
Lecture 1: Dipolar interactions between atoms

Lecture 2: Arrays of atoms. Basics of Rydberg physics.  
Rydberg blockade

Lecture 3: Many-body physics with Rydberg atoms: 
spin models and transport

Review: A. Browaeys, T. Lahaye, Nature Physics 16, 132 (2020)

Rydberg atoms in optical tweezers
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Tweezers and tweezer arrays: what for?
Quantum simulation

Regal, Kaufman, Thomson…
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Tweezers and tweezer arrays: what for?
Quantum simulation Optical clocks

Molecule engineering Tool for cQED

R

Regal, Kaufman, Thomson…

Quantum gates

CaF

Lukin Saffman, Lukin…Ni, Doyle…



1. Quantum simulation and spin models

2. Simulation of the quantum Ising model using van der 
Waals interactions: quantum magnetism

3. Topological systems using resonant dipole interactions

Outline



Open questions: Phase diagram, dynamics (hard for N>40…)
Topology, disorder, entanglement,…

Many-body physics with synthetic matter
Goal: Understand ensembles of interacting quantum particles

superfluidity superconductivity magnetism neutron star



Use experimental control to

Implement many-body Hamiltonians
(including “mathematical” ones…)
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Open questions: Phase diagram, dynamics (hard for N>40…)
Topology, disorder, entanglement,…

Many-body physics with synthetic matter
Goal: Understand ensembles of interacting quantum particles

superfluidity superconductivity magnetism neutron star

R.P. Feynman
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Open questions: Phase diagram, dynamics (hard for N>40…)
Topology, disorder, entanglement,…

Many-body physics with synthetic matter
Goal: Understand ensembles of interacting quantum particles

superfluidity superconductivity magnetism neutron star

R.P. Feynman = QUANTUM SIMULATION



Interacting spin ½ particles on a lattice:

Spin models: one of the “simplest” many-body problem 

Ĥij = JijSi · Sj
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Interacting spin ½ particles on a lattice:

Magnetism

photosynthesis
photons
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Interacting spin ½ particles on a lattice:
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Perovskite
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Open questions: Dynamics (hard for N>30, long range…) 
Entanglement, disorder, topology…
Geometry (frustration: spin liquids?) …

Spin models: one of the “simplest” many-body problem 
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Interacting spin ½ particles on a lattice:

Magnetism

photosynthesis

excitons

photons
reaction
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Transport of excitations

Open questions: Dynamics (hard for N>30, long range…) 
Entanglement, disorder, topology…
Geometry (frustration: spin liquids?) …

Spin models: one of the “simplest” many-body problem 

Light scattering
(dissipative)

Use control over artificial quantum matter
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1. Quantum simulation and spin models

2. Simulation of the quantum Ising model using van der 
Waals interactions: quantum magnetism

3. Topological systems using resonant dipole interactions
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Transverse B Longitudinal B Spin-spin interaction

From van der Waals interactions to Ising model…
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Equilibrium: preparation of ground states

Out-of-equilibrium: sudden variation 
(“quench”) of parameters



1. Quantum simulation and spin models

2. Simulation of the quantum Ising model using van der 
Waals interactions: quantum magnetism

• Preparation of ground states

• Out-of-equilibrium situations

3. Topological systems using resonant dipole interactions

Outline
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2D Ising anti-ferromagnet on a square

Known by Quantum Monte-Carlo
Never implemented and measured in 2D…!!!

2D phase diagram
(1970 - 2020)

Quantum Phase Transition
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2D Ising anti-ferromagnet on a square

2D phase diagram
(1970 - 2020)

Quantum Phase Transition
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Adiabatic preparation of a 2D Ising anti-ferromagnet
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Idea: Pohl PRL (2010)
Exp in 1D: Schauss et al., Science (2015)
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10×10 square array

sweep

Missing atoms = Rydberg

n=75s 
10 μm

Preparation of a 2D Ising anti-ferromagnet on a square

1D: Pohl PRL 2010; Bloch Science 2015; Lukin Nature 2017, 2019; 
2D: Lienhard PRX 2018, Bakr PRX 2018; Lukin arXiv:2012.12281

Scholl, arXiv:2012.12268



Seeing the many-body wavefunction…
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10×10 square array

Perfect AF (Néel) ordering!
(proba < 1% )

sweep

Missing atoms = Rydberg

n=75s 
10 μm

Preparation of a 2D Ising anti-ferromagnet on a square

1D: Pohl PRL 2010; Bloch Science 2015; Lukin Nature 2017, 2019; 
2D: Lienhard PRX 2018, Bakr PRX 2018; Lukin arXiv:2012.12281

Scholl, arXiv:2012.12268
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Preparation of a 2D Ising anti-ferromagnet on a square

Also: Lukin arXiv:2012.12281

Scholl, arXiv:2012.12268
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Preparation of a 2D Ising anti-ferromagnet on a square

Also: Lukin arXiv:2012.12281

Scholl, arXiv:2012.12268



2D Ising anti-ferromagnet on a square beyond NN interactions
Lukin arXiv:2012.12281

Samajdar et al. PRL (2020)
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2D Ising anti-ferromagnet on a square beyond NN interactions
Lukin arXiv:2012.12281

Samajdar et al. PRL (2020)
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Order parameters:

Rydberg quantum simulator explore physics
never directly observed before !!



Questions ?



1. Quantum simulation and spin models

2. Simulation of Ising model using van der Waals 
interactions

3. Topological systems using resonant dipole interactions

Outline

H.-P. Büchler
S. Weber, N. Lang
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Resonant dipole-dipole interaction between Rydberg atoms



Mapping on 
spin ½ system

Resonant dipole-dipole interaction between Rydberg atoms



+ +

A B
R

<latexit sha1_base64="hYpZ4BgnYfpcpK/UCRAe5Z1Yn0I="></latexit><latexit sha1_base64="hYpZ4BgnYfpcpK/UCRAe5Z1Yn0I="></latexit><latexit sha1_base64="hYpZ4BgnYfpcpK/UCRAe5Z1Yn0I="></latexit><latexit sha1_base64="hYpZ4BgnYfpcpK/UCRAe5Z1Yn0I="></latexit>

d = hS|D̂q|P i
<latexit sha1_base64="h8GaY/ohSeTufmdMVN10fKlLDLw="></latexit><latexit sha1_base64="h8GaY/ohSeTufmdMVN10fKlLDLw="></latexit><latexit sha1_base64="h8GaY/ohSeTufmdMVN10fKlLDLw="></latexit><latexit sha1_base64="h8GaY/ohSeTufmdMVN10fKlLDLw="></latexit>

Mapping on 
spin ½ system

Resonant dipole-dipole interaction between Rydberg atoms



Non radiative “exchange” of excitation
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Observation of resonant dip.-dip. interaction with 2 atoms

Barredo PRL (2015)
de Léséleuc, PRL (2017)

Prepare using microwaves + addressing beam

R = 30 μm

Frequency: 2C3

R3

P
P
S

<latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit>

P
S
P

<latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit>

Interaction time (μs)

|"#i



Observation of resonant dip.-dip. interaction with 2 atoms

Barredo PRL (2015)
de Léséleuc, PRL (2017)

Prepare using microwaves + addressing beam

R = 30 μm

Frequency: 2C3

R3

P
P
S

<latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit>

P
S
P

<latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit>

Interaction time (μs)

|"#i

theory

/ 1

R3

Fr
eq

ue
nc

y
(M

Hz
)

Thickness:

Paper sheet ~ 100 μm
Hair ~ 50 – 100 μm



Observation of resonant dip.-dip. interaction with 2 atoms

Barredo PRL (2015)
de Léséleuc, PRL (2017)

Prepare using microwaves + addressing beam

R = 30 μm

Frequency: 2C3

R3

P
P
S

<latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit>

P
S
P

<latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit>

Interaction time (μs)

|"#i

theory

/ 1

R3

Fr
eq

ue
nc

y
(M

Hz
)

C3(✓) / 1� 3 cos2 ✓

Quantization 
axis (B)

✓



Observation of resonant dip.-dip. interaction with 2 atoms

Barredo PRL (2015)
de Léséleuc, PRL (2017)

Prepare using microwaves + addressing beam

R = 30 μm

Frequency: 2C3

R3

P
P
S

<latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit><latexit sha1_base64="5bCbS7HLLynGOm7W0C5T33uiWbs="></latexit>

P
S
P

<latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit><latexit sha1_base64="hcbnlk0c3y0gdtp+GvJTB/2acRU="></latexit>

Interaction time (μs)

|"#i

P excitation exchange Particle hopping

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

A B

J |AihB|
<latexit sha1_base64="A/q8lUX96mxi2fHb0AS92LyeyCw="></latexit><latexit sha1_base64="A/q8lUX96mxi2fHb0AS92LyeyCw="></latexit><latexit sha1_base64="A/q8lUX96mxi2fHb0AS92LyeyCw="></latexit><latexit sha1_base64="A/q8lUX96mxi2fHb0AS92LyeyCw="></latexit>

C3/R
3A B



VOLUME 42, NUMBER 25 PHYSICAL REVIEW LETTERS 18 JUNs 1979
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%e present a theoretical study of soliton formation in long-chain polyenes, including the
energy of formation, length, mass, and activation energy for motion. The results provide
an explanation of the mobile neutral defect observed in undoped (CH)„. Since the soliton
formation energy is less than that needed to create band excitation, solitons play a funda-
mental role in the charge-transfer doping mechanism.

(a)
H H H H H
t I i

I
H H H I H H

4t -7T/a
4t 7t/2a- 7T/2a

F1G. l. {a) Trans configuration of (CH)„. a=1.2 L.
(b) x-band structure of perfectly dimerized (CH}„.

Polyacetylene, (CH)„is the simplest linear
conjugated polymer. The thermodynamically
stable trans configuration is sketched in Fig. 1(a)
illustrating the a bonding (sp' hybrids) and the v
bonding (p, ) in the x-y plane. This dimerized
pattern (A) of alternating "single" and "double"
bonds forms one of two degenerate structures;
the other structure (B) is given by interchanging
the "single" and "double" bonds. As a conse-
quence of these degenerate ground states one ex-
pects excitations to exist in the form of a topo-
logical soliton, or moving domain wall, separat-
ing A and 8 domains.
Early calculations' 3 indicate that a (charge)

neutral soliton in a long-chain polyene would have
a single unpaired spin localized in the wall. In
that work, ' the wall width was assumed to be of
order one bond length, leading to a large activa-
tion energy for motion and localization of the
wall. Electron spin resonance studies" of (CH)„
have revealed a narrow line (g= 2.002 63) result-
ing from a dilute concentration of neutral defects
(of order a few hundred ppm in the trans isomer).
The narrow width (~= 1.650e at room tempera-
ture) and Lorentzian line shape are indicative of
motional narrowing and imply that the resonance
results from a highly mobile unpaired electron
species, even down to 10'K. Goldberg et al. '
suggested that this spin resonance line might
arise from bond-alternation domain walls quenched
into the undoped polymer during the egs-trans
isomerization.
Recent interest in this semiconducting polymer

has been stimulated by the successful demonstra-
tion of doping with associated control of electri-
cal properties over a wide range. ' " Analysis
of the anomalously small Curie-law contribution
to the magnetic susceptibility, "the details of the
infrared absorption, "and the magnitude and
temperature dependence of the thermopower" in
lightly doped samples led to the suggestion that
doping may proceed through formation of charged
domain walls.
To gain a detailed understanding of solitons in

(CH)„we have studied a model in which the v
electrons are treated in a tight-binding approxi-
mation" and the v electrons are assumed to
move adiabatically with the nuclei. We present
in this paper initial results on the energy of
formation, length, mass, and activation energy
of the neutral and ionized domain walls. The re-
sults are discussed briefly in the context of ex-
perimental observations.
Let u„be a configuration coordinate for dis-

placement of the nth CH group along the molecu-
lar symmetry axis (z), ,where u„= 0 for the un-

1698 Oc 1979 The American Physical Society

The Su-Schrieffer-Heeger model

Electronic transport in 
polyacetylene
PRL 42, 1698 (1979)

Now, considered as simplest example of topological model

e-

Asboth, arXiv:1509.02295
Cooper, arXiv:1803.00249
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Model: tight-binding
dimerization: J > J 0
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Implementation of SSH spin chain with Rydberg atoms
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Conclusion

Rydberg interactions are strong & controllable
1. Resonant interaction 
2. Van der Waals

Control over interaction useful for many-body physics & 
quantum simulation

R = 10 µm ) Vint/h ⇠ 1� 10 MHz

Þ timescales < μsec



New / other directions: … a few examples
Many-body physics

Quantum simulation
QIP: entanglement 

and gates

Non-linear classical 
& quantum optics

Exotic long-range 
molecules
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Figure 2. Identification of the crystalline phase.
a, Excitation number versus system length for a one-
dimensional system. Blue circles correspond to the ex-
perimental mean number of Rydberg excitations Ne
after the optimized sweep. The right axis shows the ex-
citation number corrected for the detection efficiency.
The green line is the result of the numerical simulation
for the experimental initial states, taking into account
an initial state filling of 0.8 and length fluctuations of
the order of one site. The grey line shows the classical
(⌦ = 0) prediction. Insets: Measured spatial distri-
bution of Rydberg excitations (left) and corresponding
theory (right) for system lengths ` of 12, 23 and 35
sites. The brightness (light to dark) translates to the
normalized number of excitations. b, Compressibility
 of the prepared states. Blue circles are derived from
the experimental data shown in a using a numerical
derivative. The green line is a direct numerical result
(Methods). All error bars s.e.m.

Rydberg atoms have recently been discussed as a plat-
form for the simulation of quantum magnetism. Espe-
cially, the frozen gas Hamiltonian has been at the focus
of theoretical and experimental interest due to its rich
variety of strongly-correlated phases [5–7]. Introducing
spin-1/2 operators, the Hamiltonian can be rewritten in
the form of an Ising model with long-range spin inter-
actions in an effective transverse (~⌦) and longitudinal
(�~�) magnetic field [6, 8]. In the classical limit, ⌦ = 0
and for � > 0, the many-body ground state corresponds
to crystalline Fock states with a total excitation number
Ne = hN̂ei =

P
ihn̂

(i)
e i. Consequently, the Rydberg ex-

citation number Ne forms a complete devil’s staircase [29]
as a function of � in the thermodynamic limit. In a one-
dimensional chain of ` � Ne lattice sites, the excitation
number increases from Ne to Ne+1 at the critical detun-
ings `

6~�c ⇡ 7|C6|Ne
6
/a

6
lat separating successive crys-

tal states with a lattice spacing alat`/(Ne � 1) [2]. The
laser coupling introduces quantum fluctuations, whose
effect has been studied in a number of recent theory
works [5–8, 30]. Upon increasing ⌦, it has been predicted
that, in the thermodynamic limit, the system undergoes
a two-stage quantum melting [6, 7] via an incommen-
surate floating solid with algebraic correlations followed
by a Kosterlitz-Thouless transition [6, 7] to a disordered
phase. The corresponding scenario for a finite lattice is
shown schematically in Fig. 1a. While finite size effects
naturally broaden the transitions in the (⌦,�) parameter
space, extended lobes corresponding to crystalline states
of Ne excitations with vanishing number fluctuations can
be well identified for typical parameters of our experi-

ments.
The preparation of the crystalline states requires a

fast dynamical control due to the short lifetime of the
Rydberg states of typically several tens of microseconds.
Our initial state with all atoms in their electronic ground
state coincides with the many-body ground state of the
system for negative detunings and ⌦ = 0. Since for
small coupling strength ⌦ the energy gap to the first
excited state closes at the transition points �c between
successive Ne-manifolds, ⌦ and � have to be varied sim-
ultaneously in order to maximize the adiabaticity of the
preparation scheme. An intuitive and simple choice of
the path (⌦(t),�(t)) starts with a large negative detun-
ing �min at which the coupling ⌦ is switched on [2–4].
Next, the detuning is increased to the desired final blue-
detuned value �max > 0, followed by a gradual reduction
of the coupling strength ⌦ to zero. In the final stage of
this last step the energy of several many-body states be-
comes nearly degenerate, as illustrated in Fig. 1b for an
exemplary system of five excitations. These lowest many-
body excited states all belong to the same Ne-manifold
but feature a finite density of dislocations with respect
to the perfectly ordered classical ground state. In prac-
tice this leads to unavoidable non-adiabatic transitions
at the end of the laser pulse, resulting in non-classical
crystalline states composed of spatially localized collect-
ive excitations [2].

Our experiment started from a two-dimensional degen-
erate gas of approximately 250 to 700 rubidium-87 atoms
confined to a single antinode of a vertical (z-axis) optical
lattice. The gas was driven deep into the Mott-insulating
phase by adiabatically turning on a square optical lat-
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Observation of ultralong-range Rydberg molecules
Vera Bendkowsky1, Björn Butscher1, Johannes Nipper1, James P. Shaffer1,2, Robert Löw1 & Tilman Pfau1

Rydberg atoms have an electron in a state with a very high principal
quantum number, and as a result can exhibit unusually long-range
interactions. One example is the bonding of two such atoms by
multipole forces to form Rydberg–Rydberg molecules with very
large internuclear distances1–3. Notably, bonding interactions can
also arise from the low-energy scattering of aRydberg electronwith
negative scattering length from a ground-state atom4,5. In this case,
the scattering-induced attractive interaction binds the ground-
state atom to the Rydberg atom at a well-localized position within
the Rydberg electron wavefunction and thereby yields giant mole-
cules that can have internuclear separations of several thousand
Bohr radii6–8. Here we report the spectroscopic characterization
of such exoticmolecular states formedby rubidiumRydberg atoms
that are in the spherically symmetric s state and have principal
quantum numbers, n, between 34 and 40. We find that the spectra
of the vibrational ground state and of the first excited state of the
Rydberg molecule, the rubidium dimer Rb(5s)–Rb(ns), agree well
with simple model predictions. The data allow us to extract the
s-wave scattering length for scattering between the Rydberg elec-
tron and the ground-state atom, Rb(5s), in the low-energy regime
(kinetic energy,,100meV), and to determine the lifetimes and the
polarizabilities of the Rydberg molecules. Given our successful
characterization of s-wave boundRydberg states,we anticipate that
p-wave bound states9, trimer states10 and bound states involving
a Rydberg electron with large angular momentum—so-called
trilobite molecules5—will also be realized and directly probed in
the near future.

In 1934, Fermi introduced the ideas of scattering length and pseu-
dopotential to describe the scattering of a low-energy electron from a
neutral atom4. Although the polarization potential for electron–atom
interaction is always attractive, he realized that quantum mechanical
s-wave scattering can give rise to either a positive or a negative scatter-
ing lengthdepending on the relative phase between the ingoing and the
scattered electron waves. Taking this idea farther, Greene et al.5

predicted a novel molecular binding mechanism arising from a low-
energyRydberg electron scattering froman atomwith negative scatter-
ing length.

Fermi’s approach to characterizing the binding interaction that
arises from scattering of a Rydberg electron from a ground-state
atom requires that the binding energy (in frequency units) be smaller
than the Kepler frequency of the Rydberg electron, and that the size of
the electron wavefunction, / n2, be much larger than the range of
interaction, r (which in units of the Bohr radius (a0< 0.529 Å) is
given by r5

ffiffiffi
a

p
(ref. 11), where a is the polarizability of the

ground-state atom). Averaged over many scattering events and
weighted with the local electron density, jYn,l,mj2, the approach effec-
tively leads to a mean-field potential, VMF, between the scattering
partners. If R is the position of the ground-state atom relative to the
ionic core of the Rydberg atom, then the potential is given by

VMF(R)~2pa(k(R))jYn,l,m(R)j2 ð1Þ

and can, depending on the scattering length, a(k(R)), be repulsive
(a. 0) or attractive (a, 0)12. Evidence for these molecular potential
curves was found in theoretical work on alkali/rare-gas scattering13,14

as well as in spectroscopic data of rubidium at high temperatures,
where inhomogeneous line broadenings were observed for low prin-
cipal quantum numbers15.

In a semi-classical approximation, the scattering length is a func-
tion of the relative momentum, k(R), of the two scattering partners.
This k dependence can be expressed as

a(k)~aatomz
p

3
akzO(k2) ð2Þ

where aatom is the zero-energy scattering length12,16. The scattering
length depends on R because the momentum, k, of the Rydberg
electron changes with its position in the Coulomb potential of the
nucleus. Owing to the correspondence principle for large principal
quantum numbers, n, a reasonable ansatz for k(R) (where R5 jRj) is
the classical equation given in ref. 5:

k2(R)

2
~{

1

2n2
z

1

R
ð3Þ

Our focus in this study is on rubidium in its simplest Rydberg state, the
s state (angular quantum number, l5 0). Figure 1 shows the mean-
field potential given by equation (1) and the electron probability
density calculated for the 87Rb(35s) state. (The densities were calcu-
lated using Numerov’s method, including quantum defect correc-
tions17,18. Energy levels and wavefunctions of the molecular potential
were computed using a numerical solver19.) The molecular potential,

15. Physikalisches Institut, Universität Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany. 2University of Oklahoma, Homer L. Dodge Department of Physics and Astronomy,
Norman, Oklahoma 73072, USA.
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Figure 1 | Electron probability density and molecular potential for the 35s
state. The surface plot shows the spherically symmetric density distribution
of the Rydberg electron in theR–Q plane, (R/2p) |Y35,0,0(R) | 2. Themolecular
potential for the state 3S(5s–35s) (green) is modelled for a polarizability
a5 319 a.u. and a scattering length aRb5218.5a0. Not shown is the
repulsive part of the potential forR, 500a0 that results from a zero crossing
in the scattering length a(k(R)) at approximately 500a0. The potential
supports two vibrational bound states (wavefunctions given in blue) in the
outermost potential wells atR5 1,900a0 with binding energies (in frequency
units) of EB(v5 0)5223.4MHz and EB(v5 1)5210.6MHz.
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