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Introductory comments
• Fluid dynamic phenomena range from angstroms to 

cosmic scales, but new phenomena appear when 
the length, time and temperature scales change by 
a factor of 10, say. 

• Today, will discuss turbulent flows originating on 
the angstrom scale and at very low temperatures; 
tomorrow, some features on astrophysical scales at 
high temperatures.

• Both talks at an intermediate level of detail that 
focuses on concepts.
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superfluidity

Phase diagram of helium-4
(liquefaction ~1910: Kamerlingh Onnes, 1913 Nobel Prize)

zero point energy

The superfluid flows without friction (like a perfect fluid).

For helium-3, superfluidity sets in at millikelvin
for BEC at microkelvin (2005 Nobel Prize Cornell, Wieman) 



Nobel Prize for Kapitza in 1978
for his basic inventions and discoveries in the area 
of low-temperature physics
“The choice of the theme of my Nobel Lecture 
presents some difficulty for me.”

From Landau (1941)
[Helium II] … possesses a number of peculiar 
properties, the most important of which is superfluidity 
discovered by P.L. Kapitza…



Physics World: volume 21, no.8, pp.27-30 (2008)



Submitted on
Dec 22, 1937

(19 days later)

“A marked change in the 
viscosity takes place at 2.19 K, 
the temperature of transition of 
helium I to helium II.”

J.O. Wilhelm, A.D. Misener 
& A.R. Clark,  Proc. Roy. Soc.
151, 342-347 (1935) 

“It is not enough to make a 
discovery: one must also 
evaluate its significance for the 
development of science. But 
even that’s not enough: a 
scientist must proceed from the 
essence of the discovery to 
produce others. It is only after 
this that he can consider that 
the discovery belongs to him.”

P.L. Kapitza, as quoted by 
Andronikashvili, in “Reflections 
on Helium”, AIP Press (1980)
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Bose-Einstein 
condensation

for atoms of helium 4

1. 1929: de Broglie wavelength, ldB = h/(2pmkBT)1/2,
is a measure of the wavefunction spread.

2. If (V/N)1/3 >> ldB, particles behave individually, 
and Maxwell-Boltzmann statistics apply.

3. If (V/N)1/3 < ldB, particles behave collectively, and 
either BE statistics or FD statistics apply.



Phenomenological model for He II
Superfluid: density ρs, velocity vs, no 
viscosity, no entropy
Normal fluid: density ρn, velocity vn, 
carries viscosity and entropy

F. London 1900-1954 L. Tisza 1907-2009

“coexisting but non-interacting 
and interpenetrating”

Tl»2.17K (London: 3.2K) For an ideal gas, S.N. Bose and A. 
Einstein had proposed that a large 
number of particles will occupy the 
lowest energy state (“condense”) 
below certain temperature. 

London’s bold suggestion was that, 
even though liquid helium was far 
from an ideal gas, helium-4 atoms 
will condense into a ground state 
below a critical temperature.Nature 141, 643 (1938) Nature 141, 913 (1938)



Landau’s two-fluid model for He II

N.N. Bogoliubov 
J. Phys. USSR 11, 23 (1956)

Bose condensation and its role

Starts with the quantum ground state, with “elementary 
excitations” with particular spectra (phonons and rotons).

I am glad to … pay tribute to L. Tisza for introducing, as early as 1938, 
the conception of the macroscopical description of helium II by 
dividing its density into two parts and introducing, correspondingly, 
two velocity fields…. However, his entire quantitative theory 
(microscopic as well as thermodynamic-hydrodynamic) is in my 
opinion entirely wrong. 

L.D. Landau, Phys. Rev. 75, 884 (1949)

P.C. Hohenberg & P.C. Martin
Annals of Physics, 34, 291 (1965)
full critique and microscopic theory

Landau’s picture was incomplete as well, and has later been augmented by others. 
The present understanding is that the helium atoms indeed undergo Bose 
condensation and the superfluid velocity is the gradient of the phase of condensate 
wavefunction. But the condensate is not the superfluid. Only some 10% of the fluid is 
the condensate at 0 K, whereas all of it is superfluid. 

L.D. Landau 1908-1968

1962 Nobel Prize



Wave function: y=y0 exp (iφ(r)), y0 → 0 as r → 0 and → 1 as r → ¥

Velocity is the gradient of φ(r). The increment of its gradient over 
any closed path must be a multiple of 2p, for the wave function to 
remain single valued.

“Thus, the well-known invariant called hydrodynamic circulation is 
quantized; the quantum of circulation is h/m.”

Onsager (1949)

Onsager 
1903-1976
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y(x,t) = y0(x,t) exp [if(x,t)]
magnitude phase

us (x,t) =(ħ/m) ∇f(x,t)    (1)

c

simply connected
Can shrink the contour to zero
without ever leaving the domain.
Stokes theorem applies. 
But w = curl us = 0 from (1).
Thus G = 0 for all contours

c>

A.G = ∲ us . dr 
= (ħ/m) ∲ ∇f(x,t).dr
= ∇ftot

doubly connected
Can’t apply Stokes theorem
For the wavefunction to be same 
at A after n rotations, we should 
have, from (1), ∇ftot = 2pn. Thus, 
G = (h/m) n = kn; stable for n = 1.



Except for a few angstroms from the center of 
the core, the laws obeyed are those of classical 
hydrodynamics [e.g., Biot-Savart].

R.P. Feynman: 1918-1988

If … two 
oppositely directed 
sections of [vortex] 
line approach 
closely, … the 
lines (which are 
under tension) 
may snap together 
and join 
connections a new 
way …

Prog. Low Temp. Phys. 1, 17 (1955)



From Van Dyke’s Album

A
Crow, S. C. 
(1970). "Stability 
theory for a pair 
of trailing 
vortices". AIAA 
J. 8: 2172.

https://en.wikipedia.org/wiki/AIAA_Journal


Quantized vortices were 
inferred and studied by 

H.E. Hall & W.F. Vinen (1956) 
Proc. Roy. Soc. Lond. A238, 

204-214 and 215-234

technique is not good for 
visualizing disordered vortices



The left panel shows a suspension of hydrogen particles just above the transition 
temperature. The right panel shows the same particles after the fluid was cooled 
below the lambda point. Some particles have collected along filaments, while other 
are randomly distributed as before.  Fewer free particles are apparent on the right 
only because the light intensity was reduced to highlight the brighter filaments in 
the image. Volume fraction @ 3X10-5.

G.P. Bewley, D.P. Lathrop & KRS, Nature 441, 558 (2006)

~50 mK above Tl

50 years on…

~50 mK below Tl~50 mK above Tl





sphere is trapped by vortex

For a discussion of interaction between the fluid and particles in He II, 
see Sergeev, Barenghi & Kivotides, Phys. Rev. B 74,184506 (2006); 
the simulations shown are by these authors.



sphere escapes vortex



The left panel shows an example of particles arranged along vertical lines 
when the system is rotating steadily about the vertical axis. The spacing of 
lines is remarkably uniform, although there are occasional distortions of the 
lattice and possible points of intersection. Their number follows Feynman’s 
rule pretty well.

Number of vortices



Images of hydrogen particles suspended in liquid helium, taken at 50 ms
intervals, for t > t0. Some particles are trapped on quantized vortex cores, 
while others are randomly distributed in the fluid. Before reconnection, 
particles drift collectively with the background flow. Subsequent frames 
show reconnection as the sudden motion of a group of particles. 

Two vortices of opposite signs, which are attracted to each other, collide, splice parts 
of one to parts of the other, and move away from each other in a different direction.

t = t0 schematic

measurement

Bewley, Poaletti, KRS & Lathrop, PNAS 105, 13707 (2008)





Taken from 
C. Barenghi, L. Skrbek and KRS, PNAS (2022)

See also
E. Fonda, KRS and D.P. Lathrop, PNAS (2019)



Tsubota, Araki & Barenghi, Phys. Rev. Lett. 90, 20530 (2003)



High-intensity vortex structures in 
homogeneous and isotropic turbulence 
[She, Jackson & Orszag, Nature 344 (1990)]

Vortex tangles (“quantum” or “superfluid 
turbulence”)  by D. Kivotides, PRL 96, 175301 
(2006); pioneering simulations by K.W. Schwarz 
(1985), M. Brachet, M. Tsubota, C.F. Barengi, etc.

Microscopic details of reconnection were explored by 
J. Koplik and H. Levine, Phys. Rev. Lett. 71, 1375 
(1993), by solving the Gross-Pitaevskii equation─ 
which is a good model for the wavefunction in BEC.

Leonardo da Vinci , ca. 1500



S.Z. Alamri, A.J. Youd & C.F. Barenghi



Return to the original question:

What quantitative relationship does
quantum turbulence

bear to
classical turbulence?

Different types of turbulence are 
possible but consider only that in 

which the two turbulence fields are 
tightly coupled by mutual friction.



Classical turbulence behind pull-through grid

U

nearly isotropic 
turbulence is 

generated.

grid turbulence in air:
reoriented; Corke & Nagibsquare grid of bars

tank of water

<w2>1/2 ~ t -1.5



turbulence-generating grid
(as in Comte-Bellot & Corrsin)

Stalp, Niemela, Vinen, Donnelly, Skrbek, etc
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In simulations: 

• C. Nore, M. Abid & M.E. Brachet, 
Phys. Rev. Lett. 78, 3896 (1997)
• T. Araki, M. Tsubota & S.K. 
Nemirovskii, Phys. Rev. Lett. 89, 
145301 (2002)
• M. Kobayashi & M. Tsubota, Phys. 
Rev. Lett. 94, 065302 (2005)
• P.E. Roche et al. Europhys. Lett. 77, 
66002 (2007)
• Now many others

Superfluid turbulence in 
Kármán flow: 

J. Maurer & P. Tabeling, 
Europhys. Lett. 43, 29 (1998)

Obvious? Surprising?

A.N. Kolmogorov 1903-1987



Pr(v) ~ |v|-3

due to quantized 
vortices

No instances (away from solid boundary) where power-law tails 
exist for velocity distributions in classical turbulence.

Nearly homogeneous turbulence following a counterflow

Paoletti, Fisher, KRS & Lathrop, Phys. Rev. Lett. (2008)



Comparison of classical and 
quantum turbulence

Classical turbulence (3D)
• Velocity distribution is nearly normal
• Energy dissipation occurs because 

of fluid viscosity; may be related to 
the appearance of certain types of 
Hölder singularities of the weak 
solutions of the Euler equation (the 
so-called Onsager “conjecture”)

Quantum turbulence (helium II)
• Velocity PDF follows a power law
• “Dissipation mechanism has to be 
quite different---but what is it?

• -5/3 slope in the spectral form is common
• Decay law is the same as in classical turbulence

While both the large and small scales are different in the two cases, 
the energy dynamics in a wide range of scales seem to be locked in 
step. These aspects are reasonably well understood now.



Remarks on “dissipation mechanism” in quantum turbulence
(introduction to energy cascades, quantum length, Kelvin waves, and 

Kelvin cascade)

Kolmogorov cascade: Input at L, cascades downscale without 

dissipation, truncated at h = (n3/e)1/4

Define quantum length scale, l = (k3/e)1/4

(not too much smaller than h)

Kolmogorov cascade cannot proceed beyond l: because the granularity 

of vortex lines will then become visible

Energy propagates as Kelvin waves on individual 

vortices (Fonda et al. PNAS 111, 4707, 2014)

Kelvin cascade by nonlinearities (V.B. Eltsov & V.S. 

L’vov, JETP Lett. 111, 389, 2020)

Eventually it gets radiated, probably gets dissipated in 

boundary layers of the container.





V.L. Ginzburg (2003 Nobel 
Prize in Physics)

Physics Today, May 1990, page 9; Uspekhi
42 (4), 353, 1999

Classified Physics into 

Microphysics, Astrophysics 
and Macrophysics

(the small, the large and the 
complex)
One of the 11 items of Macro-
or complex physics: 

“Strongly Nonlinear 
Phenomena: Turbulence”



What is the broad inference?
The underlying allure in the study of complex 
system is the notion of ‘universality’; that is, 
“microscopic details could be different, but 
classes of macroscopic phenomena are 
quantitatively alike”.

This is true at some coarse level but appears 
to need further caveats when explored more 
deeply. That is, details do matter in principle.


