code states [66, 67], the GHZ state (6.2), W state (9.2),
and spin-squeezed states [68, 69]. This theorem also has strong implications on the ease with which
many tasks, such as preparing highly entangled quantum states, can be achieved using hybrid protocols
involving both unitary dynamics and measurement. This has been a subject of intense recent interest
[70, 71, 72, 73, 74, 75, 76, 77].

Ground states of gapped systems6

So far, we have only applied the Lieb-Robinson bounds to dynamics. Remarkably, we will see that this
temporal bound also implies spatial bounds for properties of gapped systems. Historically, analyzing the
ground states of gapped systems using Lieb-Robinson bounds [6, 7, 78, 79] was what popularized the
Lieb-Robinson Theorem in the broader physics community.

This section assumes that the lattice Hamiltonian H is time-independent, with a Lieb-Robinson bound
given by (3.53). Without loss of generality, we also assume the Hamiltonian is non-negative H ≥ 0 with
ground energy zero; the ground subspace projector P0 satisfies HP0 = 0. As a crucial assumption, we
impose the existence of a spectral gap ∆ > 0 above the ground states.

6.1 Exponential clustering of gapped ground states

We define the connected correlation for any ground state |ψ〉 such that P0 |ψ〉 = |ψ〉 as follows

C̃orψ(A,B) := max
‖A‖,‖B‖≤1

〈AB〉ψ −
1

2

[
〈AP0B〉ψ + 〈BP0A〉ψ

]
,

= max
‖A‖,‖B‖≤1

∑
φ:Eφ≥∆

〈A|φ〉〈φ|B〉ψ +
1

2
〈AP0B〉ψ −

1

2
〈BP0A〉ψ , (6.1)

where 〈·〉ψ := 〈ψ| · |ψ〉, A,B are operators acting in subsystem A,B respectively. The second line exposes
the excited states |φ〉 with energy Eφ ≥ ∆. Technically, the above definition is not equivalent to (5.26):
They coincide if the ground state is unique P0 = |ψ〉 〈ψ|. However, if the ground subspace is degenerate,
a ground state may have long-range correlations, i.e., Cor(A,B) does not decay with the distance between
A and B. For example, consider the Greenberger–Horne–Zeilinger (GHZ) state [80]

|ψ〉 = |GHZ〉 :=
1√
2

(|0〉+ |1〉) , (6.2)

where |0〉 is the product state where all sites are in state 0 (analogously for |1〉). |ψ〉 is a ground state

of the Ising Hamiltonian H =
∑
〈ij〉 ZiZj , and is highly entangled. However, C̃orψ(A,B) defined above

vanishes as long as A and B do not overlap.
The following theorem generalizes the above example to arbitrary gapped ground states: the connected

correlations C̃orψ(A,B) decay exponentially in the distance.

39



Theorem 6.1: Exponential clustering of gapped ground states [6, 7]

Suppose the Lieb-Robinson bound (3.53) holds for the Hamiltonian H with gap ∆, and ground state
energy 0. Then, for any ground state |ψ〉 and any ε ∈ (0, 1),

C̃orψ(A,B) ≤
(

1 +

√
2

πeε

cµv

∆

)
e−(1−ε)µd(A,B). (6.3)

Proof. To bound the connected correlations with Lieb-Robinson bounds, one begin with expanding the
commutator in the eigenbasis of H

〈[A(t), B]〉ψ = 〈A(t)B〉ψ − 〈BA(t)〉ψ
= 〈AP0B〉ψ − 〈BP0A〉ψ +

∑
φ:Eφ≥∆

e−itEφ 〈A|φ〉〈φ|B〉ψ − eitEφ 〈B|φ〉〈φ|A〉ψ . (6.4)

The second line uses the assumption that the ground state has zero energy P0A(t)P0 = P0AP0.
The insight that converts temporal bounds (Lieb-Robinson) to spatial bounds (decay of correlation)

is spectral filtering [78]: consider a kernel function K(t) whose Fourier transform is denoted by

K̂(E) =

∞∫
−∞

dt K(t)e−itE , (6.5)

with normalization

K̂(0) =

∞∫
−∞

dt K(t) =
1

2
. (6.6)

Then, we may approximate the connected correlation by the weighted time-integral of (6.4)

C̃orψ(A,B) = max
‖A‖,‖B‖≤1

[
〈BK−A〉ψ − 〈AK+B〉ψ +

∫ ∞
−∞

K(t) 〈[A(t), B]〉ψ dt

]
(6.7)

with “error” operators

K+ :=
∑

φ:Eφ≥∆

(
K̂(Eφ)− 1

)
|φ〉〈φ|, (6.8a)

K− :=
∑

φ:Eφ≥∆
K̂(−Eφ)|φ〉〈φ|. (6.8b)

To proceed, we impose two requirements for the kernel K(t). (1 ) The Fourier transform approximates
a step function:

K̂(E) ≈
{

1 if E ≥ ∆
0 if E ≤ −∆

. (6.9)

This ensures both error operators K+ and K− are small. (2 ) The kernel K(t) decays sufficiently fast at
large |t|, so that the last term in (6.7) is tightly bounded. Our choice is the Gaussian filter with tunable
variance

K(t) =
i

2π
lim
ε′→0+

e−αt
2

t+ iε′
. (6.10)

Indeed, it decays exponentially, and satisfies (6.6). Furthermore, one can calculate its Fourier transform:
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Lemma 6.2: Fourier transform of the error function

If Erf(x) := 2√
π

∫ x
0 dξ e−ξ

2
is the error function,

K̂(E) =
1

2

(
1 + Erf

(
E

2
√
α

))
=

1 + O
(

e−E
2/4α

)
, (E > 0),

O
(

e−E
2/4α

)
, (E < 0).

Consequently, the norm of operators |K+| and |K−| are both bounded by e−∆
2/4α/2. Together with (3.53),

we can bound the connected correlation

C̃orψ(A,B) ≤ e−∆
2/4α + ce−µd(A,B)

∫ ∞
−∞
|K(t)|

(
eµv|t| − 1

)
dt

= e−∆
2/4α +

cµv

π
e−µd(A,B)

∫ ∞
0

eµvte−αt
2
dt ≤ e−∆

2/4α +
cµv

π
e−µd(A,B)

√
π

α

=

(
1 +

2cµv√
π∆

√
µd(A,B)

)
e−µd(A,B) ≤

(
1 +

√
2

πeε

cµv

∆

)
e−(1−ε)µd(A,B). (6.11)

The second line’s inequality uses the elementary bound ex − 1 ≤ xex for x ≥ 0. The last line optimizes
the tunable parameter

α =
∆2

4µd(A,B)
(6.12)

and used the estimate
√

2eεxe−x ≤ e−(1−ε)x for x ≥ 0 and ε > 0. This is the advertised result.

6.2 Local properties of gapped systems

Theorem 6.1 on exponential clustering implies that in a (unique) gapped ground state, a region A does
not have much correlation with faraway vertices. Then A basically correlates with Ac only via the vertices
near the boundary ∂A, so one naturally conjectures that the entanglement entropy of A is bounded by an
area law

SA = O (|∂A|) . (6.13)

This area law is proven [81] for general 1D gapped systems originally by Hastings, using Lieb-Robinson
techniques. With refinements [82, 83, 84] afterward, the result is summarized as follows.

Theorem 6.3: Area law of 1D gapped ground states [83]

Consider a chain of q-dimensional qudits with a unique ground state that has a gap ∆. Then the

entanglement entropy across any cut is bounded by O
(

log3 q
∆

)
.

The gap condition is explicitly used in the proof, which we omit here.7 On the other hand, any state in
1D satisfying the exponential clustering condition is proven to obey an area law [86, 87, 88], so an area
law for 1D gapped ground states directly follows Theorem 6.1, if one does not care about the scaling of
the entanglement with the gap, etc. As an application, Theorem 6.3 guarantees that 1D gapped ground
states can be faithfully approximated by matrix product states (MPSs) with bound dimension sublinear
in N [83], in contrast to exp(N) for general states. Based on the MPS representation, efficient classical
algorithms have been developed for calculating the ground state and its properties. For example, the

7Gapless states generically do not have area laws: e.g. a lattice regularization of a conformal field theory [85].
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heuristic algorithm called density matrix renormalization group (DMRG) had been widely used [89]; a
closely related algorithm with provable guarantees was later proposed [90].

In higher dimensions, the area law (6.13) is an important open problem. We refer to the literature
[91, 92, 93, 94, 95, 96] on recent progress, for example, a proof for 2D frustration-free systems [96]. For
general graphs, see [97] for a counterexample that violates (6.13) explicitly.

Instead of assuming a gap for a single Hamiltonian H, one can consider a family of Hamiltonians
{H(s) : 0 ≤ s ≤ 1} with the local terms in H(s) depending on s continuously. We assume the ground
states have a gap lower bounded by ∆ for the entire family of Hamiltonian H(s). This assumption is
common in condensed matter settings, where one says that two H belong to the same phase of matter
if and only if this interpolation exists. Intuitively, ground state properties of two Hamiltonians are
qualitatively the same if they are in the same phase, so one can study solvable points in the phase space,
and generalize results to the whole phase.

Remarkably, the above intuition can be made rigorous. As proven in [98], the ground state subspace
(defined by projectors P (0) and P (1)) of H(0) and H(1) are connected by a quasi-local unitary U

P (1) = UP (0)U †. (6.14)

Here U is quasi-local in the sense that it is generated by a finite-time evolution of some sufficiently local
(time-dependent) Hamiltonian H̃ (where local terms decay exponentially with the support size). Local
operators are mapped to local operators by U due to Lieb-Robinson bound, so the local properties of P (0)
and P (1) are smoothly connected. Moreover, H̃ acts nontrivially only near places whereH(s) changes with
s. This implies that the ground states locally only depend on terms in H that lie in the neighborhood of
that local region, dubbed “local perturbations perturb locally”. The quasi-local unitary U is called “quasi-
adiabatic continuation (evolution)”, and has many other applications [78, 99, 50, 100, 101], including a
rigorous proof of quantization of Hall conductance [102, 103].

Above, we have seen the consequences of locality assuming the gap condition. Perhaps surprisingly,
Lieb-Robinson bounds also play an important role in deciding whether a Hamiltonian is gapped or not
(more precisely, how large the gap is), despite the fact that this spectral gap problem is undecidable in
general [104, 105]. In fact, the revisiting of such bounds originates from such a problem. In 1961, Lieb,
Schultz, and Mattis (LSM) proved that a periodic chain of half-integer spins cannot have a Ω(1) gap
above the ground state [106]. Hastings generalized this LSM theorem to higher dimensions using the
quasi-adiabatic continuation method:

Theorem 6.4: Lieb-Schultz-Mattis theorem in higher dimensions [78, 100]

Consider a local Hamiltonian H on a finite-dimensional lattice. Suppose there is one direction of
length L, along which H is translational invariant with periodic boundary conditions. Suppose the
total number of vertices N = poly(L). Let H have a conserved charge Q and ground state |ψ〉. If
the ground state filling factor 〈ψ|Q |ψ〉 /L is not an integer, then the gap between |ψ〉 and the first
excited state is bounded by

∆ = O

(
logL

L

)
. (6.15)

On the other hand, Lieb-Robinson techniques are also used to prove an Ω(1) gap for some H that is
close to a gapped H0. To be specific, consider H = H0 + V where V is an extensive sum of local terms
each of order ε � ∆. The naive perturbation theory typically diverges for this many-body setting, and
the gap is not stable in general. For example, the gap closes already at ε ∼ 1/N when perturbing the
Ising Hamiltonian H0 = −∑〈ij〉 ZiZj by a magnetic field V = ε

∑
i Zi. It is then a remarkable fact that

for frustration-free H0 with local topological order, the gap is provably stable [107].
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Bounds on thermalization7

In this section, we return to bounds on dynamics. In particular, we will describe the extent to which
Lieb-Robinson bounds can give meaningful constraints on the thermalization time scales [23] observed in
local correlation functions. Results in this area are more limited, and overall this is an interesting area
for further exploration; we will highlight what is known.

7.1 Relaxation times of local observables

Consider a quantum system in initial mixed state ρ evolved under Hamiltonian H. On physical grounds,
we expect equilibration of local observable A after some time tthermal such that

Tr[ρA(tthermal)] ≈ Tr[ρthermalA]. (7.1)

Can we bound this thermalization time tthermal based on Lieb-Robinson bounds? Assuming a Hamil-
tonian of the form (2.10), we have

|Tr[ρA(t)]− Tr[ρA(0)]| ≤ ‖A(t)−A(0)‖ =

∥∥∥∥∫ t

0
dseisH i[H,A]e−isH

∥∥∥∥
≤ t ‖[H,A]‖ ≤ t‖A‖

∑
e∈E:e∩A6=∅

‖He‖ . (7.2)

Allowing ρ to be locally perturbed away from equilibrium, so that |Tr[ρA] − Tr[ρthermalA]| ∼ ‖A‖, we
obtain

tthermal &

 ∑
e∈E:e∩A6=∅

‖He‖

−1

. (7.3)

This also holds for relaxation of time-ordered correlation functions Tr[ρA(t)B(0)], because one can insert
the B(0) in the left-hand side of (7.2), with the result unchanged assuming ‖B‖ = 1.

As a simple generalization, suppose H = H0 + V where H0 does not yield thermal dynamics. We
bound thermalization by the local norm of V alone, which is useful when V is a weak perturbation [108].

Proposition 7.1: Bound on the local thermalization time

Consider a perturbed local Hamiltonian H = H0 + V on a d-dimensional lattice. If H0 obeys the
Lieb-Robinson bounds(3.53), then∣∣Tr[ρA(t)]− Tr[ρetL0A]

∣∣ ≤ cthermal‖A‖‖V ‖local|A|t
(
vt+ c′thermal

)D
, (7.4)

where L0 := i[H0, ·], and

‖V ‖local = max
j∈V

∑
e∈E:e3j

‖Ve‖ , (7.5)

is the local norm of V . The quantities cthermal, c
′
thermal are O(1) constants determined by c, µ and the

lattice geometry.

Proof. We use the Duhamel identity, similarly to (7.2):

∣∣Tr[ρA(t)]− Tr[ρetL0A]
∣∣ ≤ ∥∥∥∥∫ t

0
dseisH i[V, e(t−s)L0A]e−isH

∥∥∥∥ ≤ ∫ t

0
ds
∥∥[V, esL0A]

∥∥ . (7.6)
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If esL0A is supported in a set S, then∥∥[V, esL0A]
∥∥ ≤ ‖A‖‖V ‖local|S|. (7.7)

From (3.53) and its relation to the support of an evolved operator in Proposition 4.1, we know that the
dominant part Ã(s) of esL0A is supported in a set S containing vertices no farther than vs + c′thermal to
the original set A:

esL0A = Ã(s) +
∑

r=bvs+c′thermalc+1

Ãr, (7.8)

where Ãr has support no farther than r to the original set A. Here the constant c′thermal is chosen such

that
∥∥∥[V,

∑
r Ãr]

∥∥∥ ≤ ∑r

∥∥∥[V, Ãr]
∥∥∥ is smaller than the main contribution

∥∥∥[V, Ã(s)]
∥∥∥, which is possible

because the volume increases polynomially with r, while
∥∥∥Ãr∥∥∥ decays exponentially. Then (7.6) becomes

∣∣Tr[ρA(t)]− Tr[ρetL0A]
∣∣ ≤ ∫ t

0
ds 2

∥∥∥[V, Ã(s)]
∥∥∥ ≤ ∫ t

0
ds ‖A‖‖V ‖local|A|c̃thermal(vs+ c′thermal)

D

≤ cthermal‖A‖‖V ‖local|A|t
(
vt+ c′thermal

)D
. (7.9)

Here we have used the fact that S (support of Ã(s)) has the largest volume if A is a set of faraway vertices,
where each vertex grows to a ball of radius vs+ c′thermal.

Proposition 7.1 implies a bound tthermal & (‖V ‖local)
1

D+1 if the unperturbed dynamics Tr[ρetL0A] is
far from the equilibrium of H. We do not expect this bound to be tight; in somewhat more specialized
settings, stronger bounds (Corollary 11.4) can be found. In general, it is important to find stronger
bounds on thermalization.

Up to now we only bounded the local thermalization process. If the initial state is inhomogeneous
with respect to some conserved charge, thermalization is slower. Transport is, firstly, bounded by the
Lieb-Robinson velocity v, so if the length scale of the initial inhomogeneity is L, we have

tglobal thermal & L/v. (7.10)

In usual systems however, this is a serious underestimate of the thermalization time scale, even accessible
via local correlation functions. If in particular there is a single conserved quantity (usually energy, e.g.
whenever H is time-independent), then that quantity will relax diffusively to equilibrium, meaning that
in practice tglobal thermal & L2 [109] for finite-range interactions.

The bounds we have described thus far are rather “simple” in that we simply pointed out that
thermalization of local correlation functions is constrained by operator growth! A difficult open is to
prove bounds on the nature of decay more generally. For example, it seems reasonable that if one takes
the thermodynamic limit of N → ∞ interacting degrees of freedom, we might expect that for any local
operator A,

sup
t≥t0

lim
N→∞

〈A(t)A(0)〉 ≥ Ce−γt0 (7.11)

for some non-negative constants C and γ. This would rule out in particular that correlation functions can
decay as e−t

2
. The physical intuition for this is that in typical many-body quantum systems, there are

poles in the lower half of the complex plane in the Green’s functions for operator A (see e.g. [110]). Any
such pole would lead to at best a finite γ (with hydrodynamic poles leading to algebraic decay). However,
a proof of the finiteness of γ (in the thermodynamic limit N → ∞) and a constraint on γ in terms of
local coupling constants remains an open problem, as far as we know.
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7.2 Prethermalization

In some cases, we can achieve far stronger results than Proposition 7.1. To see how this is possible, we
describe a classic example of a slowly thermalizing system: the Fermi-Hubbard model, with Hamiltonian
H = H0 + V , where

H0 = ∆
∑
i∈V

ni,↑ni,↓, V = ε
∑
{i,j}∈E

∑
σ=↑,↓

c†j,σci,σ. (7.12)

Here ci,σ is the annihilation operator for a fermion of spin σ ∈ {↑, ↓} at site i ∈ V. Consider the limit
where ε → 0 while ∆ stays finite. In this limit, the ground state H = 0 becomes highly degenerate: the
states of finite energy (∆, 2∆, . . .) correspond to those where two fermions of opposite spin sit on the same
site. We call such an excitation a doublon, and a singly-occupied site a singleton.

Suppose that we create one doublon excitation in a sea of singletons: how long will it take to decay,
if ε is very small (but not exactly 0)? If ε � ∆, Fermi’s golden rule suggests we cannot simply split it
into two singletons. Fermions hopping on a lattice have a bandwidth: their maximal kinetic energy is
∼ ε � ∆. There can therefore be no way, via Fermi’s golden rule, to spontaneously decay into just two
energetic singletons. We must instead look for a much higher order process, where the doublon splits
and then virtually transfers its energy ∆ into the increased kinetic energy of k∗ ∼ ∆/ε singletons. In
perturbation theory, this will require at least k∗ powers of the perturbation V , meaning that the doublon
decay rate is expected to be [111, 112, 113]

1

tdoublon decay
∼ ε

( ε
∆

)ε/∆
. (7.13)

An exponential bound tdoublon decay ∼ exp[∆/ε] was rigorously proved in [114]. The proof uses the fact
that H0 is trivially diagonalizable, and extends to Floquet systems and to other settings where H0 (or its
Floquet generalization) is solvable [115, 116, 117, 118].

The intuitive argument we gave above seems to only rely on the existence of a gap in H0. Thus one
expects a general robustness result for all H0 with a many-body gap. Indeed, there is a long history of
the study of false vacuum decay [119], wherein local correlation functions appear consistent with ground
states of a degenerate H0, even when the true Hamiltonian H = H0 + V consists of a perturbation
that has closed the gap. One often takes, e.g., H0 to have a ferromagnetic ground state, while V is a
symmetry-breaking field that selects one of the degenerate vacua as the true ground state.

However, as we have already explained at the beginning of Section 3.2, any robustness of a false vacuum
cannot arise from the local robustness of eigenstates of H. A notion of spatial locality and Lieb-Robinson
bound will play an important role in any proof. The strongest known bound on prethermalization is:

Theorem 7.2: Prethermalization of gapped systems (slightly informal) [39]

Let H0 be a spatially local Hamiltonian in D spatial dimensions, with a gap ∆ in the many-body
spectrum. Let H = H0 + V , with ‖V ‖local = ε, as defined in (7.5). Then, there exists a quasilocal
unitary U , a Hamiltonian H∗ and an operator V∗ such that

U †(H0 + V )U = H∗ + V∗ (7.14)

and for any single-site operator A

‖U †AU −A‖ = O(ε/∆). (7.15)

In particular, the Hamiltonian H∗ is block diagonal between the eigenstates of H0 above and below
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the gap. The operator satisfies

‖V∗‖local ≤
1

t∗
where t∗ ∼

1

ε
exp

[
c

(
∆

ε

)a]
(7.16)

for any a < 1/(2D − 1) and some 0 < c <∞. The unitary can be written as

U = T exp

 T∫
0

dtĤ(t)

 (7.17)

for T = O(ε) and Ĥ(t) quasilocal in the sense that∑
S⊂V
‖ĤS(t)‖ediam(S)α = O(1) for any 0 < α < 1. (7.18)

In other words, there exists some effective Hamiltonian H∗ that effectively describes the dynamics of
local correlation functions for times t � t∗. For example, if we start in one of the degenerate ground
states of H0, |0〉, ∣∣∣〈0|(U †AU)(t)|0〉 − 〈0|A(t)|0〉

∣∣∣ ≤ ‖U †AU −A‖ . ε, (7.19)

meaning that
〈0|A(t)|0〉 ≈ 〈0|U †eiH∗tAe−iH∗tU |0〉+ ‖V∗‖localt. (7.20)

If A acts in a trivial way on the ground states, but non-trivially on typical low-energy states, then we
see that up to error O(ε), 〈0|A(t)|0〉 will evolve very slowly away from its ground state value. For a
non-perturbatively long time, it will appear from 〈A〉 as if the system is in one of its ground states, even if
the perturbation has added a finite energy density to the state! This proves, therefore, that false vacuum
decay is non-perturbatively slow.

Proof idea. To formalize the intuition about a mismatch of energy scales between H0 and V causing
prethermalization, one needs to do perturbation theory in a rigorous way. A convenient technique, used
in [114], is the Schrieffer-Wolff transformation [120, 121]. Note that this proof strategy is similar in spirit
to the proof of the Kolmogorov-Arnold-Moser Theorem [122].

Starting from the original H = H0 + V1 with V1 = V , we first look for a quasi-local unitary U1 = eA1

that block-diagonalizes the system among the gapped subspaces of H0 at order ε1. Note that we do
not want a unitary that block-diagonalizes the system completely, as it cannot be quasilocal due to the
orthogonality catastrophe [30]. More precisely, we look for anti-Hermitian A1 = O(ε) obeying

e−A1(H0 + V1)eA1 = H0 + V1 + [H0, A1] + O(ε2). (7.21)

We demand that for some D2, block-diagonal betewen the high/low energy subspaces of H0:

V1 + [H0, A1] = D2. (7.22)

A1 is not uniquely determined by (7.22), but one solution suffices.
For commuting H0 like (7.12), A1 and D2 can be found easily in the eigenstate representation of H0.

For example, in (7.12), H0 has integer spectrum 0, ∆, 2∆, . . ., and one can choose [114]

D2 =
∆

2π

2π/∆∫
0

dt eitH0V1e−itH0 , (7.23a)
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A1 = −i

2π/∆∫
0

dt

(
1− ∆t

2π

)
eitH0V1e−itH0 . (7.23b)

By the evolution of H0 in (7.23), each local term of V1 grows larger in support, but remains strictly local
because H0 is commuting.

For general H0, a solution similar to (7.23) still holds. One finds a filter function w(t) with compact

Fourier transform [123, 98], which decays reasonably quickly as w(t) ∼ e−|t|/ log2 |t| at large |t|, and chooses
[39]

D2 ∼
∞∫
−∞

dt w(t)eitH0V1e−iH0 . (7.24)

The matrix elements 〈E|D2|E′〉 between eigenstates of H0 are proportional to the Fourier transform of
w(t): ŵ(E−E′); hence our filter function with compact Fourier transform enforcesD2 being block-diagonal
across the gap. However, terms in D2 (and A1) are no longer strictly local, and one needs to invoke a
special Lieb-Robinson bound [39] to control how large they can become. With A1 chosen to satisfy (7.22),
we have rotated the Hamiltonian by U1 to H0 +D2 +V2, where V2 ∼ ε2 is the last term in (7.21). At this
second step, we wish to further block-diagonalize the Hamiltonian, using a quasi-local unitary U2 = eA2

that is determined similar to (7.22). One again needs to invoke locality and Lieb-Robinson bounds to
show that U2 is still quasi-local. This process can be iterated up to some optimal order k∗ ∼ (∆/ε)a,
where the range of operators has become so large that further Schrieffer-Wolff transformations do not
decrease the local strength of Vk anymore. At this optimal order, (7.14) is achieved with H∗ = H0 +Dk∗

and an exponentially small V∗ = Vk∗ .

Based on (7.14), there is a hierarchy of how strongly t∗ depends on ε. First, (7.14) always holds
trivially with U = I and t∗ = 1/ε, so the first nontrivial result would be t∗ ∼ ε−k∗ for some finite k∗ > 1
using finite-order perturbation theory [124]. Usually Fermi’s golden rule implies that t∗ ∼ ε−2.

In integrable models, one can define a decay time in an alternative fashion to (7.14). While perturbing
away from such integrability typically gives rise to t∗ ∼ ε−2 governed by Fermi golden rule [125, 126],
there are exceptions with t∗ ∼ ε−2k for k > 1 [127, 128].

There are even cases with infinite-time stability (t∗ =∞), such as frustration-free ground states with
local topological order [107]. The toric code [129] is the classic example of such a state. Intuitively,
topological order guarantees a macroscopic code distance in the language of quantum error correction:
any operator of size smaller than system length neither couples nor distinguishes different low-energy
sectors that encode quantum information. Thus perturbation theory converges up to dcode-th order, and
the remaining V∗ vanishes in the thermodynamic limit. In addition to preserving the gap, the energy
splitting in the ground subspace is also then exponentially small, making such models robust quantum
memories at zero temperature. Although we believe the frustration-free condition is a technical issue
rather than being physical, Theorem 7.2 is currently the best bound for frustrated systems.

On general grounds, one might have expected the prethermalization time to scale as

tthermal ∼ exp

[(
∆

ε

)d]
(7.25)

in d spatial dimensions, since this is the energy barrier one needs to overcome to tunnel out of the false
vacuum [119]. A rigorous proof of this result would likely require something beyond a Lieb-Robinson bound
to control the validity of the Schrieffer-Wolff transformation, and this is an interesting open problem.
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Quantum walk bounds and the Frobenius light cone8

So far, we have discussed a notion of light cone inspired by Lieb-Robinson bounds on operator norms of
commutators, such as ‖[A0(t), Br]‖ = C(r, t). These bounds have been popular because they hold for all
matrix elements of the commutator: therefore, if a Lieb-Robinson bound exists, it serves as a versatile
subroutine whenever a notion of locality is needed.

However, there are many physical settings where one does not want a Lieb-Robinson-like bound, but
rather something different. For example, suppose we wish to calculate a retarded Green’s function in
some finite temperature many-body system:

GR
AB(r, t) :=

i

Z(β)
tr
(

e−βH [Ar(t), B0]
)
, (8.1)

where Z(β) := tr(e−βH) is the thermal partition function.
Especially if temperature T is very small (or inverse temperature β = 1/T large compared to couplings

in H), quite often GR
AB will vanish outside of a light cone with an apparent temperature-dependent velocity.

By definition, this temperature dependence cannot be captured by a Lieb-Robinson bound, as the single
Lieb-Robinson bounds must accommodate all states.

Therefore, it is desirable to incorporate the initial state dependence into a Lieb-Robinsonb bound.
For the most part, this is an open problem in mathematical physics, with preliminary progress just
beginning. The simplest context where many rigorous results – which are notably stronger than optimal
Lieb-Robinson bounds – appear is when studying the Frobenius norm of a commutator: (2.17). This
should not be a surprise: the Lieb-Robinson bounds must hold for all matrix elements of an operator,
while the Frobenius norm simply bounds the average magnitude of a matrix element between any states
in Hilbert space. What is more non-trivial is the qualitatively new methods for bounding the Frobenius
norm, which can both be applied to physically relevant problems and give us new and helpful insight into
the bottlenecks of the underlying quantum dynamics.

In this section, we will review this Frobenius light cone in our usual context: systems with local
interactions on a lattice. In later sections, we will show that it is the Frobenius approach to bounding
commutators that can have elegant generalizations to more challenging problems, including systems with
power-law interactions (Section 10) or bosons (Section 11.2).

8.1 Quantum walk of a single particle on the line

We begin by revisiting the toy problem of Section 3.1; as before, we wish to bound C(r, t) = 〈r|e−iHt|0〉.
This time, we will not try to think of this problem combinatorially. Instead, we observe that |C(r, t)|2
represents the classical probability of measuring the particle on site r at time t. Our strategy – and more
generally, the strategy of existing “quantum walk bounds” – will be to bound this probability distribution
directly, using methods of classical probability theory, as an indirect way of saying something useful about
the underlying quantum dynamics.

Before we explain how such a quantum walk bound could be found, let us emphasize why this shift
in perspective should be quite useful. In the combinatorial approach that underlies the simplest Lieb-
Robinson bounds, we found in (3.8) that C(r, t) was bounded by a sum over all paths. Somewhat
annoyingly in this formula, C(0, t) > 1 once t > 0. Now of course this is merely an artifact of us trying
to express C(r, t) in some elegant way – physically |C(0, t)|2 ≤ 1, as it is the probability of measuring the
particle on site 0. Still, when we derived a bound on C(r, t) at time t, it depended on our bound at time
t−∆t. The overcounting that we are doing is not innocuous – it is “corrupting” our bound for all later
time, artificially inflating the values of all C(r, t). Might it be leading to an overestimate of the velocity
of the “light cone” outside of which C(r, t) is exponentially small?
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To understand whether this concern is justified, we seek a formalism in which (perhaps indirectly) we
are assured that C(r, t) remains the coefficients of some normalized wave function. Yet this is somewhat
awkward since it is |C(r, t)|2 which represents the probabilities. The strategy which has been used so far
is to solve this problem by not bounding C(r, t) directly, but rather by bounding the expectation values
of operators on the Hilbert space. Suppose we define

F :=
∑
r∈Z

Fr|r〉〈r|; (8.2)

then
〈F (t)〉 = 〈ψ(t)|F |ψ(t)〉 =

∑
r∈Z

Fr|C(r, t)|2. (8.3)

Since F is diagonal in the position basis of interest, 〈F 〉 can be interpreted using classical probability
theory as simply the average value of the random variable Fr. But now we can efficiently bound

d

dt
〈F (t)〉 = 〈i[H,F ]〉. (8.4)

While at this point there are a variety of strategies that one could use, two common ones are to seek
functions F where it can be proved that for some constant c > 0

|〈i[H,F ]〉| ≤ c or |〈i[H,F ]〉| ≤ c〈F 〉. (8.5)

In this section, we will focus on this latter possibility, which leads to tighter bounds – the strategies for
dealing with the former are quite similar.

Observe that one choice8 satisfying (8.5) is

Fr = ebr for constant b > 0. (8.6)

Indeed,

|〈i[H,F ]〉| ≤
∣∣∣∣∣h∑

r

(
iψ̄rψr+1 − iψ̄r+1ψr

) (
eb(r+1) − ebr

)∣∣∣∣∣
≤ h

(
eb/2 − e−b/2

)∑
r

(
|ψr|2ebr + |ψr+1|2eb(r+1)

)
= 4h sinh

b

2

∑
r

|ψr|2ebr = 4h sinh
b

2
〈F 〉. (8.7)

The second inequality uses Cauchy-Schwartz (e.g.)∣∣∣iψ̄rψr+1eb(r+1)
∣∣∣ =

∣∣∣iψ̄rebr/2∣∣∣ ∣∣∣ψr+1eb(r+1)/2
∣∣∣ eb/2 ≤ eb/2 · 1

2

[∣∣∣iψ̄rebr/2∣∣∣2 +
∣∣∣ψr+1eb(r+1)

∣∣∣2] . (8.8)

Now, since Fr ≥ 0 is a non-negative operator, and |ψr|2 is a well-posed classical probability distribution,
we can invoke Markov’s inequality:

P[particle is at x ≥ x0 at time t] =
∞∑

r=x0

|ψr(t)|2 ≤
〈F (t)〉
Fx0

. (8.9)

8We might really wish to use b|r|, not br, in the exponent, but this choice will simplify a few equations and the approach’s
merits are more easily revealed.
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Here and below P[· · · ] is used to denote the probability of an event arising, and we use this notation
(rather than the expected value of a quantum observable) to highlight the close mathematical connections
to probability theory. Combining (8.4), (8.7), and (8.9), we can now choose the optimal value for the
parameter b to get the tightest possible bound on the velocity of the particle:

P[particle is at x ≥ x0 at time t] ≤ exp

[
−bx0

(
1− 4ht

x0

sinh(b/2)

b

)]
. (8.10)

Since sinh(b)/b ≥ 1, we conclude that we should take b→ 0 to get the strongest possible light cone bound.
Our bound is exponentially small when 2ht ≤ x0, implying that the velocity of the particle is

v ≤ 2h. (8.11)

This is tighter than what we could find using our Lieb-Robinson combinatorics in (3.12). This velocity
admits a natural physical interpretation: it is the largest possible group velocity of a particle in the
system: see (3.15).

We call this approach the “quantum walk” approach to bounding dynamics since we aim to use (as
much as possible) the unitarity of the quantum dynamics to constrain the quantum walk of the wave
function. In the many-body setting, this problem can of course become much more complicated, but we
will describe a few examples (F ansatzes) where this method has been used to tightly bound quantum
dynamics. This approach has also been employed in the literature on continuous-space Lieb-Robinson
bounds (Section 11.3).

8.2 Operator growth and operator size

We now turn to the many-body problem. As explained in Section 3.2, a critical difference between our
single-particle warm-up and the many-body problem is operator dynamics appear more natural than state
dynamics. Indeed, we have already seen that local operators evolve “slowly” (at least for short times)
under local Hamiltonian dynamics. This was the key insight behind our derivation of a Lieb-Robinson
bound in Section 3.2. And in recent years, capturing the growth of local operators – beyond the Lieb-
Robinson bound – has become a question of particular interest among physicists. There are a few (related)
reasons why. Firstly, the Lieb-Robinson bounds capture the “worst case” speed of information, but it may
be the case that in typical states signals propagate much more slowly. We will see that this is strikingly
the case in systems with power-law interactions in Section 10. Secondly, the growth of operators has been
conjectured to be related to the emergence of geometry and gravity via the AdS/CFT correspondence
in string theory: we will discuss such theories in Section 9. Thirdly, typical experiments probe thermal
correlation functions and so often times we are only interested in the behavior of the commutator [A(t), B]
averaged over (exponentially) many states.

If the Lieb-Robinson bounds are too specialized, we can try alternatively to study the opposite limit
where we only ask about the typical behavior of a commutator. Indeed, suppose we want to know: how
large should we expect [A(t), B]|ϕ′〉 to be for randomly chosen state |ϕ〉? As usual in probability theory,
it is easier to study the square of this object, where the averaging becomes simple: denoting C = [A(t), B]
for simplicity, along with a finite-dimensional Hilbert space,

Eϕ
[
‖C |ϕ〉‖2

]
= Eϕtr

(
C†C |ϕ〉 〈ϕ|

)
=

tr
(
C†C

)
tr(I)

. (8.12)

Here we have used Eϕ to denote expectation over the Haar measure9 . Note that the final object in (8.12)
is the Frobenius norm, introduced in (2.17). Hence, the Frobenius norm of C will tell us about the size
of typical matrix elements of C.

9Concenptually we often take the “random” average over the Haar measure. However, one only needs a much weaker
randomness Eϕ |ϕ〉 〈ϕ| = I/Tr[I] for (8.12).
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In a system with a many-body Hilbert space, there is a particularly valuable way to think about
this Frobenius norm. Using the elementary properties in Section 2.2, we notice two key facts. Firstly, if
we expand an operator into the |a1 · · · aN ) basis, the coefficients (a1 · · · aN |A) can be thought of as the
elements of an “operator wave function”, which (by Proposition 2.1) will be normalized just as a usual
quantum wave function. In particular, observe that

Proposition 8.1: Dynamics preserves the operator “wave function” normalization

Let |A(t)) = eLt|A) for some Hamiltonian L = i[·, H]. Then

(A(t)|A(t)) = (A|A). (8.13)

Proof. Take the time derivative

d

dt
(A(t)|A(t)) = (A(t)|L† + L|A(t)) = 0, (8.14)

using L† = −L, which follows from the cyclic trace identity.

Secondly, we will make heavy of the super-projector PA (Definition 2.3) instead of commutators; recall

[A,B] = [A,PAB]. (8.15)

This statement holds irrespective of a Frobenius light cone, and indeed such notation was used in [130].
However, this notation of projection is particularly nice when working with the Frobenius inner product,
as P can be thought of as an explicit projection matrix! Therefore, we have the intuitive picture of
the “light cone” for operator growth as associated with a small operator exploring the intersection of
increasingly many Pj hyperplanes for sites j: see Figure 6.

A crude way to capture how much an operator has grown (which has become an object of some study
in its own right) is the operator size. Define the superoperator

S|a1 · · · aN ) =

 N∑
j=1

I(aj 6= 0)

 |a1 · · · aN ). (8.16)

Thus, S counts the number of sites on which a given Pauli string is not the identity. As a superoperator,
size can act non-trivially on a complicated operator (just as not all wave functions are eigenstates of a
general Hermitian operator). But we often care about the average size of an operator: (A|S|A). The
average size of an operator is, fortunately, related to the typical size of commutator matrix elements:

Proposition 8.2: Average operator size

For a quantum system with N qubits,

(A|S|A) =
1

8

N∑
j=1

3∑
a=1

([A,Xa
j ]|[A,Xa

j ]). (8.17)

Hence, the average size of operator A measures the Frobenius norm of an average commutator of A with
a single-site Pauli. While this proposition is for qubit degrees of freedom, for appropriate changes in
constant factors it also holds for qudits. Notice the absence of spatial locality in the problem; often
notions of operator size are most relevant in problems without a notion of spatial locality. We will discuss
much more about operator size and why it was studied in Section 9.2.
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Figure 6: The many-body wave function can be captured in the Frobenius norm. Each projector
Qr (8.29) selects operators whose right most non-trivial site is r, whose precise decomposition is
irrelevant to our quantum walk bounds.

8.3 Many-body quantum walk bounds

In this section, we describe a strategy to efficiently bound Frobenius light cones dubbed the “many-body
quantum walk” in [131]. This technique is very similar to one which has been developed independently
in the mathematics literature (see e.g. [132, 133]), though the notation is rather different. The key idea
is that since the Frobenius norm is simply the length of the “operator” in the “operator Hilbert space”,
we can follow our technique from Section 8.1.

In particular, suppose we want to bound ‖[A0(t), Br]‖F – this can only happen if the operator string
|A(t)) contains terms that act non-trivially on site r.

Proposition 8.3: From the “operator wave function” to Frobenius light cone

Let Pr := P{r}. Then, the following inequality holds:

4(A0(t)|Pr|A0(t)) · ‖Br‖2 ≥ ‖[A0(t), Br]‖2F. (8.18)

Proof. This follows from Hölder’s inequality (Proposition 2.2):

‖[A0(t), Br]‖F = ‖[PrA0(t), Br]‖F ≤ 2‖Br‖‖PrA0(t)‖F, (8.19)

which squares to (8.18).

8.3.1. Frobenius bounds on general graphs

Now that we have related the Frobenius light cone to the expectation value of Pr, it remains to bound
(A0(t)|Pr|A0(t)). This is very similar to what we did in Section 8.1, except that Pr is not the projection
onto a single state.
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Theorem 8.4: Frobenius bound on a graph of bounded degree

In the model studied in Example 3.5,

(A0(t)|Pv|A0(t)) ≤ evBt−d(v,0) (8.20)

where the butterfly velocity vB, which characterizes the Frobenius light cone, is defined as

vB = 2hmin
b>0

b−1[d+ e−b + (d− 1)eb]. (8.21)

Proof. We follow the strategy of Section 8.1. Define

F =
∑
v∈V

ebd(v,0)Pv. (8.22)

Now consider the time derivative

d

dt
(A|e−LtFeLt|A) = −(A(t)|[L,F ]|A(t)) = −

∑
v∈V

ebd(v,0)(A(t)|[L,Pv]|A(t)). (8.23)

The only terms that survive the commutator [L,Pv] are those where either L annihilates the non-trivial
operator on site v, or creates one:

[L,Pv] = (I − Pv)LPv − PvL(I − Pv) =
∑
e∈∂v

[Le,Pv]. (8.24)

So (8.23) becomes

d

dt
(A|e−LtFeLt|A) = −

∑
e={u,v}∈E

(A(t)|[Le, ebd(v,0)Pv + ebd(u,0)Pu]|A(t))

=
∑

e={u,v}∈E

ebd(v,0)(A(t)|(PvLe(1− Pv)Pu − Pu(1− Pv)LePv)|A(t)) + (u↔ v) (8.25)

Here in the second line, we have used (8.24) where (I − Pv)LePv, for example, gets an extra factor Pu in
front because otherwise Le just annihilates the identity operator.

If we define
av(t) :=

√
(A(t)|Pv|A(t)), (8.26)

then observe that for e = {u, v}:

|(A(t)|PvLe(1− Pv)Pu|A(t))| ≤ auav · 2‖He‖ ≤
(
a2
u + a2

v

)
· ‖He‖. (8.27)

Then

d

dt
(A|e−LtFeLt|A) ≤ 2h

∑
e={u,v}∈E

(
ebdu + ebdv

) (
a2
u + a2

v

)
= 2h

∑
v∈V

a2
v

∑
u:d(u,v)=1

(
ebdu + ebdv

)
≤ 2h

∑
v∈V

a2
ve
bdv(d+ e−b + (d− 1)eb) = 2h(d+ e−b + (d− 1)eb)(A|e−LtFeLt|A).

(8.28)

In the second line’s inequality, we have assumed the worst case where v has only one neighbor u that is
closer to the initial vertex 0; all other d− 1 neighbors are farther. Exponentiating (8.28) gives (8.21).
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8.3.2. One dimension

In one dimension, we can get much stronger bounds by thinking only about the right most site on which
an operator acts. Let us define the projector

Qr|{ai}) = I [aj = 0 if j > r, ar 6= 0] |{ai}). (8.29)

Hence Qr projects onto the rightmost site on which an operator acts (Figure 6). Observe that if we define
for any operator |A(t)),

|ψr(t)|2 = (A(t)|Qr|A(t)), (8.30)

then a simple modification of the proof of Theorem 8.4, upon defining

F =
∑
r

ebrQr, (8.31)

exactly reproduces the calculation in Section 8.1. In particular, we find that in one-dimensional models
with nearest neighbor hopping (as in Example 3.9),

vB ≤ 4 max
e∈E
‖He‖. (8.32)

This suggests that there may indeed be a qualitative difference between Frobenius and Lieb-Robinson
light cones.

We don’t know whether there is any one-dimensional model for which the Lieb-Robinson velocity
2eh ≥ vLR > vB. In fact, upon careful inspection, we can find the velocity 2eh in our Frobenius light cone
bound! Suppose that r � 4ht, and choose the value of b which minimizes (8.10), where h should multiply
by 2 for the many-body case. One finds that

(A(t)|Qr|A(t)) . exp
[
−2r log

r

2eht

]
. (8.33)

The only difference between this bound and our earlier Lieb-Robinson bound in Example 3.9 is the
additional 2 in the exponential. This arises from the inner product in (A(t)|Qr|A(t)) – the coefficient of
tr/r! is squared when evaluating the Frobenius light cone.

8.4 Entanglement and the Frobenius light cone

We have seen in Section 5.2.1 that von Neumann entanglement generation could be large even when
operator growth is small (outside the Lieb-Robinson light cone). One might, however, presume that the
Frobenius light cone might be closely related to the second Rényi entropy (5.10), due to the fact that

(ρ|PA|ρ) = e−S2(A). (8.34)

Indeed, [34, 51] discuss how entanglement generation generally appears slower than operator growth; this
is also the case in random circuit models (Section 9.3). However, the following counterexample shows
that operator growth may not always precede entanglement generation.

Example 8.5: Generating a maximally entangled state with little Frobenius operator growth

Consider the same setting as Example 5.4 with ε = 1− 1/D. Then,

U |00〉 =
1√
D

D−1∑
j=0

|jj〉, (8.35)
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is maximally entangled. Yet for any local operator A, its evolution UA = UAU † satisfies

‖PBUA‖F ≤ ‖A‖FO(D−1). (8.36)

Although this is a somewhat tedious calculation, we produce it in full since it has not appeared in the
literature before (to our knowledge).

Proof. Since (8.35) comes from the direct calculation, we focus on proving (8.36). Because (1 − PB)U is
much easier to compute than PBU , we use the equivalence between (8.36) and

‖(1− PB)UA‖F ≥ ‖A‖F[1−O(D−1)]. (8.37)

Let {TJ}D
2−1

J=0 be a normalized operator basis of A, so that the superoperator (1−PB)U can be represented
as a matrix MJ1J :

(1− PB)UTJ1 =
∑
J

MJ1JTJ . (8.38)

(8.36) is then further equivalent to the statement that the eigenvalues ofM are all of the form 1−O(D−1).
We choose TJ to be the matrix-element operators |j〉〈j′|, and denote each J by a pair (j, j′). We prove

that the matrix M has the following structure: (1 ) if j 6= j′,

MJ,jj′ = [1−O(D−2)]I(J = jj′). (8.39)

(2 ) If j 6= 0,
Mj1j′1,jj

= I(j1 = j′1)
[
[1−O(D−1)]I(j1 = j) + O(D−2)

]
. (8.40)

For now, assume these properties are true; we now show that eigM = 1 − O(D−1), and thus (8.36). As
a result of (8.39), M is diagonal outside the subspace Span{(j, j) : j = 0, · · · , D − 1}, with the diagonal
entries being 1 − O(D−2). Thus, it remains to verify whether the sub-matrix M′j1j := Mj1j1,jj has

1 − O(D−1) eigenvalues. According to (8.40), the diagonals of M′j1j are also 1 − O(D−1), while the

off-diagonals are O(D−2). Then any eigenvalue ofM′j1j is indeed 1−O(D−1), from the Gershgorin circle
theorem [134].

Lastly, we verify (8.39) and (8.40) explicitly. U acts on states by (8.35) and

U |jj〉 = (I − |diag〉 〈diag|) |jj〉+

(
−
√

1− 1

D
|00〉+

√
1

D
|diag〉

)
〈diag|jj〉

= |jj〉+ O(D−1/2) |00〉+ O(D−1)
∑
j′ 6=0

|j′j′〉 , (8.41)

for j 6= 0. Then the action on Tjj′ (j 6= j′) is

U
(
|j〉〈j′| ⊗

∑
i

|i〉〈i|
)

= |j〉〈j′| ⊗
∑
i

|i〉〈i|+ (U − I)
[
|jj〉 〈j′j|+ |jj′〉 〈j′j′|

]
= |j〉〈j′| ⊗

∑
i

|i〉〈i|+
[
(U − I) |jj〉 〈j′j|+ |jj′〉 〈j′j′| (U † − I)

]
, (8.42)

where we have used 〈j′j|U † = 〈j′j| for example in the second line. When acting further with 1 − PB,
the first term is unchanged, while only the O(D−1) |jj〉 term of (U − I) |jj〉 survives (j′ similarly), so the
result is proportional to Tjj′ :

(1− PB)U
(
|j〉〈j′|

)
= |j〉〈j′|

[
1 + O(D−1)

1

D
TrB(|j〉 〈j|)

]
= |j〉〈j′|

[
1 + O(D−2)

]
. (8.43)
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Therefore (8.39) holds. Similar arguments also show that the diagonal elements of the sub-matrix
M′j1j is 1−O(D−1), so what remains is to prove its off-diagonals are O(D−2). Similar to (8.42),

U (Tjj) = · · ·+U |jj〉 〈jj|U † = · · ·+

αj |jj〉+ O(D−1/2)
∑
i 6=j
|ii〉

αj 〈jj|+ O(D−1/2)
∑
i 6=j
〈ii|

 , (8.44)

where · · · only contributes to diagonals, and we have combined (8.35) and (8.41). After expanding the
product and project by 1 − PB, the cross terms |ii〉 〈i′i′| (i 6= i′) are eliminated. Furthermore, |jj〉 〈jj|
only contributes to diagonals, so off-diagonals only come from O(D−1)

∑
i |ii〉 〈ii|, which gain an extra

O(D−1) similar to (8.43). Thus the off-diagonals are indeed O(D−2).

8.5 Hamiltonians with random coefficients

In Section 9, we will encounter Hamiltonians with random coefficients, such as the Sachdev-Ye-Kitaev
model. Applying the deterministic bounds for random Hamiltonian often yields unphysical results: in
practice, operator growth is “incoherent”, but the Lieb-Robinson bounds use the triangle inequality
throughout, which adds terms “coherently”. Capturing the effects of classical (external) randomness in
the Hamiltonian in an operator growth bound has recently become possible. And, remarkably, it will turn
out that these methods are often valuable even when there is no intrinsic randomness in the problem!

8.5.1. Matrix concentration bounds

We present an instructive example that captures the essential problems with Lieb-Robinson bounds when
we are interested in typical state behavior [135]. Consider

H = Z1 + · · ·+ ZN , (8.45)

where each Pauli Zi is supported on qubit i. The “size” of this matrix depends on the question of interest.
The spectral (infinity) norm gives the largest eigenvalue in magnitude:

‖Z1 + · · ·+ ZN‖ = N. (8.46)

The Frobenius norm gives the average magnitude of eigenvalues:

‖Z1 + · · ·+ ZN‖F =
√
N. (8.47)

In other words, the worst case is qualitatively different from the average case. In fact, in this problem,
the eigenvalue distribution is equivalent to the probability distribution of a sum of independent random
variables SN := x1+· · ·+xN each drawn from the Rademacher distribution P(xi = 1) = P(xi = −1) = 1/2.
Now, we may call a concentration inequality to describe how rarely the random variable deviates from its
expectation

P(λi ≥ ε) ≡ P(SN ≥ ε) ≤ e−ε
2/2N . (8.48)

Therefore, the typical magnitude of eigenvalues |λ| = O(
√
N) � N is much smaller than the extreme

eigenvalues. This simple example illustrates that the “size” of high-dimensional objects could behave
quite differently depending on the norm; this distinction could lead to drastically different implications
(e.g., in power-law interacting systems in Section 10).

To derive concentration for more complicated matrix functions, we highlight a family of recursive
inequalities for their Schatten p-norms, which proved extremely versatile.
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Proposition 8.6: Uniform smoothness for subsystems [135, 136]

Consider matrices A,B ∈ B(Hi⊗Hj) that satisfy the so-called non-commutative martingale condition

Tri(B) = 0 and A = Aj ⊗ Ii. (8.49)

Then, for p ≥ 2,
‖A+B‖2p ≤ ‖A‖2p + (p− 1)‖B‖2p. (8.50)

Remarkably, the martingale condition is compatible with a wide range of matrices beyond independent
sums. At the same time, uniform smoothness delivers sum-of-squares behavior (analogous to independent
sums) that contrasts with the triangle inequality, which is linear

‖A+B‖ ≤ ‖A‖+ ‖B‖. (8.51)

This difference underpins the essential distinction between the worst and typical cases.
For random Hamiltonians, the flavor of the problem changes slightly; we can think of adding indepen-

dent Gaussian coefficients in our guiding example

H = g1Z1 + · · ·+ gNZN . (8.52)

The Gaussian coefficient (i.e., external randomness) requires the following version of uniform smoothness
regarding the expected p-norm |||A|||p := (E[‖A‖pp])1/p that will allow us to control the spectral norm by
setting p & log(dimH) ∼ N .

Proposition 8.7: Uniform smoothness for expected p-norm [137, Proposition 4.3]

Consider random matrices A,B of the same size that satisfy E[A|B] = 0. When 2 ≤ p,

|||A+B|||2p ≤ |||A|||2p + (p− 1)|||B|||2p. (8.53)

Compared with Proposition 8.6, the above contains both classical randomness (the expectation) and
quantum randomness (the trace), which is especially suitable for matrices with random coefficients. His-
torically, uniform smoothness (both Proposition 8.6 and Proposition 8.7) is a descendant of the scalar
two-point inequality or Bonami’s inequality [138], which features in, e.g., Boolean analysis [139]. The
matrix version was first derived [140] and later rewritten in the above form, leading to simple derivations
of matrix concentration for martingales [137, 141]. We expect these robust inequalities to find applications
in numerous quantum information settings, by exploiting the tensor product structure of the Hilbert space
or by the random coefficients: e.g. when studying power-law interacting systems in Section 10, Trotter
error [135], dynamics with random Hamiltonians in Section 8.5, or randomized quantum simulation [142].

8.5.2. Bounds based on self-avoiding paths

Combining matrix concentration inequalities (Section 8.3.2) with the self-avoiding path (Section 3.3)
yields operator growth bounds for random Hamiltonians in the Frobenius norm.

Theorem 8.8: Operator growth bounds for random time-independent Hamiltonian [143]

Consider a random time-independent 2-local Hamiltonian where the terms He are independent for
e ∈ E, zero mean: E[He] = 0, and bounded almost surely: ‖He‖ ≤ be. Then, for any normalized
operators ‖A‖ = ‖B‖ = 1 supported on subsets A and B respectively, the Frobenius norm of the
commutator can be bounded by a weighted incoherent sum over self-avoiding paths of interactions
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Γ = {Γ`, . . . , Γ1}, as in (3.48):

E
[
‖[A(t), B]‖2F

]
≤ 4

∑
self-avoiding paths Γ

∫
t<t`<···<t1

`=|Γ |

dt` · · · dt1
∏

1≤k≤`

(
eβk(tk+1−tk)

8b2Γk
βk

)
(8.54)

where βk = β(Γ`, · · · , Γk) are tunable parameters that can depend on the path and t`+1 := t.

Compared with the deterministic bounds (Theorem 3.8), the expression above has interaction strengths
appearing in squares b2X , entailing the incoherence across different terms. The tunable parameters βk
are slightly distracting, but a convenient choice often suffices. The above bound naturally extends to
the case with p-norms which leads to sharper concentration (Section 9) and Brownian circuits where the
randomness is both spatial and temporal [143].

Systems with all-to-all interactions and holographic quantum gravity9

In this section, we will turn to the study of Hamiltonians that can include few-body interactions between
a small number of the N total degrees of freedom at a time. In particular, we will often focus on k-local
models of the form

H =
k∑
j=1

∑
i1<i2<···<ik

ha1···aki1···ik (t)Xa1
i1
· · ·Xak

ik
(9.1)

that couple together N qubits. Here we assume that each ha1···aki1···ik (t) = O(1). Such models are the extreme
opposite of the spatially local models we have studied thus far, and their study will lead to the ultimate
limits on what quantum systems can achieve using few-body interactions. There is hope that a future
quantum computer might be able to implement such generic kinds of models (at the cost of many local
qubits used for teleportation, as in Section 5.4), although one may also wish to use photons [144] or
trapped ions [145] to realize non-local couplings. However (9.1) is achieved, we come across interesting
theoretical questions both in quantum information and, interestingly enough, in high energy physics.
In this section, we will describe how Lieb-Robinson and Frobenius bounds can be generalized to such
systems, despite the lack of spatial locality.

9.1 Fast state preparation

We first discuss preparing globally entanglement many-body states from product states. We consider the
GHZ state |GHZ〉 (6.2) and the W state [146]

|W〉 :=
1√
N

(|10 · · · 0〉+ |010 · · · 0〉+ · · ·+ |0 · · · 01〉) , (9.2)

as two examples. The fastest protocols, to our knowledge, are the following:

Example 9.1: A O(1)-time GHZ state preparation protocol

The Hamiltonian

H = (I − Z1)
N∑
j=2

(I −Xj), (9.3)
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prepares GHZ state in time t = π/4, starting from |+〉1 ⊗ |0〉2···N where |+〉 = (|0〉+ |1〉)/
√

2.

Proof. Observe that
|GHZ〉 = U1N · · ·U13U12 |+〉1 ⊗ |0〉2···N , (9.4)

where
U1j = e−iπ

4
(I−Z1)(I−Xj), (9.5)

is the controlled-NOT (CNOT) gate on qubit 1 and j. Since all U1js commute, they combine to
U1N · · ·U13U12 = e−iπH/4 with H given in (9.3).

Example 9.2: A O(N−1/2)-time W state preparation protocol [147]

Consider Hamiltonian

H = iX−1

N∑
j=2

X+
j + (H.c.), (9.6)

where X± := (X ± iY )/2. Starting from |1〉1 ⊗ |0〉2···N , we obtain the W state after time t =
1√
N−1

arccos(1/
√
N).

Proof. By direct calculation,

H |1〉1 ⊗ |0〉2···N = i |0〉1 ⊗
N∑
j=2

X+
j |0〉2···N = i

√
N − 1 |0〉1 ⊗ |W〉2···N , (9.7)

H |0〉1 ⊗ |W〉2···N = −i |1〉1 ⊗
N∑
j=2

X−j |W〉2···N = −i
√
N − 1 |1〉1 ⊗ |0〉2···N . (9.8)

Thus, H/
√
N − 1 acts as the Pauli Y matrix in Span{|1〉1 ⊗ |0〉2···N , |0〉1 ⊗ |W〉2···N}. Since for a 2-level

system
e−iθY |0〉 = cos θ |0〉+ sin θ |1〉 , (9.9)

we choose
√
N − 1t = θ = arccos(1/

√
N) so that

e−itH |1〉1 ⊗ |0〉2···N =
1√
N
|1〉1 ⊗ |0〉2···N +

√
N − 1

N
|0〉1 ⊗ |W〉2···N = |W〉 , (9.10)

which indeed prepares the W-state.

See [148] for another GHZ protocol with O(1) time. It is an open question whether the above protocols
are asymptotically optimal in terms of the N scaling of time t. There is a separation between them and
the best-known lower bound. For example, the operator growth bound on entanglement generation in
Proposition 5.3 yields t = Ω(1/N) for preparing GHZ. The following Proposition achieves a logN factor
improvement by assuming a local qubit of information (instead of a single product state) is encoded in
the N -qubit repetition code:

U (α |0〉+ β |1〉)1 ⊗ |0〉2,··· ,N = α |0〉+ β |1〉 , (9.11)

Note that Example 9.1 fulfills this condition.
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Proposition 9.3: A lower bound on preparing GHZ using all-to-all interaction

For any H of the form (9.1), if U = e−itH prepares GHZ in the sense of (9.11), then

t = Ω

(
logN

N

)
. (9.12)

Proof. We prove for 2-local Hamiltonians. Similar to Proposition 5.1, we have∥∥∥[UX1U
†, Z2

]∥∥∥ = 2, (9.13)

because UX1U
† and Z2 are logical operators for the repetition code. Note that (9.13) holds for any Zj ,

while only one Zj 6=1 is sufficient to yield our bound.
We want to utilize Theorem 3.4 since (9.13) implies C12(t) = 1. The matrix h defined by (3.34) takes

the form h = aJ + bNI, where a, b are O(1) constants, and J is the N -by-N matrix with all elements
equal to 1. Note that we do not need b = −1/N from the self-avoiding path techniques in Section 3.3,
since it does not change the final scaling. The matrix h can be easily diagonalized: it has eigenvalue
aN + bN for the state |ψ〉 = (1, · · · , 1)T /

√
N , and eigenvalue bN for all other orthogonal states. Then

Theorem 3.4 yields

C12(t) ≤
(

e2th
)

12
= e2t(a+b)N 〈2|ψ〉 〈ψ|1〉+ e2tbN 〈2|(I − |ψ〉 〈ψ|)|1〉 =

1

N

(
e2t(a+b)N − e2tbN

)
, (9.14)

which implies that (9.12) holds whenever C12(t) = 1, as it must be to prepare the GHZ state. Here we
have used the smallness of 〈2|ψ〉 = 〈ψ|1〉 = 1/

√
N to get the extra logN factor.

A stronger bound t = Ω(N−1/2) holds for Frobenius norm growth [149], in comparison to the op-
erator norm growth (9.13). However, it is not obvious such operator growth should be relevant for
state preparation. While naively, the logical X1 must grow to X1 · · ·XN after time evolution, it only
must have such a long Pauli string on states stabilized by Z1Z2, etc., meaning that we could have
X1(t) = X1 · · ·XN

1+Z1Z2
2 · · ·+ · · · which has exponentially small Frobenius weight. Making progress on

this question is an important open problem.
Finally, one can also consider circuit models (instead of Hamiltonian models) with all-to-all connec-

tivity. Assuming each qubit is acted on by at most one local gate at each time step (i.e., do not parallelize
overlapping yet commuting gates as in Example 9.2), the depth of the circuit needs to be Ω(logN) for
preparing any state that is globally entangled. The reason is simply that each qubit needs to build up
correlation with all other qubits, yet the strict light cone is restricted in qubits of number exponential in
depth. Θ(logN)-depth circuits are known for GHZ and W states. GHZ is prepared simply by inductively
applying CNOT gates to double the qubits sharing the GHZ. The W state can be prepared in a similar
fashion [150]. We refer to the literature [151, 152] for further discussions.

9.2 Lyapunov exponents, quantum chaos, and operator growth

In the previous section, we discussed models with all-to-all interactions as valuable for the fast preparation
of interesting entangled states; however, the Hamiltonians involved are not thermodynamically extensive:
‖H‖ ∼ Nk for a k-local Hamiltonian. In this section, we will describe random models with all-to-all
Hamiltonians, but which are thermodynamically extensive: ‖H‖ = O(N). As we will see, this does not
simply mean dividing by Nk−1 in (9.1).
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A paradigmatic model to study is the Sachdev-Ye-Kitaev (SYK) model [153, 154, 155] of N -interacting
Majorana fermions: N operators chosen to obey the anti-commutation relation10

{ψi, ψj} = 2I(i = j). (9.15)

We then consider the random Hamiltonian

H =
iq/2

N (q−1)/2

∑
i1<i2<···<iq

Ji1···iqψi1 · · ·ψiq , (9.16)

where Ji1···iq are independent and identically distributed (i.i.d.) random variables with variance

E
[
J2
i1···iq

]
=

1

2q

(
N − 1
q − 1

)−1

. (9.17)

Note that the model is chosen so that the maximal and minimal eigenvalues of H scale linearly with N
(thermodynamic extensivity) [156, 157].

The fast scrambling conjecture [158] asserts that the time it takes for an operator to “grow large”
scales should as ∼ logN . A cartoon model for this conjecture comes from considering random circuit
dynamics (Section 9.3), in which we apply one interaction term in each discrete time step. In the first
interaction, a single Majorana fermion grows as

ψ1 → [ψ1 · · ·ψq, ψ1] = ψ2 · · ·ψq. (9.18)

The operator has grown from size 1 to size q− 1, because the Hamiltonian involves q Majorana fermions.
In the next time step, each of these q − 1 seeds can also grow into q − 1 new fermions, and so on; after
discrete time t ∈ Z+, we then estimate that size ∼ (q − 1)t, and the time it takes for the size to scale as
N is then t ∼ logN [159].

There is a remarkable analogy between this cartoon of operator growth, and classical chaos, where
one studies some number of degrees of freedom xj(t) governed by deterministic equations, one often finds
that

∂xi(t)

∂xj(0)
∼ eλLt, (9.19)

where the exponent λL is called the Lyapunov exponent. While we caution that this exponential growth
can also arise from saddle point instabilities [160], it is often associated with the onset of chaotic and
irregular behavior (often known as the butterfly effect). In quantum mechanics, it was first noted a long
time ago [161] that there is a natural analogy between ∂x(t)/∂x(0) and a commutator [x(t), p(0)] (here
p denotes the momentum operator). In recent years, this analogy has been extended to discrete systems
via the study of out-of-time-ordered correlators (OTOC) at infinite temperature between two small
operators Ai and Bj , acting on single qubits i and j:

‖[Ai(t), Bj ]‖2F =
Tr
(
[Ai(t), Bj ]

†[Ai(t), Bj ]
)

Tr(I)
≤ 1

N
eλLt. (9.20)

This correlation function is called out-of-time-ordered because, in ordinary many-body quantum physics,
one usually studies either time-ordered or anti-time-ordered correlation functions (e.g. when studying

10There is a simple way, the Jordan Wigner transform, to present 2N Majorana fermion operators in terms of Pauli
matrices: X1 = ψ1, Y1 = ψ2, Z1X2 = ψ3, . . ., Z1 · · ·ZN−1YN = ψ2N . Note however that a Hamiltonian which is k-local in
terms of Majorana fermions may be N -local written in terms of Pauli matrices. We will not spell out in this review, but
it is straightforward to show that all of the notions of locality, operator size etc., continue to make sense in a Hamiltonian
written in terms of Majorana fermions.
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linear response in thermal systems). To actually evaluate the correlation function in (9.20) in an “exper-
iment”, one needs to evolve both forwards and backward in time when evaluating 〈ψ|Ai(t)BjAi(t)Bj |ψ〉
in any state |ψ〉. As such, these are not physically accessible correlation functions in most experiments,
although nuclear magnetic resonance has been able to achieve such a task for a long time (usually in the
study of fairly simple Hamiltonians) [162, 163]: see also [164, 165] for some recent experimental proposals
and progress. Nevertheless, they have been of some interest in the past decade, as we will discuss more
in Section 9.4.

Indeed, we have already seen OTOCs in Section 8 as a natural probe of the Frobenius light cone. Is it
possible that there is a sharper analogy between classical chaos, and exponential growth of OTOCs? We
have already seen in (8.33) that in local quantum systems, OTOC growth may be algebraic: [A0(t), Br] ∼
t2r, rather than exponential. Therefore, genuine exponential growth in OTOCs should only be expected
in special circumstances. One such setting is in systems with either a semiclassical degree of freedom,
such as an infinite-dimensional boson, or a large-S spin model [166, 167, 168, 169]: see [149, 170] for some
rigorous results on engineered models of fast scramblers [171, 172]. Alternatively, one can study systems
with all-to-all interactions among N finite-dimensional systems, such as Majorana fermions or qubits, e.g.
SYK. To the extent that there is an honest period of exponential growth in out-of-time-ordered correlators
in local models, it is likely only the case when there are perturbatively weak interactions in quantum field
theory [173, 174]; see also the cartoon circuit model of [175].

In systems involving all-to-all interactions between N local degrees of freedom, we will define the
Lyapunov exponent in quantum mechanics as the growth rate of operator size:11

(A(t)|S|A(t)) ≈ eλLt, (1� λLt� logN). (9.21)

Using Proposition 8.2, we can relate this to the typical value of an OTOC between A and a randomly
chosen single-site operator.

Let us now return to the SYK model (9.16). From the proof of Proposition 9.3, we find

Tr
(
{ψ1(t), ψ2}2

)
≤ 1

N

(
exp

[
cN (q−1)/2t

]
− 1
)
. (9.22)

Because the exponent scales with N , we cannot prove the fast scrambling conjecture for the SYK model.
This is due to the requirement that H be extensive for typical states, in contrast to the Lieb-Robinson
bound (which assumes worst-case scaling of ‖H‖, and is saturated only by commuting Hamiltonians).
Microscopic calculations, in contrast, do find a finite Lyapunov exponent [176]. New techniques have
been developed to describe operator growth in such systems by incorporating concentration bounds from
probability theory [131, 143].

Theorem 9.4: (Heuristic statement) Fast Scrambling bound

For fixed q and sufficiently large N , there exists a constant c = O(1) such that (9.20) holds for times

|t| < c logN. (9.23)

Therefore, the Lyapunov exponent is constant λL = O(1).

Proof idea. The first proof was done by brute force combinatorics first in [131], and later by more elegant
methods for general random Hamiltonians in [143]. Both proofs rely heavily on the notion of concentration
bounds for random systems, while [143] also introduced matrix concentration methods (Section 8.3.2) for
many-body Hamiltonians. The latter was stated in Section 8.5.

11Note that relative to the classical definition, there is a factor of 2 mismatch. In the quantum chaos literature, however,
the normalization here is fairly standard.
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To give some brief conceptual intuition, one can think of the Lyapunov exponent as being finite because
the growth of operator size is at best exponential (as in our cartoon above). A way to make this rigorous
is to show that [131]

‖QsLQs′‖ ≤
λL max(s, s′)

q − 2
I(|s− s′| < q − 2). (9.24)

where Qs = I(S = s) is the projection onto operators of size s, and λL = O(1). One shows that (9.24)
holds with extremely high probability in the SYK model, demonstrating non-perturbatively the scaling
obtained diagrammatically in [176]. If (9.24) holds, then we find that

d

dt
(A(t)|S|A(t)) = (A(t)|[S,L]|A(t)) ≤ λL(A(t)|S|A(t)). (9.25)

Solving this differential inequality leads to (9.20).

In general, the proof of [131] relies on the randomness of the coupling constants in order to get
strong bounds on λL. In the less rigorous physics literature, the randomness of coupling constants can
be thought of as helping to organize an expansion of calculations in terms of Feynman diagrams, with
dangerous loop diagrams suppressed at large N . There are also non-random quantum systems where
this same diagrammatic suppression can occur. A particularly relevant example is in matrix quantum
mechanics, which is relevant to holography since the matrix degrees of freedom represent the start and end
points of open strings on brane stacks [177]. A recent “cartoon matrix model” [178] has also confirmed
that such models exhibit analogs of Theorem 9.4.

There is a notion of “Krylov complexity” which has been introduced [179], that also appears to
compute the Lyapunov exponent λL, yet appears distinct from operator size.

9.3 Random quantum dynamics

In this section, we briefly review a particularly simple limit of operator dynamics where the problem
has random spacetime evolution. In this case, the problem of operator growth reduces to a completely
classical problem.

The minimal model for operator growth is the random unitary circuit [180, 181, 182, 26]. We will
focus on the dynamics in a model with nearest-neighbor interactions in one spatial dimension, but the
discussion straightforwardly generalizes to arbitrary graphs. As shown in Figure 7, we consider time
evolution in discrete time steps: U = · · ·U(2)U(1), where

U(1) = U12(1)U34(1) · · · , (9.26a)

U(2) = U23(2)U45(2) · · · , (9.26b)

and so on. Here Uij denotes a 2-local randomly chosen unitary matrix acting on sites i and j. We choose
– at every time step – the Uij from the Haar distribution, which means that we choose a unitary matrix
uniformly from all possible choices. The key is that since every unitary shows up exactly once, it is easy
to perform time averages.

To see how, let us further restrict to the case where each site has a single qubit on it. Let us consider
how a Pauli matrix X1 grows under the first time evolution U(1):

U(1)†X1U(1) = U †12U
†
34 · · ·X1 · · ·U34U12 = U †12X1U12

=

3∑
a1=1

ca1X
a1
1 +

3∑
a2=1

ca2X
a2
2 +

3∑
a1,a2=1

ca1a2X
a1
1 Xa2

2 . (9.27)
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Figure 7: A spacetime cartoon of the random unitary circuit (9.26): each gate is usually taken
to be Haar random and is independently chosen at each discrete time step. Six sites of a longer
one-dimensional chain are depicted.

Since X1 is local, the only unitary that evolves it non-trivially is U12. If U12 is Haar random, all operators
acting on the set {1, 2} that square to I are equally likely: in particular, this means that

E
[
c2
a1

]
= E

[
c2
a1

]
= E

[
c2
a1a2

]
=

1

15
, (9.28)

while any two coefficients are uncorrelated.
It is helpful to adopt a “super-superoperator” picture in which

U(0)|X1] =

3∑
a1,a′1=1

ca1ca′1 |X
a1
1 )(X

a′1
1 |+ · · · , (9.29)

since in this picture it is easy to average over U12:

E [ |X1(1)] ] =
1

15

 3∑
a=1

(|Xa
1 )(Xa

1 |+ |Xa
2 )(Xa

2 |) +
3∑

a,b=1

|Xa
1X

b
2)(Xa

1X
b
2|

 . (9.30)

The only terms that show up in this average are “diagonal” in a Pauli basis, meaning that the resulting
dynamics can be mapped to a classical stochastic process, essentially corresponding to what sites have
a non-trivial Pauli on them. This allows for large-scale numerical simulations of the resulting dynamics.
Note that when one considers non-Haar random dynamics, such as dynamics constrained by a conservation
law, there is no longer a simple picture for operator dynamics in general [183, 184, 185], as the coefficients
c become correlated and off-diagonal terms in (9.30) cannot be ignored.

Random unitary circuits are useful as toy models for a broad range of problems, as they often illustrate
more general phenomena. One such phenomenon that we have already encountered is a discrepancy
between a Lieb-Robinson light cone and a Frobenius light cone. In units of lattice spacing, the Lieb-
Robinson velocity in the circuit of Figure 7 is vLR = 1, since in principle there exists a circuit where X1

evolves to X1 · · ·XL at discrete time t = L − 1. However, in a typical circuit, one finds the operator
is supported with overwhelming probability inside a smaller domain [181, 182]: this corresponds to a
butterfly velocity (see Section 8) vB < 1. In these models, vB can (in 1d) be analytically computed.
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It is straightforward to extend this discussion to continuous time dynamics. In this case, as one
example, one considers a Brownian Hamiltonian of the form

H(t) =
∑
e∈E

he(t)Ae(t), (9.31)

where Ae is an operator acting on edge e, while the couplings he(t) are taken to be (usually) Gaussian
white noise obeying:

E
[
he(t)he′(t

′)
]

= δee′δ(t− t′). (9.32)

In this case, again one finds that the operator growth problem reduces to a classical continuous-time
Markov process: see e.g. [159, 186].

9.4 Possible connections to quantum gravity and black holes

We now briefly discuss the historical origin of the interest in quantum operator growth and many-body
chaos. While the observation that OTOCs should probe chaos was first noticed many decades ago [161],
the OTOC became a much more intensely studied object when it was noticed to possibly relate to quantum
theories of gravity.

A bit of background is in order. About 25 years ago, it was first noticed [187] that certain quantum
field theories (QFT) which arise in string theory appear to admit a description in terms of gravity in
one higher dimension. It is widely believed (albeit an open conjecture) that this holographic duality
provides our first explicit model of quantum gravity, and quantum black holes: see [110] for a review on
the subject. Here, we will focus on a peculiar aspect of the duality: a black hole in the gravity theory is
related to a thermal state in the QFT. Suppose, from the gravity side, we toss in a small particle into the
black hole. In the QFT, this is interpreted as applying a spatially local operator such as Ai. Under time
evolution in the QFT, we expect that Ai(t) becomes a large size operator as discussed above, while in
the gravity picture, the particle is falling towards the black hole horizon [188]. It was therefore proposed
in [189, 190] that there must be a relation between the particle motion in gravity and operator size; this
conjecture has some evidence for it in SYK [191] but remains open more generally. See [192, 193] for
related ideas about the black hole interior and quantum complexity.

For the purposes of this review, the key feature of this story is that black hole states are finite tem-
perature states – in fact, the temperature T � J must actually be very low compared to any microscopic
energy scale J appearing in the Hamiltonian! If T ∼ J , the black hole becomes large enough that it is
not believed any semiclassical description of gravity exists. This is parametrically the opposite regime
of the one studied in Section 9.2, where rigorous results on Lyapunov exponents are known. At finite
temperature, it is believed that OTOCs of the form

Tr
(√

ρ[Ai(t), Bj ]
†√ρ[Ai(t), Bj ]

)
.

1

N
e2πTt (9.33)

have a Lyapunov exponent λL ≤ 2πT [194]. While it seems many physicists believe that this conjecture is
proven, the “proof” relies on crucial (but reasonable) assumptions about typical thermal/chaotic systems
which are not proven. In our view, it would be extremely valuable to prove a bound on the Lyapunov
exponent at finite temperature, assuming only k-locality of the Hamiltonian. Such an achievement would
have key implications for quantum gravity since it is known that the holographic models of semiclassical
gravity actually saturate the conjectured bound on the Lyapunov exponent [188]. A rigorous proof of this
bound would imply at least one sense in which black holes are the “fastest scramblers” – more explicitly,
they would be the quantum systems that can most effectively scramble information contained in a local
operator Ai into a non-local operator Ai(t). We expect a rigorous proof of any such bound to be an
extreme challenge; Section 11.4 describes the limited results known to us in finite temperature models.
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charged particles α = 1 (Coulomb)

electrical dipoles, polar molecules [203] α = 3

neutral atoms, Rydberg atom arrays [204] α = 6 (van der Waals)

trapped ion crystals [145] 0 . α . 3 (approximate)

Table 1: A summary of physically realized systems with power-law interactions of various expo-
nents α. All are related to the nature of electromagnetism in three spatial dimensions!

While we have focused on a particular class of random k-local Hamiltonians in this review, we empha-
size that there has been a large literature on OTOCs and operator growth [195, 196, 197, 198] in spatially
local Hamiltonians as well, including via holographic duality [199, 200, 201] and “SYK chains” [202].

Systems with power-law interactions10

While the celebrated Lieb-Robinson bounds have found profound applications in the past decades, one
fundamental caveat is that many physical systems are not, strictly speaking, local but with a power-law
decay tail (Table 1).

For simplicity, our discussion will focus on models defined on some d-dimensional graph of vertex set
V (Section 2.3). However, we emphasize that the interactions will not only couple sites connected by an
edge of the graph. For this section only, we define a Hamiltonian with two-body (2-local) interactions to
have power-law interactions of exponent ≤ α whenever

H =
∑
i 6=j∈V

hij(t)Hij (10.1)

such that

hij(t) ≤
C

d(i, j)α
(10.2)

where Hij acts non-trivially only on sites i and j, with ‖Hij‖ = 1, and 0 < C < ∞ is an absolute
constant. When we say that a system has power-law interactions of exponent α, we mean that α is the
largest possible exponent for which this definition holds.

10.1 Lieb-Robinson light cone

While an understanding of quantum dynamics with power-law interactions will thus be relevant for a broad
range of physical systems and quantum information processing platforms, it is surprisingly challenging to
reasonably extend the Lieb-Robinson Theorem to power-law interacting systems. Let us briefly review
the history of bounds on the commutator ‖[A0(t), Br]‖ := C(r, t), between two local operators separated
by a distance r. In 2005, it was shown [6] that for any α > d, we have

C(r, t) ≤ C0
eλt − 1

rα
. (10.3)

The proof essentially follows that of Theorem 3.7. Since C(r, t) ∼ 1 when t ∼ log r, we say that this
system is bounded by a “logarithmic light cone”. Consequently, we can disprove that, e.g., a Bell pair
can be created between sites separated by distance r before this time. Such a bound is no tighter than
what we saw for systems with all-to-all interactions! A decade later, [205, 206, 207] found a much tighter
bound: for α > 2d, we have

C(r, t) ≤ C0

(
t

rκ

)β
, (10.4)
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where β > 0 and 0 < κ < 1 are constants depending on α, d (see the references for the precise values).
These bounds demonstrated an exponential improvement, but do not yield a linear light for any large
values of α.

In the past four years, the shape of the “light cone” has been essentially tightly established [130, 208,
209], as summarized below.

Theorem 10.1: Lieb-Robinson bounds for power-law interacting systems

Consider r, t large with t/rmin(1,α−2d) fixed. For α > 2d+ 1, the shape of the light cone is linear [208]

C(r, t) ≤ C

(r − vLRt)α
(10.5)

For 2d < α < 2d+ 1, one instead finds an algebraic light cone [209]

C(r, t) ≤ C0

(
t

rα−2d

)β
. (10.6)

The constants C0, β, vLR depend only on α, d. If d < α < 2d, then the shape of the light cone is
polylogarithmic, as bounded by (10.3).

The proofs of these results are exceedingly technical and take up a few hundred pages. Very briefly,
the sharpest results of [208, 209] implement a multiscale decomposition of the unitary, which relies on
alternating two technical ingredients, one in space and one in time: spatially, one adds interaction with
longer ranges via the interaction picture; temporally, one connects short-time Lieb-Robinson bounds into
long-time Lieb-Robinson bounds. In contrast, the naive recursive Lieb-Robinson bounds in terms of
summing over paths (Theorem 3.4), albeit simple, seem to lose some essential physics of the power-law
interaction system.

In 1D, a much shorter alternative proof is possible [130] (and historically precedes the sharpest results
in Theorem 10.1); this requires regrouping the Hamiltonian by scales and expanding the exponential into
a carefully chosen interaction picture (as a variant of the self-avoiding path construction in Theorem 3.8).
Unfortunately, this approach does not seem to generalize to higher dimensions.

10.2 Frobenius light cone

The Frobenius light cone in power-law interacting systems qualitatively differs from the Lieb-Robinson
bounds [210]: see Figure 8. This means that quantum dynamics in power-law interaction systems drasti-
cally depends on whether one considers the fine-tuned (worst-case) or random (average-case) states; there
are even regimes where the distinction is exponentially large!

Right now, the complete shape of the Frobenius is only fully understood in d = 1:

Theorem 10.2: Frobenius bounds for 1d power-law interacting systems [212]

For d = 1, α > 1, and any δ > 0, we have

‖[A0, Br]‖F ≥ δ requires |t| ≥ δ2C ×


r/ ln r α > 2
r/ ln2 r α = 2
rα−1 1 < α < 2

(10.7)

where the constant 0 < C <∞ depends only on α.
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Figure 8: A summary of known speed limits in d-dimension lattices with power-law exponent
α. The Lieb-Robinson bounds in spectral norm have been completely classified in a series of
works [205, 206, 130, 208] with saturating protocols [211]. The Frobenius bounds have not been
completely classified, but certainly, they exhibit qualitatively different physics (average case
versus worst case) [210]. Scrambling in logarithmic time is impossible in the Frobenius norm at
α > d. So far, the algebraic-to-linear transition is known in 1d [212] at exactly α = 1 + 1, but
the higher dimensional case remains open with a conjectured value α = d+ 1.

Concretely, we see the transition to the algebraic light cone (α = 2) is distinct from the Lieb-Robinson
bounds (α = 3). In higher-dimension (d ≥ 2), the critical value for this transition remains unknown,
but is conjectured to be d + 1. However, we do at least know that the possibility for exponentially fast
scrambling (a la Section 9.2) is forbidden until α = d:

Theorem 10.3: Algebraic Frobenius bounds for power-law interacting systems [213]

For any α > d,

‖[A0, Br]‖F ≤ C
(
t

rκ

)β
(10.8)

where the constants 0 < C <∞, 0 < κ < 1, 0 < β depend only on α, d.

Another setting where the (conjectured, in d > 1) Frobenius light cone is reached is when studying
single-particle quantum walks (which also apply to free fermion models), where single-particle hopping
rates are suppressed by power-law decay with distance:

Proposition 10.4: Single particle quantum walk with power-law interactions [210]

Consider a single-particle walk on a d-dimensional lattice with power-law interactions, generated by

H(t) =
∑
u,v∈V

huv(t)|u〉〈v| (10.9)

where the matrix huv(t) is Hermitian and obeys (10.2). Then for any ε > 0, so long as α > d, there
exist constants 0 < vsp,K <∞ such that

|〈u|e−iHt|v〉| ≤ Kt

(d(u, v)− vspt)α−d−ε
(10.10)
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hypercubes. We choose the interactions between qubits in
Eq. (6) to be identical for simplicity. If the interactions were
to vary between qubits, we would simply turn off the
interaction between C1 and Cj once the total phase accu-
mulated by Cj reaches π [40]. The prefactor 1=ðmr1

ffiffiffi
d

p
Þα

ensures that this Hamiltonian satisfies the condition of a
power-law interacting Hamiltonian. It is straightforward to
verify that, under this evolution, the state of the hypercube C
rotates to

aj0̄iC1
⨂
md

j¼2

j0̄iCj
þ j1̄iCjffiffiffi
2

p þ bj1̄iC1
⨂
md

j¼2

j0̄iCj
− j1̄iCjffiffiffi
2

p ð7Þ

after time t2 ¼ πdα=2ðmr1Þα=V2.
The role of power-law interactions in our protocol can be

inferred from the value of t2. Intuitively, the speed of
simultaneously entangling hypercube C1 with hypercubes
C2;…; Cmd is enhanced by the V2 ¼ r2d1 couplings between
the hypercubes. However, the strength of each coupling,
proportional to 1=ðmr1Þα, is suppressed by the maximum
distance between the sites in C1 and those in C2;…; Cmd .

With a small enough α, the enhancement due to V2

overcomes the suppression of power-law interactions,
resulting in a small entanglement time t2. In particular,
when α < 2d, t2 actually decreases with r1, implying that
step 2 would be faster in later iterations if we were to keep
m constant.
To obtain the desired state jGHZða; bÞiC, it remains to

apply a Hadamard gate on the effective qubit fj0̄iCj
; j1̄iCj

g
for j ¼ 2;…; md. We do this in the following three steps by
first concentrating the information stored in hypercube Cj

onto a single site cj ∈ Cj (step 3), then applying a
Hadamard gate on cj (step 4), and then unfolding the
information back onto the full hypercube Cj (step 5).
Step 3.—By our assumption, for each hypercube Cj

(j ¼ 2;…; md) and given a designated site cj ∈ Cj, there
exists a (time-dependent) Hamiltonian Hj that generates a
unitary Uj such that

ðψ0j0iþ ψ1j1iÞcj j0̄iCjncj!
Uj
ψ0j0̄iCj

þ ψ1j1̄iCj
; ð8Þ

for all complex coefficients ψ0 and ψ1, in time t1 satisfying
Eq. (4). By linearity, this property applies even if Cj is
entangled with other hypercubes. Consequently, backward
time evolution under Hj generates U

†
j , which “undoes” the

GHZ-like state of the jth hypercube:

ψ0j0̄iCj
þ ψ1j1̄iCj

!
U†

j ðψ0j0iþ ψ1j1iÞcj j0̄iCjncj ; ð9Þ

for any ψ0, ψ1. In this step, we simultaneously apply U†
j to

Cj for all j ¼ 2;…; md. These unitaries rotate the state
of C to

aj0̄iC1
⨂
md

j¼2

jþicj j0̄iCjncj þ bj1̄iC1
⨂
md

j¼2

j−icj j0̄iCjncj ; ð10Þ

where j%i ¼ ðj0i% j1iÞ=
ffiffiffi
2

p
.

Step 4.—We then apply a Hadamard gate, i.e.,

1ffiffiffi
2

p
"
1 1

1 −1

#
; ð11Þ

to the site cj of each hypercube Cj, j ¼ 2;…; md. These
Hadamard gates can be implemented arbitrarily fast since
we do not assume any constraints on the single-site terms of
the Hamiltonian. The state of C by the end of this step is

aj0̄iC1
⨂
md

j¼2

j0icj j0̄iCjncj þ bj1̄iC1
⨂
md

j¼2

j1icj j0̄iCjncj : ð12Þ

Step 5.—Finally, we apply Uj again to each hypercube
Cj (j ¼ 2;…; md) to obtain the desired GHZ-like state:

FIG. 1. A demonstration of our protocol for encoding a qubit
into a GHZ-like state in a one-dimensional system C. Initially, the
unknown coefficients a, b are encoded in one qubit (red circle)
while the other qubits are each initialized in state j0i. The first
step of the protocol assumes the ability to encode information into
GHZ-like states in subsystems C1;…; C4 using, for example,
nearest-neighbor interactions. In step 2, we apply a generalized
controlled-phase gate [Eq. (6)] between the subsystems to
“merge” the GHZ-like states into an entangled state between
all sites. The last three steps rotate this entangled state into the
desired GHZ-like state by concentrating the entanglement in each
subsystem onto one qubit, applying single-qubit rotations, and
redistributing the entanglement to the rest of the system.
Repeatedly feeding the resulting GHZ-like state back into step
2 of the protocol yields larger and larger GHZ-like states.

OPTIMAL STATE TRANSFER AND ENTANGLEMENT … PHYS. REV. X 11, 031016 (2021)

031016-3

Figure 9: An algorithm to efficiently prepare GHZ states using power law interactions. The steps
are: (1 ) prepare GHZ states on clusters of O(1) sites using local interactions; (2) entangle the
smaller GHZ clusters using long-range interactions; (3-5) in each cluster, undo and then re-build
the entanglement in order to prepare a large GHZ state. The algorithm then iterates to larger
and larger scales. The shaded regions depict entangled qubits at each step. Figure taken from
[211] with permission.

at sufficiently short time. For α < d+ 1, we may take vsp = 0.

10.3 Applications

As we have emphasized in this review, Lieb-Robinson bounds constrain the minimal time required for
various practical tasks. An important question becomes whether these bounds can ever be saturated.
Remarkably, it turns out to be the case for many of the bounds in this section! Hence we know that these
bounds are optimal.

In particular, it is possible [211] to use power-law interactions to prepare GHZ states (6.2) at the
maximal rate allowed by Theorem 10.1. The algorithm is an iterative process (9), with the parameters
of the algorithm (such as the number of clusters and number of iterations) chosen efficiently, so as to
essentially saturate the limit allowed by Theorem 10.1.

Theorem 10.5: Optimal state transfer protocol with power-law interactions [211]

The shapes of the light cone in Theorem 10.1 are achieved by the state transfer protocols [211].

Example 10.6: Fast W-state preparation with power-law interactions [210, 214]

The basic strategy is to use a free-fermion quantum walk, with all-to-all interactions of power-law
strength between sets Bn of increasing size Dn ∼ 2n leading to a W-state expanding from one bubble
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Figure 10: A W state generation algorithm with power-law interactions builds increasingly large
W states on sets Bn of side length Dn ∼ 2n as illustrated. In the figure, it is also shown that the
W state can be collapsed in such a way as to perform single qubit state transfer. Figure taken
from [214] with permission.

to the next: see Figure 10. In the nth time step, the Hamiltonian takes the form of

H =
∑

u∈Bn,v∈Bn+1−Bn

1

Dα
n+1

(
c†ucv + c†vcu

)
(10.11)

At each time step, due to constructive interference, the time to grow a W-state in Bn into a W state
in Bn+1 scales as

τn ∼ Dα−d
n+1 , (10.12)

meaning that the total runtime of the algorithm scales as Rmin(1,α−d). For α > d + 1, nearest
neighbor hopping algorithms can be employed as an alternative. Note that this quantum walk thus
also asymptotically saturates Proposition 10.4. Two interesting features of this protocol are that it
leads to efficient transmission of multiple qubits (with only

√
m increased runtime needed to send m

qubits), and that it is robust to certain kinds of coherent errors in the protocol [214].

Both the GHZ and W state preparation algorithms can be used to perform state transfer, by simply
reversing the unitary protocol that generates it, but “ending” on a site on the other side of the domain.
An earlier state transfer protocol based on power-law interactions is given in [215].

In addition to preparing a particular entangled state, one may seek to generate as much bipartite
entanglement as possible between two regions exploiting power-law interaction. Naturally, one strategy is
to repeat single-qubit state transfer [211], which turns out to be optimal using resource theory arguments
(Section 5.2.2).

Example 10.7: Optimal generation of bipartite entanglement with power-law interactions

In a d-dimensional model with power-law interactions of exponent α, generating the maximally
entangled state between two adjacent cubes with side length r takes time at least [216]

t = Ω(rmin(1,α−d)), (10.13)

starting from an arbitrary initial state without bipartite entanglement. This is asymptotically satu-
rated (up to sub-algebraic corrections) by sequentially sending 1-qubit at a time using the protocol
of [211].

The above is a direct application of bipartite entanglement generating bounds (Proposition 5.7) by sum-
ming over all interactions.
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Recent work [95, 217] has also discussed bounds on correlations and entanglement in gapped ground
states of systems with power-law interactions. Some results on prethermal behavior in power-law inter-
acting systems can be found in [218, 219].

Bounds at finite energy and finite density11

The Frobenius light cone perspective is closely related to the study of dynamics at finite charge density
or finite energy density. Indeed, while any formal Lieb-Robinson bound would hold for any state at low
energy (e.g.), we usually anticipate a much stronger bound holding in practice. In this section, we will
describe a variety of methods that are used to try and provide stronger bounds on dynamics at low
temperature or low density.

11.1 Dynamics at low charge density

We begin with a discussion of dynamics in a system of N qubits governed by time evolution that commutes
with the total Z-spin (or magnetization):

Q =
N∑
i=1

1 + Zi
2

=
N∑
i=1

ni. (11.1)

If time evolution is generated by a continuous Hamiltonian,

[H(t), Q] = 0. (11.2)

Note that in this section it will be more convenient for us to define ni = 0, 1 rather than Zi = −1, 1.

11.1.1. Formalism for low-density quantum walk bounds

We are interested in “low density” states, or those where 〈Q〉 � N . While it follows from (11.2) that
Q is exactly conserved if we restrict the Hilbert space to states with Q “particles”, the Hilbert space
does not have a product space structure. Notions like operator size become challenging to define, and
more importantly, it is far from obvious how to exploit the low-density nature of the state to derive an
improvement on a Lieb-Robinson-like light cone, restricted to such a low-density state.

For low-density states, the situation seems relatively mild, due to the following proposition:

Proposition 11.1: Grand canonical density matrix

Consider the “grand canonical” density matrix

ρ = e−µQ × normalization. (11.3)

In the N →∞ limit, correlation functions tr(ρA) of operators A that can only create or destroy O(1)
particles are determined by states at density

n̄ =
Q

N
=

1

1 + eµ
. (11.4)

The allowed family of A includes all local k-point functions for fixed k.

Proof. Since ρ is diagonal in the ni basis, this proposition is a statement about the probability that a
state is drawn from ρ has a given density of particles n = Q/N? From the form of ρ, the probability that
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we would draw ni = 1 is independent and identically distributed with respect to any nj (j 6= i). Using a
modification of (8.48), we find:

P
[∣∣∣∣QN − n̄

∣∣∣∣ > c√
N

]
< exp

[
− c2

2n̄(1− n̄)

]
. (11.5)

We say that ρ concentrates on states of density n̄.

This proposition is very helpful because it turns out to be quite natural to calculate expectation values
with ρ using a mild modification of the formalism of Section 8. In particular, using the density matrix
(11.3), consider redefining the operator inner product (2.3) to [220]

(A|B) = tr
(√

ρA†
√
ρB
)
. (11.6)

This inner product concentrates in the thermodynamic limit onto states at density n̄.
Ref. [220] proposed a natural generalization of operator size to a (low-density) system. Defining the

operators

ci = |0〉〈1|i and c†i = |1〉〈0|i, (11.7a)

we notice that the space of operators is

End(B) = span
(
{I, ci, c†i , ni}⊗N

)
. (11.8)

There is then a natural definition of operator size:

S =

N∑
j=1

Sj , (11.9)

where on a single site

S|I) = 0|I), S|c) = |c), S|c†) = |c†), S|ñ) = 2|ñ), (11.10)

where
|ñ) := |n)− n̄|I). (11.11)

Since n = c†c, one can think of this S as counting the number of c and c† in an operator string. |ñ)
is defined to be orthogonal to the identity, which is why we have subtracted off its average. Note that
this definition does not reproduce, when µ = 0, the standard definition of operator size: the Pauli Z has
“twice” the length of X or Y , at µ = 0. After a short calculation, one finds that

(I|I) = 1, (11.12a)

(ci|ci) = (c†i |c
†
i ) = eµ/2n̄ =

√
n̄(1− n̄), (11.12b)

(ñi|ñi) = n̄(1− n̄). (11.12c)

When n̄ � 1, one can heuristically think that the inner product of an operator A of size s has an inner
product (A|A) ∼ n̄s/2.

11.1.2. Operator growth and decay

With these definitions, we are now ready to discuss two useful results that allow us to generalize the
many-body quantum walk bounds to low-density systems.
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Proposition 11.2: Density-dependent inner product is norm preserving

Under the inner product (11.6) and charge-conserving dynamics, (A(t)|A(t)) = (A|A).

The proof of this follows immediately from (11.2) and Proposition 8.1. The Lyapunov exponent λL can
be defined for the µ-dependent notion of size, analogously to Section 9.2. We then find:

Theorem 11.3: Bounds on Lyapunov exponent at finite density

For some 0 < C <∞, in a model subject to the assumptions of Theorem 9.4, together with (11.2),

λL ≤ C
√
n̄. (11.13)

Proof sketch. The idea is rather similar to Theorem 9.4: we expand

|A) =
∑
s

|As) (11.14)

into operators of fixed size: S|As) = s|As), such that

d

dt
(A(t)|S|A(t)) = (A(t)|[S,L]|A(t)) =

∑
s1<s2

2(s2 − s1)× (As2(t)|i[H,As1(t)]). (11.15)

The key observations are that: (1 ) using antisymmetry of L we can always do this, and (2 ), as this inner
product vanishes unless [H,As1 ] has size s2 > s1, we can bound (under similar k-locality assumptions to
Theorem 9.4):

(As2(t)|i[H,As1(t)]) ≤ Cs1 × [n̄(1− n̄)](s2−s1)/4 ×
√

(As2 |As2)(As1 |As1). (11.16)

The constant C will be related by a constant prefactor to the value at n̄ = 0, but due to the fact that
the analog of Pauli Z has both size-0 and size-2 components under our current counting, it may have
quantitative (though not qualitative) n̄ dependence. The new factor of interest in (11.16) is the n̄(s2−s1)/4

scaling. The reason we have this prefactor is that the inner product (As2(t)|i[H,As1(t)]) is between two
operators of size s2, whereas (As1 |As1) is normalized to a size s1 operator, so we need additional factors
from (11.12).

Lastly, due to [H,Q] = 0, if [A,Q] = kA, then [A(t), Q] = kA(t). In particular, this means that under
time evolution, we can only modify A by operators that do not contribute an odd number of “c or c†”,
as defined in (11.7). Therefore, in (11.15), we must have s2 − s1 ∈ 2Z+. The smallest value that can
contribute to the Lyapunov exponent is s2 − s1 = 2. Hence we obtain (11.13).

The fact that λL must vanish at low density is qualitatively similar to the proposal of [194] that
dynamics must slow down at low temperature, although it is far from clear how to generalize this argument
to finite temperature states. Using the same technique, one can prove the following corollary, which states
that in typical states, the time it takes for a single-particle operator to decay into a many-particle operator
is slow. This is reminiscent of a conjecture of [221] about the slow decay of “small operators” in finite
temperature dynamics.

Corollary 11.4: Decay time bound at finite density

For times t < τ = Cn̄−1/2, the time evolution of a size-1 operator (“creation/annihilation operator”),
is well approximated by single-particle dynamics. Namely, if S|A) = |A), then there exists |B(t)) =
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S|B(t)) such that for t < τ , (A(t)|B(t)) ≥ 1
2

√
(A|A)(B|B).

Using Fermi’s Golden Rule, we might expect to have the stronger scaling τ ∼ n̄−1, but such a result has
not yet been proved in generality (as far as we know). Intuitively, this scaling would then be optimal,
since a particle traveling at constant velocity (see the next subsetion) will encounter another particle in
a time ∼ n̄−1, at which point we expect single-particle correlation functions to decay.

11.1.3. Butterfly velocity

One might expect that, similarly to how the Lyapunov exponent decreases with increasing n̄, the butterfly
velocity also decreases as vB ∼ n̄. Indeed this is expected on heuristic grounds [185]. However, we
emphasize that this is quite non-trivial to prove (in fact an outstanding question). The challenge can
be seen by considering just one particle (the Q = 1 subspace). In this setting, the quantum dynamics
reduces to a single particle quantum walk, which we have seen has a finite velocity in Section 8.1. So there
cannot, in a strict sense, be any bound on signal propagation at low density where the velocity vanishes
with n̄.

What was conjectured in [185] is that for short times τ . n̄−1, an operator indeed behaves as if it
propagates in this Q = 1 Hilbert space, with a finite velocity. After t ∼ τ , however, the operator grows
more complex, and destructive interference sets in between operators of different sizes, in such a way that
the effective operator growth front propagates with a velocity vB ∼ n̄. It would be interesting if this can
be shown rigorously in any context. The fact that there is a fast velocity for operator growth at short
times, and a slow velocity at late times, poses a challenge to attempts [200, 222] to universally bound
diffusion constants in terms of vB and λL.

11.2 Models of interacting bosons

We now turn to a very similar story, where we study the dynamics of interacting bosons. Starting for the
moment with a single boson, the Hilbert space is that of the quantum harmonic oscillator, labeled by an
infinite tower of states |n〉, for n ∈ Z+. We define the operators

b|n〉 :=
√
n|n− 1〉, (11.17a)

b†|n〉 :=
√
n+ 1|n+ 1〉. (11.17b)

Next, we consider an interacting boson model on a graph G = (V,E). On every vertex of the graph,
we consider a bosonic Hilbert space as above. The creation and annihilation operators obey

[bu, b
†
v] = I(u = v). (11.18)

For convenience, we will restrict our study to (time-dependent) Hamiltonians of the form

H(t) =
∑
{u,v}∈E

Juv(t)
(
b†ubv + b†vbu

)
+
∑
v∈V

f
(
b†vbv

)
, (11.19)

where f is an arbitrary function. The results we describe below can be generalized to slightly more
complex H; for pedagogy, we stick to the above. However, the essential features of (11.19) are that: (1 )
only one boson can move at a time, and (2 ) the energy in f will in general be unbounded; however it

only depends on the boson number operator b†vbv. For u 6= v, we have [b†ubu, b
†
vbv] = 0, so the interaction

terms in the Hamiltonian commute. (11.19) generalizes the classic Bose-Hubbard model [223], in which
Juv = J does not depend on time, while for some constant U ,

f(n) = Un(n− 1). (11.20)
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Even with these restrictions, however, it is non-trivial to imagine a Lieb-Robinson bound for such
a problem. Every single operator in (11.19) is unbounded in operator norm, so the conventional proof
of a Lieb-Robinson bound as in Section 3.2 will not work. Moreover, there is a physical construction
[224, 225, 226] that leads to propagating velocity v ∼ n̄, if n̄ is the mean number of bosons per site
in the system. Therefore, for some time, Lieb-Robinson bounds with bosons were only found in quite
restrictive settings, such as classical models [227], harmonic (non-interacting) models or models with
bounded interaction strength [35], or models with a bounded boson number [228].

Recently, the nature of Lieb-Robinson light cones in interacting boson models has been rigorously
established. A nearly linear light cone was presented in [229], while the exact linear light cone (in a sense
described below) was proved in [230]. The proofs of all results are rather involved so we leave them to
the literature, and just highlight the conclusions here with some prototypical examples.

Theorem 11.5: Linear light cone for interacting bosons in typical states

Let Au and Bv denote local operators consisting of a finite number of raising and lowering operators,
acting on single sites u, v ∈ V. Then for some constants 0 < C, v, a <∞, [230]

Tr
(√

ρ[Au(t), Bv]
†√ρ[Au(t), Bv]

)
≤ C

(
vt

r

)ar
(11.21)

When Au and Bv are single boson creation or annihilation operators, there exist 0 < c1,2 <∞ such
that

v ≤ c1 + c2n̄. (11.22)

This scaling is known to be asymptotically optimal [224].

Theorem 11.6: Lieb-Robinson light cone in finite density states in one dimension

Consider two arbitrary states |ψ1,2〉 of bosons on a one-dimensional lattice, restricted to the form

|ψ1,2〉 =

M∑
ni=0

c1,2(n)| · · ·n1n2 · · · 〉 (11.23)

Namely, there are in the initial state, no more than M bosons on any given site. Then for any M
and some 0 < C, v, a <∞ which can depend on M , [230]

|〈ψ1|[Au(t), Bv]|ψ2〉| ≤ C
(
vt

r

)ar
. (11.24)

All matrix elements of commutators are small in one dimension.

One can prove, as a consequence of this theorem, that gapped ground states have exponential cor-
relations [230], and that bosons are not too much more difficult to simulate than spins, at low density.
However, the analogy between the locality in the Bose-Hubbard model and in interacting spin models
does not persist in higher dimensional settings.

Theorem 11.7: No Lieb-Robinson light cone beyond one dimension [231]

There exist states |ψ1,2〉 of the form (11.23), and time-dependent H of the form (11.19), on a d-
dimensional lattice (d > 1), for which |〈ψ1|[Au(t), Bv]|ψ2〉| ≥ 1 for r = btd, for O(1) constant b.
Hence, there is an effective velocity veff ∼ td−1. However, up to logarithmic corrections, one cannot
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find any protocol for which veff is faster.

The basic idea behind this theorem is to imagine propagating information in the x1-direction, and
starting with a state with one boson on every site at time t = 0. For time 0 < t < T/2, we pile up bosons
in x1 = const. planes, as much as possible, along the axis x2 = · · · = xd = 0. At time T/2, we have
∼ T d−1 bosons on every site. Then we use the protocol of [224] (see (11.22)) to send signals at a speed
v ∼ T d−1 along the x1-axis. However, it is also known that while “signals” can be sent very quickly in
higher dimensions, a large number of bosons cannot be:

Theorem 11.8: No fast particle transport (informal) [132, 133]

Let R ⊂ V have diameter r. Then in any state with N bosons in region R at t = 0, the time τ needed
to move a finite fraction (e.g. N/2 bosons) out of R obeys τ ≥ Cr for some 0 < C <∞.

Even in one dimension, it is known that the finite speed limit at low density arises only due to the
particular nature of the Hamiltonian (11.19). One way to violate any Lieb-Robinson-like bound is to

include number-conservation-violating terms such as b†ib
†
i+1 + H.c. [232], which can cause the effective

velocity to grow exponentially with time: v ∼ exp(t). But even if we conserve number, a density-

dependent hopping term fi(ni + ni+1)b†ibi+1 + H.c.) will destroy many notions of locality. Recall for
example that with f = 1, the time it would take to get from a state where all bosons are piled up on the
left end of a 1d chain (|n0 · · · 0〉), to a state where they are all piled up on the right (|0 · · · 0n〉) would scale
with the length of the chain, and independently of n. However, by simply choosing fi = ni+ni+1, we can
make the time arbitrarily small by decreasing n. We expect that using similar strategies to Theorem 11.7,
especially in higher dimensions, one will find little remains of a notion of locality once the interacting
terms incorporate boson hopping.

Lastly, we remark that special Lieb-Robinson bounds have been derived [233] for Hamiltonians of the
schematic form

H = b†b+ bA+ b†A† (11.25)

where A is a k-local many-body operator, and b is the boson annihilation operator. One can generalize
to multipole boson modes as well. Such Hamiltonians arise when modeling trapped ion crystals [145].

11.3 Lieb-Robinson bounds in continuous space at finite energy

Now, we turn to bounds that only hold at finite energy (density). This is an extremely hard problem,
albeit one of significant physical importance. We begin by briefly reviewing the efforts to extend the Lieb-
Robinson Theorem into the continuum. This literature has mainly remained restricted to the mathematics
community [234, 235, 236, 237, 238]; however, we will give an intuitive sketch of the ideas in the context
of the one-dimensional Schrödinger equation (which seems to us to capture the essence of many of the
ideas developed there). The key insight is, as we explain shortly, such bounds are only plausible at finite
energy. Hence, this provides a nice gateway into the study of bounds on finite temperature dynamics
more generally. We will avoid technical discussions of functional spaces and smoothness, which are of
course discussed at length by mathematicians, and focus on aspects of the literature that seem relevant
for finite-dimensional quantum systems as well.

We now prove the following theorem, which represents the minimal model of a continuum Lieb-
Robinson-style bound, applicable to the motion of a single particle.

Theorem 11.9: Continuous space Lieb-Robinson bound at low energy
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Consider the time-independent Hamiltonian operator

H = −1

2
∂2
x + V (x) such that V (x) ≥ 0. (11.26)

Define a projector onto low-energy states

PE := I (H ≤ E) . (11.27)

Then,
‖PE [H,x]PE‖ ≤

√
2E, (11.28)

and for any state obeying |ψ〉 = PE |ψ〉,

〈ψ|eiHtxe−iHt|ψ〉 ≤ 〈ψ|x|ψ〉+
√

2Et. (11.29)

Proof. Since H does not depend on time, [eiHt,PE ] = 0, so (11.29) follows immediately from (11.28). To
prove (11.28), observe that

[H,x] = −1

2

[
∂2
x, x
]

+ [V (x), x] = −∂x. (11.30)

Now using (11.26), we see that (for any normalized states 〈ϕ|ϕ〉 = 〈ϕ′|ϕ′〉 = 1):∣∣〈ϕ|PE∂xPE |ϕ′〉∣∣2 ≤ 〈ϕ|PE∂xP2
E∂
†
xPE |ϕ〉 ≤ 〈ϕ|PE

(
−∂2

x

)
PE |ϕ〉 = 〈ϕ|PE (2(H − V ))PE |ϕ〉

≤ 2〈ϕ|PEHPE |ϕ〉 ≤ 2E. (11.31)

Since we have bounded the largest possible matrix element of PE [H,x]PE , we obtain (11.28).

What this theorem implies is that, if we can restrict to low energy states, there is a Lieb-Robinson-like
bound that depends on energy E. Note that in the present proof, we have assumed V does not depend
on time t. This assumption was important to ensure that the potential does not inject energy into the
system.12 We also note (but do not show) that by studying 〈ψ|eax(t)|ψ〉 using quantum walk techniques,
we find that |ψ(t)〉 must be exponentially localized in space.

This bound has been generalized to higher dimensions and more recently to a weakly nonlinear
Schrödinger equation [239]. This technique can also be straightforwardly extended to certain many-body
fermion models [240, 241], similar to the Bose-Hubbard model.

11.4 Butterfly velocity and finite temperature bounds

An idealistic goal would be to generalize Theorem 11.9 to many-body systems. Of course in principle this
is possible formally: one could study for example a first-quantized model of N particles interacting on a
lattice, or in the continuum, and apply this bound. However, there is a crucial problem. If we have N
particles interacting on the line, then E ∼ N in a physically reasonable state (e.g. one drawn from the
finite temperature ensemble, with high probability). Our energy-dependent velocity bound would then
diverge in the thermodynamic limit. This problem arises because we cannot rule out the possibility that
all of the energy in the system is dumped into a single particle’s kinetic energy, which then can propagate
very fast.

While this scenario is almost certainly unphysical, ruling it out has been a mathematical challenge.
It is noted in [241], following earlier work [132, 133] on particle transport in the Bose-Hubbard model,

12It is likely that certain time-dependent potentials are mild, however: see e.g. [239] for a nonlinear Schrödinger equation
where an effective time-dependent potential does not qualitatively change the nature of (11.28).
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that if one asks about average particle velocity, this effect disappears and one can show that the typical
particle cannot move faster than allowed by the average energy per particle.

Conjecturing, however, that one can achieve this goal of finding an energy-dependent velocity bound
in many-body systems, what should we expect to find? We conjecture that the correct bound would be
of the form

‖PE [H,xi]PE‖ . vB ≈ Tξ, (11.32)

where T is the temperature and ξ is the thermal correlation length. For single-particle motion, we can
“derive” (11.32) from Theorem 11.9 as follows: the energy E of the particle is roughly the temperature
T , while the thermal correlation length ξ ∼ 1/〈|∂x|〉 ∼ 1/

√
T . In lattice models, this scaling of ξ can be

derived rigorously using a Chebyshev expansion [242] of the thermal density matrix e−βH [243].
For single particle motion, (11.32) was proved in [241] subject to some rather special constraints on

H. Roughly speaking, suppose one has H ∼ ∂zx, where z = 2, 4, 6, . . . is an even integer. Then one expects

ξ ∼ T−1/z. (11.33)

Using methods analogous to the proof of Theorem 11.9, [241] has demonstrated a family of spatially
inhomogeneous lattice and continuum models where (11.32) can be derived with (11.33). Using non-
rigorous methods, this scaling has been demonstrated for the dynamics of free fermions in [201], and in
holographic models (see Section 9.4) of quantum matter [200].

We believe that (11.32) is quite intuitive: at low temperatures, one might expect an effective descrip-
tion of the dynamics with a Hamiltonian where local terms have energy of at most T : the price we must
pay is that this effective Hamiltonian will be non-local on a scale set by the thermal correlation length ξ.

Note that the thermal correlation length ξ has been bounded to always be less than T−1 in local
lattice models with a finite-dimensional local Hilbert space dimension [244]; unfortunately, with this
scaling, (11.32) simply reproduces the Lieb-Robinson bound. Indeed, the proof that ξ . T−1 uses Lieb-
Robinson bounds! Other recent work [244, 243, 245] has studied entanglement in thermal states. It is
possible that these methods could be helpful in proving rigorous bounds on the butterfly velocity.

The authors of [246] have taken a somewhat different attempt to bound the butterfly velocity; however,
their approach is not known to reproduce the desired scaling of (11.32).

Open problems12

We have given a fairly detailed overview of Lieb-Robinson bounds, along with their known extensions
and applications. Now, we conclude with a brief discussion and recap of interesting open problems and
directions.

(1 ) As discussed in Section 7, we do not know how to bound the decay times of simple correlation
functions. Solving this problem may lead to qualitatively new methods for locality bounds in quantum
dynamics, and seems like an important issue to address in the near future.

(2 ) As we just discussed, bounds on finite temperature dynamics are both notoriously difficult (as are
statements about even equilibrium properties such as entanglement!), yet they have been the inspiration
for many of the important developments in this field in recent years. We hope that it is possible to
generalize the Frobenius light cones described in Section 11 to generic finite temperature Hamiltonian
systems, but this is likely to be an extraordinary challenge. A particularly motivating problem would be
a proof of the chaos bound of [194] in all-to-all interacting models, without ergodicity assumptions (see
also [186]).

(3 ) It is not known how to prepare the W state (9.2) as quickly as the GHZ state (6.2), using both
unitary dynamics and local measurement. We expect that it is provably harder to prepare W states.
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Whether or not a clever application of Lieb-Robinson bounds can prove this result or one needs a more
fine-grained bound on multipartite entanglement, is an important open problem. More generally, we
expect that deeper incorporation of Lieb-Robinson bounds into error-corrected quantum dynamics with
measurement can be a fruitful endeavor.

(4 ) It would be interesting if the techniques of Section 7.2 can rigorously address actively debated
questions about the existence and robustness of many-body localization [8, 9, 10, 11, 12, 13].

(5 ) There is rather extensive literature on quantum walks [29]. Sometimes, this literature makes deep
connections to the classical theory of random walks and Markov chains [247], although certain notions
such as hitting time have been delicate to extend to the quantum setting. It might be fruitful to revisit
some of these questions with the recent developments of Section 8 in mind.

(6 ) Recent work [248] uses cluster decomposition techniques (more well-known in equilibrium statis-
tical mechanics) to study quantum dynamics. Combining these techniques with Lieb-Robinson bounds
may be a fruitful direction for future research.

(7 ) Preparing squeezed states [68, 69] is notoriously difficult in experiments, and we expect that Lieb-
Robinson bounds, and the corresponding notions of locality, could help find efficient ways to generate
highly squeezed states, likely using error correction as part of the protocol [249, 250].

(8 ) The linear-to-algebraic transition in the Frobenius light cone for power-law interactions (Sec-
tion 10) remains open for d ≥ 2 dimensions.

(9 ) Understanding whether there are any more general classes of interacting boson models where
sharp Lieb-Robinson bounds can be derived in thermodynamically reasonable states is an important
problem, especially since many future quantum computers (whose operation speed might be constrained
by a Lieb-Robinson light cone) will contain bosonic degrees of freedom.
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[89] U. Schollwöck, The density-matrix renormalization group, Rev. Mod. Phys. 77 (2005) 259.

[90] Z. Landau, U. Vazirani and T. Vidick, A polynomial time algorithm for the ground state of
one-dimensional gapped local hamiltonians, Nature Physics 11 (2015) 566.

[91] N. de Beaudrap, T.J. Osborne and J. Eisert, Ground states of unfrustrated spin hamiltonians
satisfy an area law, New Journal of Physics 12 (2010) 095007.

[92] J. Eisert, M. Cramer and M.B. Plenio, Colloquium: Area laws for the entanglement entropy, Rev.
Mod. Phys. 82 (2010) 277.

[93] J. Cho, Sufficient condition for entanglement area laws in thermodynamically gapped spin systems,
Phys. Rev. Lett. 113 (2014) 197204.

[94] N. Abrahamsen, A polynomial-time algorithm for ground states of spin trees, arXiv:1907.08462.

[95] T. Kuwahara and K. Saito, Area law of noncritical ground states in 1d long-range interacting
systems, Nature Communications 11 (2020) 4478.

[96] A. Anshu, I. Arad and D. Gosset, An area law for 2d frustration-free spin systems, in Proceedings
of the 54th Annual ACM SIGACT Symposium on Theory of Computing, (New York, NY, USA),
p. 12, Association for Computing Machinery, 2022.

[97] D. Aharonov, A.W. Harrow, Z. Landau, D. Nagaj, M. Szegedy and U. Vazirani, Local tests of
global entanglement and a counterexample to the generalized area law, in IEEE 55th Annual
Symposium on Foundations of Computer Science, pp. 246–255, 2014.

[98] S. Bachmann, S. Michalakis, B. Nachtergaele and R. Sims, Automorphic equivalence within gapped
phases of quantum lattice systems, Communications in Mathematical Physics 309 (2012) 835.

[99] M.B. Hastings and X.-G. Wen, Quasiadiabatic continuation of quantum states: The stability of
topological ground-state degeneracy and emergent gauge invariance, Phys. Rev. B 72 (2005)
045141.

[100] B. Nachtergaele and R. Sims, A multi-dimensional lieb-schultz-mattis theorem, Communications in
Mathematical Physics 276 (2007) 437.

[101] T.J. Osborne, Simulating adiabatic evolution of gapped spin systems, Phys. Rev. A 75 (2007)
032321.

84

https://arxiv.org/abs/1403.0327
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8113/42/50/504005
https://arxiv.org/abs/0905.4013
https://doi.org/https://doi.org/10.1038/nphys2747
https://doi.org/10.1007/s00220-014-2213-8
https://arxiv.org/abs/1206.2947
https://doi.org/10.1103/PhysRevX.8.031009
https://doi.org/10.1103/PhysRevX.8.031009
https://doi.org/10.1103/RevModPhys.77.259
https://doi.org/https://doi.org/10.1038/nphys3345
https://doi.org/10.1088/1367-2630/12/9/095007
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/PhysRevLett.113.197204
https://arxiv.org/abs/1907.08462
https://doi.org/10.1038/s41467-020-18055-x
https://doi.org/https://doi.org/10.1007/s00220-011-1380-0
https://doi.org/10.1103/PhysRevB.72.045141
https://doi.org/10.1103/PhysRevB.72.045141
https://doi.org/https://doi.org/10.1007/s00220-007-0342-z
https://doi.org/https://doi.org/10.1007/s00220-007-0342-z
https://doi.org/10.1103/PhysRevA.75.032321
https://doi.org/10.1103/PhysRevA.75.032321


[102] M.B. Hastings and S. Michalakis, Quantization of Hall Conductance for Interacting Electrons on a
Torus, Commun. Math. Phys. 334 (2015) 433 [arXiv:1306.1258].

[103] A. Kapustin and L. Spodyneiko, Thermal hall conductance and a relative topological invariant of
gapped two-dimensional systems, Phys. Rev. B 101 (2020) 045137.

[104] T.S. Cubitt, D. Perez-Garcia and M.M. Wolf, Undecidability of the spectral gap, Nature 528
(2015) 207.

[105] J. Bausch, T.S. Cubitt, A. Lucia and D. Perez-Garcia, Undecidability of the spectral gap in one
dimension, Phys. Rev. X 10 (2020) 031038.

[106] E. Lieb, T. Schultz and D. Mattis, Two soluble models of an antiferromagnetic chain, Annals of
Physics 16 (1961) 407.

[107] S. Michalakis and J.P. Zwolak, Stability of frustration-free hamiltonians, Communications in
Mathematical Physics 322 (2013) 277.

[108] I. Kukuljan, S. Grozdanov and T. Prosen, Weak Quantum Chaos, Phys. Rev. B 96 (2017) 060301
[arXiv:1701.09147].

[109] J.T. Edwards and D.J. Thouless, Numerical studies of localization in disordered systems, J. Phys.
C5 (1972) 807.

[110] S.A. Hartnoll, A. Lucas and S. Sachdev, Holographic Quantum Matter, MIT Press (2018).
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