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Topological Mechanical Metamaterials

Robust 
(insensitive to smooth changes 

in material parameters) &

Can you have both ?

Tunable response 
(acoustic and failure)



Finite motions that obey constraint of zero stretching energy

Mechanisms: propensity for motion
zero modes

Rigid Miura Origami



Activated mechanisms: building blocks of robots

Mechanisms: propensity for motion
zero modes



Maxwell counting

# degrees of freedom - #constraints =  nzm

Calladine 1978
Maxwell 1865
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Maxwell counting

# degrees of freedom - #constraints =  nzm nss- global

right hand side does not change unless you cut links

zm

ei = QT
ijuj Fi = Qijtj

ss



What determines motion in a structure?

8 degrees of freedom 

4 constraints 

#d.o.f. – #constraints  =  4  =  #zero modes

3 trivial (translations + rotation) 
1 nontrivial

Maxwell 1865



What determines motion in a structure?

8 degrees of freedom 
6 constraints 

#d.o.f – #constraints  =  2  =  #zero modes – #states of self-stress

3 trivial zero modes (translations + rotation) 
1 state of self-stress (redundant constraint)

Calladine 1978
Maxwell 1865



Maxwell counting

# degrees of freedom - #constraints =  nzm nss- global

 charge neutrality ?Index theorem

0

zm

ei = QT
ijuj Fi = Qijtj
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Electrostatic analogy

# degrees of freedom - #constraints =  nzm nss-

Index theorem

global
+ -

-

+

0

 charge neutrality ?



Polarized medium
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Consider a finite patch: introduce edges 
PT  →

# degrees of freedom - #constraints =  nzm nss-
+ -

Flux of polarization gives net charge
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Kane and Lubensky, Nature Physics 2014
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The simplest topological metamaterial
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C
C PT  →

C
C

Kane and Lubensky, Nature Physics 2014

# degrees of freedom = # constraints, in the bulk

The simplest topological metamaterial

vibrations
gapped

✓̄ ✓̄ 6= 0

!2 = c2k2 + !2
0



The simplest topological metamaterial

Kane and Lubensky, Nature Physics 2014

Zero energy vibrational mode localized at only one edge

✓̄

` ⇠ 1/✓̄



gap goes 
to   1

Linkages: 1D origami 

PT  →



PT  →

Soft motion localized at right edge chosen by PT 



Mechanical insulator within harmonic theory

What happens when we excite the zero energy mode ? 
go beyond linear analysis



An insulator at harmonic level becomes a conductor 
in non-linear theory

The chain conducts mechanical energy !



How does the edge mode move?



Sine-Gordon 

Spinner



Sine-Gordon 



Zero energy kink that harbors a soft motion 

PT PT  →→

}

u(x, t)

}

u(x, t)



Zero energy kink that harbors a soft motion 

}

u(x, t)

# degrees of freedom - #constraints =  nzm nss-
+ -1



Restore springs
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Chen, Upadhyaya, Vitelli, PNAS (2014).

Continuum theory 
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Chen, Upadhyaya, Vitelli, PNAS (2014).

Topological boundary term

E =

Z
dx
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Chen, Upadhyaya, Vitelli, PNAS (2014).

sign of flux of polarization
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dx
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Kink costs zero energy

E =

Z
dx


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� (u2 � ū
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minus sign
chooses kink

set to 0 gives constraint 
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�ū

�ū +ū
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Kink costs zero energy
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Kink costs zero energy

E =
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�ū
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Anti-kinks harbour states of self-stress

# degrees of freedom - #constraints =  nzm nss-
+ -1 2
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Thus, in the continuum limit and expressed in terms of the field u(x, t), Eq. (1) assumes
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Eq. (7) di↵ers from the ordinary �

4 theory due to the presence of the last term (linear in

@u

@x

) and because of the non-linear kinetic term. As explained in the main text, the last term

is related to the topological charge of the soliton that ensures that the static kink costs zero

potential energy and does not contribute to the equation of motion. Moreover, by expanding

the nonlinear kinetic term to order u2
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2 (valid in the limit of small ✓̄), we obtain from Eq.
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where v is the speed at which the kink propagates and the e↵ective “speed of light” is

c = a
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. This coincides with Eq. 12 in the main text.

II. SOLITON IN THE SPINNER PHASE

As discussed in the main text, in order to obtain the soliton solution in the spinner phase,

we define the continuum field as the slowly varying angular field of odd or even sites. In the

following, we discuss an approximate method for decoupling the odd and even sites, whose

soliton solutions can be described by the Sine-Gordon theory. Consider Eq. (1) (writing

three terms), assuming n is an odd site for instance and with the working assumption that
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where dots denote derivative with respect to time.

In order to combine odd (even) sites, consider combining half of the potential energies at

a time, so that both odd and even sites get their share from the same Lagrangian. To do

this, we express the potential energy as sum of terms of the following form:
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BPS perfect square: enforces constraint

dx

a: lattice spacing
v: kink speed

c: speed of sound
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Topological mechanical modes at lattice defects

Paulose, Chen, Vitelli, Nat. Phys. (2015).

Topological soft modes at topological defects



Topological mechanical modes at lattice defects

Paulose, Chen, Vitelli, Nat. Phys. (2015).

Where are the soft spots ?
1

2
34

2

FIG. 1. Dislocations in polarized isostatic lattices. a, Hexag-
onal lattice with primitive vectors {a1,a2}. The lattice includes
an elementary dislocation, consisting of a five-coordinated point
(green) connected to a seven-coordinated point (orange) in an
otherwise six-coordinated lattice (blue points). The Burgers
vector b = �a2 is the deficit in a circuit (black dashed line)
that would have been closed in a defect-free lattice. Rotating
this vector by ⇡/2 gives the corresponding dipole moment vec-
tor d, which connects the five-coordinated point to the seven-
coordinated point. Decorating each unit cell with a three-atom
basis (yellow points and magenta bonds) produces a dislocated
deformed kagome lattice which contains only four-coordinated
points. Three copies of the three-atom basis are shown; solid
bonds connect points within the same unit cell whereas dashed
bonds connect points belonging to di↵erent cells. b, Deformed
kagome lattice obtained from decorating the triangular lattice in
a, thus incorporating a dislocation with the same dipole moment
d. The five- and seven-coordinated points in the underlying tri-
angular lattice translate into plaquettes bordered by five (green)
and seven (orange) bonds respectively, whereas all other points
in the triangular lattice translate to plaquettes bordered by six
bonds (blue) in the decorated lattice. The topological polar-
ization PT = a1, calculated in Ref. 6, is also shown. c, Square
lattice with primitive vectors {a1,a2} (black arrows) which incor-
porates a dislocation, consisting of a three-coordinated plaquette
(bordered by green bonds) adjacent to a five-coordinated plaque-
tte (bordered by orange and green bonds), with Burgers vector
b = �(a1 + a2). The associated dipole moment d connects the
three- and five-coordinated plaquettes. Decorating each point
with the four-point unit cell (yellow points and magenta bonds)
gives the distorted square lattice in d which incorporates a dislo-
cation of the same dipole moment, and has a nonzero topological
polarization PT = a1 � a2.

determines the topological polarization PT of the bulk
lattice. In Appendix A we show that PT = a1 � a2 for
the deformed square lattice while it was shown in Ref. 6
that PT = a1 for the deformed kagome lattice. Disloca-
tions in the undecorated lattice carry over to the polar-
ized lattice and, when appropriately chosen, produce a
lattice that is four-coordinated everywhere (Figs. 1b and
1d). See Appendix B for more details of the construction.

Having constructed polarized lattices with disloca-
tions, we numerically compute their vibrational spectrum
by treating each bond as a harmonic spring. Results
are shown in Figs. 2a and 2b for deformed kagome and
square networks respectively. We use periodic bound-
ary conditions, which preserves isostaticity everywhere
but requires a net Burgers vector of zero. As a re-
sult, dislocations appear in pairs with equal and opposite
dipole moment. In both networks, the dipole moments
of the dislocation on the left (dL = a1 � a2) and on
the right (dR = �dL) are respectively aligned with and
against the lattice polarization. The left dislocation has
an associated soft mode in both cases, labeled by ar-
rows, whose energy is finite but smaller than all other
non-translational modes in the system

::::::::
decreases

:::::
with

::::::
system

::::
size. The opposite dislocation is associated with

an approximate state of self-stress, labeled by colored
and thickened bonds following Ref. 6. (See Appendix C
for computational details.) These observations are con-
sistent with the intuitive interpretation of dislocations as
edges oriented by their dipole moment.

To assess whether these modes can be observed in
metamaterials with realistic bonds, joints and bound-
ary conditions, we have built prototypes of the deformed
kagome lattice, composed of rigid triangles laser-cut out
of 3 mm thick PMMA sheets. The corner of the trian-
gles are connected by plastic bolts that act as hinges.
The boundary points are pinned to a flat base by screws,
but can pivot freely. The design ensures that each in-
ternal vertex has as many constraints as degrees of free-
dom, satisfying the local isostatic condition away from
the boundary. Fig. 2c shows such a prototype mimick-
ing the dislocation configuration of the computer model
from Fig. 2a. Theoretically, the boundary pinning and
the use of rigid triangles push the phonon gap to infinity,
so that only zero modes can be observed. In practice,
the prototype has some compliance and mechanical play
at the pivots. Nonetheless, it is rigid in the bulk, as can
be verified by unsuccessfully trying to move the (white)
triangles far from the dislocations, see Supplementary
Movie 1.

Despite the di↵erences between the two systems, the
soft mode observed in the simulated harmonic network
survives in the real-world prototype as a collective motion
of points near the left dislocation. The motion is easily
activated by pushing the hinge joints of the triangles that
make up the dislocation (inset to figure 2c and Supple-
mentary Movie 2). The motion is not a strict zero mode
because it interacts with the pinned boundary of the fi-
nite system, but the structural compliance is su�cient



Rigid in the bulk



But there is one floppy spot!



Soft motion at dislocation self stress at anti-dislocation

PTPT

floppy mode state of self-stress



Dislocations are also boundaries!

d: dislocation dipole (perpendicular to Burgers vector)

PT: topological polarization 

Mode count at dislocation: ⌫ST = PT · d

Vcell

+1 zm
-1  ss



Dislocations are also boundaries!
Mode count at dislocation: ⌫ST = PT · d

Vcell

+1 zm
-1  ss

You can insert topologically protected states of motion
where you want



Lattice polarization and zero-energy mode count

Zero mode count:

Electronic states in 
topological insulators: 

Ran, Zhang, Vishwanath, Nat Phys 2009 
Teo and Kane, PRB 2010

Paulose, Chen, Vitelli, Nat Phys (in press) 2014

Zero mode count  ↔  Net “charge” in a region 

Net charge = Polarization flux into region
PT



Paulose, Meussen, Vitelli, PNAS  (2015).

Topological control of material failure

Paulose, Meussen, Vitelli, PNAS  (2015).



Paulose, Meussen, Vitelli, PNAS  (2015).

Take one of the lattices Tom described



Paulose, Meussen, Vitelli, PNAS  (2015).
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topological mechanisms

molecular roboticsmolecular electronics

activated mechanisms
robots & smart materials

!

The road ahead

videos: search youtube for VitelliLab 
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kink costs zero stretching energy

Kink costs zero energy
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+ū

E

E = 0

kink costs zero stretching energy

anti kink suppressed



Chen, Upadhyaya, Vitelli, PNAS (2014).

kink costs zero stretching energy

Soft modes on right edge
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�ū

+ū
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kink costs zero stretching energy

Phase transition when 
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kink costs zero stretching energy

Anti-kink is suppressed
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kink costs zero stretching energy

No motion from the left
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