o | ecture Il
- stability theory for rotating convection - what can we glean from it
- motivate non-hydrostatic quasi-geostrophy
- derive and investigate semi-analytic solutions (skeleton for strongly NL flows)

Lecture Il
- investigate fully NL rotating convection from QG perspective
- assess how the theory holds up c.f. experiments and DNS

- comments on broader view and future outlook



Local Area Investigations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

Example: Convection in outer Core

/ep

RoMag tank

Upright RRBC

Lab - bounded domains Theory - plane parallel layers



Local Area Investigations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

Tilted RRBC - the f-plane

0 . g
. x .
. L .
. L’
. e

/l

Theory - plane parallel layer



Local Area Investigations - Governing Equations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

0 . P
. x .
. L .
. L’
. e

Tilted RRBC - f-plane Body force - buoyancy under Boussinesq approx’n
,/ p=rpo(l—aArT), AT =T*"-T;

1 1
ou+u-Vu+ —éq xu=—FEuVp+TT2+ —Vu
Ro Re

V-u=0

1
O,T+u-VT = —V?T
Pe



Local Area Investigations - Governing Equations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

) —r7
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Tilted RRBC - f-plane Body force - buoyancy under Boussinesq approx’n
/ p=po(l—alArT), AT =T"-1T]
<t~/ >

1 1
ou+u-Vu+ —éq xu=—FEuVp+TT2+ —Vu
Ro Re

V-u=0

1
O,T+u-VT = —V?T
Pe




Local Area Investigations - Governing Equations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

) —r7
. i —»x‘,,"

Tilted RRBC - f-plane Body force - buoyancy under Boussinesq approx’n
/ p=po(l—alArT), AT =T"-1T]
<t~/ >

1 1
ou+u-Vu+ —éq xu=—FEuVp+TT2+ —Vu
Ro Re

V-u=0

1
O,T+u-VT = —V?T
Pe
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Generic parameters - containing no characteristics of RBC = L=H, U= I

diffusive velocity scaling



Local Area Investigations - Governing Equations

Rotating Rayleigh-Bénard convection (RRBC) - canonical paradigm for investigating

influence of rotation on buoyantly-driven convection

1%
L=H U=2X
[ U H)

U
rRezl )
Pe = Pr

Ra

= —
Pr
Ro=F

_ »

1 R
8tu+u-Vu+EéQ><u:—Vp+P—i

V-u=0

1
T +u-VT = —V°T
Pr

T2 + Viu

External parameters

4 \ A
gaArH Ty Th
R = =
‘ VK 72
pr=2="1
K Ty,
v TQ
E = = —
2QH?2 1,
\_ Y,

. o . . 14
Generic parameters - containing no characteristics of RBC = |L=H, U = E]

diffusive velocity scaling



Several objectives contribute to our understanding of GAFD

® | inear stability theory
® Patterns: formation and selection

® Turbulent scalings:

Efficiency of heat and momentum transport

H H
Nu = ¢ Re = vH
pPoCpRAT v

= F(Ra, E, Pr) = Ra®EkP Pr?



Linear Stability Theory

v=(u,pT), v=v,+v, |V|<1

()

Uy —
Tb(z) =1—2z




Linear Stability Theory

v=(u,pT), v=v,+v, |V|<1 =

4 1 R )
oyu’ = —Eﬁ x u — Vp' A PiT'2+V2u'
0=V -u
0. T = —w' 4 ! VT
' - Pr




Linear Stability Theory

! Oru’ 1A>< / V’+RaT’z+V2u’ g )
U =——2ZXu — —
' E b Pr boundary conditions @ z=0, 1
0=V u + Impenetrable: w' =u'+2 =0
no-slip: u', = 0 stress-free: d.u', =0
o7 = —w' + LVQT’ fixed temp: T =0 fixed-flux: 0,7 =0
X Pr y L )

i

v = ap, (2)elRL@itsh) e

Normal mode ansatz

()

Uy =
Tb(z) =1—-z




Linear Stability Theory

E Pr boundary conditions @ z=0, 1

. ! / . 5 —
0=V u + Impenetrable: w' =u - 2 =0
no-slip: u', = 0 stress-free: d.u', =0

o7 = —w' + PLVQT’ fixed temp: T =0 fixed-flux: 0,7 =0
r

i

v = ap, (2)elRL@itsh) e

Normal mode ansatz

()

Uy =

Tb(z) =1-—z
s =pu+iw, p(Rac.) =0  onsetof convection

Steady bif'n exp. growth monotonic

Hopf bif'n exp. growth oscillatory



Linear Stability Theory

1
o1 = —w' + — V2T’

Pr

i

v = ap, (2)elRL@itsh) e

Normal mode ansatz

()

Uy =
Tb(z) =1—-z

boundary conditions @ z=0, 1

Impenetrable: w' =4’ -2 =0

+
no-slip: w’/, = 0 stress-free:  Ju’, =0
fixed temp: T =0 fixed-flux:  9,7" =0
\ Y,
sMakL = E(@z; k:J_)akJ_
1 0., — k%  E1 iky
1 —E! 0., — kﬁ_ Zk‘y
M = 1 , L= 0., — k% 0. Ra/Pr
0 ik, iky 0,
1 —1 Pr1(9,. — k?)

s =pu+iw, p(Rac.) =0  onsetof convection
Steady bif'n

Hopf bif'n

exp. growth monotonic

exp. growth oscillatory



Linear Stability Theory

v=(u,pT), v=v,+v, |V|<1 =
— 1 ~
1 1
M 1 |
0 d,u’, =0
1 8, T =0
\— Y,
0., — k>  E! ik \ [
~-E~' 9., -k ik,
ik ik, 0.
-1 Prol(0.. k)
of convection
Steady birn exp. growth monotonic

Hopf bif'n exp. growth oscillatory



Linear Stability Theory

1
o1 = —w' + — V2T’

Pr

i

v = ap, (2)elRL@itsh) e

Normal mode ansatz

()

Uy =
Tb(z) =1—-z

boundary conditions @ z=0, 1

Impenetrable: w' =4’ -2 =0

+
no-slip: w’/, = 0 stress-free:  Ju’, =0
fixed temp: T =0 fixed-flux:  9,7" =0
\ Y,
sMakL = E(@z; k:J_)akJ_
1 0., — k%  E1 iky
1 —E! 0., — kﬁ_ Zk‘y
M = 1 , L= 0., — k% 0. Ra/Pr
0 ik, iky 0,
1 —1 Pr1(9,. — k?)

s =pu+iw, p(Rac.) =0  onsetof convection
Steady bif'n

Hopf bif'n

exp. growth monotonic

exp. growth oscillatory



Linear Stability Theory

( 1 Ra ( )
ou' = ——2xu —Vp + —=—T'2+Vu
' E b Pr boundary conditions @ z=0, 1
0=V.-u + Impenetrable: w' =u’-2=0
no-slip: w’/, = 0 stress-free:  du’, =0
T = —w' + LVQT’ fixed temp: T =0 fixed-flux: 9,77 =0
v = ap, (2)elRL@itsh) e sMag, = L(0;k1)ak,
Normal mode ansatz U
() 1 .. —k* B! ik
1 —E~' 0., —k* ik,
M = 1 , L = 0., — k% 0. Ra/Pr
0 ik, iky 0,
1 —1 Pr1(9,. — k?)
Uy —
Tb(z) =1—-z

s =pu+iw, p(Rac.) =0  onsetof convection

Steady bif'n exp. growth monotonic

Hopf bif'n exp. growth oscillatory



Linear Stability Theory: Non-Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) < {sinnnz,cosnmz}



Linear Stability Theory: Non-Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) < {sinnnz,cosnmz}

Marginal Stability

4000 Str-ess—-Free-, le'ed T-emp-eratyre .

Raaaf{‘] — O(]-OAU\

PI——

ﬂ Convection

3000
w(Ra.) =0,w =0

g 2000

R

1000

27
Ra,. = Zw‘* = 657.511

ke = — = 2.22 I
7 Conduction




Linear Stability Theory: Non-Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) < {sinnnz,cosnmz}

4000
3000
Marginal Stability
( )
2 213
Rac s = (k) + ) S 2000
C,S k‘z m
1
\_ J
1000
ky
N
0
ki
< > k,
\ 4

Unstable to all orientations: Rolls

Stress-Free, Fixed Temperature

Ramm = O(IOZU\,

ﬂ Convection

u(Ra.) =0,w =0

27
Ra, = Zw‘* = 657.511

Conduction

6



Linear Stability Theory: Non-Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) < {sinnnz,cosnmz}

l

Stress-Free, Fixed Temperature

Raaafd — O(]-OAU\
T———

Convection

w(Ra.) =0,w =0

27
Ra,. = Zn‘* = 657.511

k. = — = 2.22 i
7 Conduction

4000
. . 3000
Marginal Stability
(- )
B (ki + 2)3 _
Rac,s — 1.2 v 2000
L
\_ Y,
1000
ky
N\
k1
< >k, .
I -
Unstable to all orientations: Rolls




Linear Stability Theory: Non-Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) o« {sinnmrz,cosnmz}
4000 Stress-Free, Fixed Temperature

Ragata = O(10%Y)
ﬂ Convection
_ N 3000
Marginal Stability (Rae) = 0,0 =0
(" )
(k1 +7°)°
Rac,s — 5 v 2000
kJ_
. Y,
1000 Ra, — %74 — 657.511
ke = % = 2.22 Conduction
k
T U Ra, ke

FT SF 657.11 | 2.221
FT | NS 1707.7 | 3.117
FT | SF/NS | 1100.65 | 2.682 | Viscous boundaries delay convective onset




Linear Stability Theory: Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

ar, (z) < {sinnnz,cosnmz}

-
2 213 2 fp—2
Ra, . ( —|—7T)2—|—7T
k1
-

Stress-Free, Fixed Temperature

1022 . . -

Convection

1014

Ra

10°

Conduction

0.01 1 100 108




Linear Stability Theory: Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

a’k"J_ (Z) X {SlIl TLT('Z, COS 7”L7TZ} Stress-Free, Fixed Temperature

10%2 . . -
Convection
18
10
4 ) 14
(ki +7T2)3 —|—7T2E_2 s 10
Ra. s = 17
1
- Y, 1010
10°
Conduction
0.01 1 100 10
k
4 )
As ImE — 0

® Rotation imparts rigidity Ra. s increases

. —1
® Onset Length scale of convection. k| decreases

® Asymptotic?
ymptotl )




Linear Stability Theory: Rotating Convection

Stress-Free, Fixed Temperature: full analytic representation

a’k"J_ (Z) X {SlIl TLT('Z, CO5 7”L7TZ} 100 Stress-Free, Fixed Temperature

Convection

80

4 ) 60
2 2\3 2 17—2 0
Ry (kA7) +7mE i
@5 k2 &

1
\_ Y, 40
k=kE '3 Ra., = Ra.,E~*3
20
Conduction
0.0

k.E1/3

( Asymptotic convergence for SF-FT as lim E — O)

Chandrasekhar H251961



Linear Stability Theory: Rotating Convection

Steady: Stress-Free, Fixed Temperature
N 2 ~, 100
Racs = = + k Steady convection
80
. N 2 1/3
Rac,mz’n — §(27-‘-4)1/37 kc,min — <%)
. 60
hft
(C
X 40
Oscillatory:
~ ~ Pr 2 20 Conduction
Ra., =2(1+ Pr) | k* + —
c,0 ( ) ( 1 _|_ PT‘ k‘2
0
- 1— Pr\ n% ~
wgo:PTQ [(1—|—P )NQ—/C4] 0.0
’ r
k k.E3
2.5
o 2.0
Asymptotic linear theory can be understood
@ 1.5
from a force-balance analysis W
3 1.0
0.5
0.0

Chandrasekhar H2S1961 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5



Linear Stability Theory: RRBC - Force Balance Analysis

Asymptotic scalings can be understood as a VAC (Viscous-Archimedean-Coriolis) balance.
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Geostrophy: 200z X u~Vp — P ~2QU7
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Linear Stability Theory: RRBC - Force Balance Analysis

Asymptotic scalings can be understood as a VAC (Viscous-Archimedean-Coriolis) balance.

Geostrophy: 200z X u~Vp — P ~2QU7
T-P operates on scale: £ Vi u ~0 = 0,~V,| =0 3D must imply ¢ < H?
2QU U
Gﬂﬁzw ~vVi( = =~ UV 1
| o H 05
Viscous-Coriolis (VC): / 1/3
il 4 1/3
— = p— E
. — (29H2) )

e \iscosity is crucial in setting characteristics length scale
¢ |mportantly, anisotropy enables 3D dynamics to overcome T-P constraint



Linear Stability Theory: RRBC - Force Balance Analysis

Asymptotic scalings can be understood as a VAC (Viscous-Archimedean-Coriolis) balance.

Geostrophy: 22 xu~Vp — P~20U(;
T-P operates on scale: £ Vi u ~0 = 0,~V,| =0 3D must imply ¢ < H?
2QU U
Gﬂﬁzw ~vVi( = =~ UV 1
| . H i
Viscous-Coriolis (VC): / 1/3
il v 1/3
— — = — F
H (QQH2 )

N\ V)

e \iscosity is crucial in setting characteristics length scale

¢ |mportantly, anisotropy enables 3D dynamics to overcome T-P constraint

Coriolis-Archimedean (AC) or Viscous-Archimedean (VA):

e PVEITA

o~ A —— ~ —
0,p ~ gaT’ ~ vVw [z N Vﬁi
— — RaE*3 ~ 1
wd, T ~ KV2T’ gor T
L H 03 J

e Buoyant driving must be sufficiently large to overcome T-P constraint



RRBC is in the QG Regime

Asymptotic scalings can be understood as a VAC (Viscous-Archimedean-Coriolis) balance.

Geostrophy: 22 xu~Vp — P~20U(;
T-P operates on scale: £ Vi u ~0 = 0,~V,| =0 3D must imply ¢ < H?
2QU U
Gﬂﬁzw ~vVi( = =~ UV 1
| . H i
Viscous-Coriolis (VC): / 1/3
il v 1/3
— — = — F
H (QQH2 )

N\ V)

e \iscosity is crucial in setting characteristics length scale

¢ |mportantly, anisotropy enables 3D dynamics to overcome T-P constraint

Coriolis-Archimedean (AC) or Viscous-Archimedean (VA):

e PVEITA

o~ A —— ~ —
0,p ~ gaT’ ~ vVw [z N Vﬁi
— — RaE*3 ~ 1
wd, T ~ KV2T’ gor T
L H 03 J

e Buoyant driving must be sufficiently large to overcome T-P constraint

14
Oscillations: 0:C ~2Q0,w — s* ~ QQﬁL — g~ FT2/3



Linear Stability Theory: Rotating Convection

Appears there is an asymptotic linear reduction /v

100

Can we go beyond linear theory? 80

Potential for fully nonlinear model
in GAFD regimes! At least for SF-FT

60

Ra.E*3

40
What about sensitivity to bc’s

20

2.5
2.0
1.5
1.0

w.E2/3

0.5

0.0
0.0

0.5

(@ E=10"Y — Ra= 1022)

Stress-Free, Fixed Temperature

Steady convection

Conduction

1.0 1.5 2.0 2.5 3.0 3.5



Convergence to Asymptotic Limit?

(@ E=10""% — Ra = 1022)

100 *

Ra E*/3

10 1

10 10 10%
E—2

e SF-FT: rapid convergence

e NS-FT: by comparison, slowly convergent, less stable (enhanced viscous drag relaxes T-P constraint. How?
e NS bc’s are most destabilizing (opposite from non-rotating).
KJ et al JFM 2016



Linear Stability Theory: Sensitivity btw NS & SF BC'’s

e (Geostrophic solution incompatible with no-slip boundaries.
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Linear Stability Theory: Sensitivity btw NS & SF BC'’s

Geostrophic solution incompatible with no-slip boundaries.

e Evidence for (Ekman) boundary layer solution s.t.

ul? = u{?(0) + (1)

zero on bnd exponentially decaying
into interior

Matches solution at bounding plate

e Coriolis viscous balance implies 0 ~ (1//2(2)1/2
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Linear Stability Theory: Sensitivity btw NS & SF BC'’s

Geostrophic solution incompatible with no-slip boundaries.

e Evidence for (Ekman) boundary layer solution s.t.

ul? = u{?(0) + (1)

zero on bnd exponentially decaying
into interior

Matches solution at bounding plate

e Coriolis viscous balance implies 0 ~ (1//2(2)1/2

Sc/H ~ E/? EBL solutions
u(()e)(:cb,u, t) = —eVa (u(()g)(ch,O,t) cos - — u(()g)(au,(),t) sin i)
0 ~ 0 V2 V2
2wy VO (@) e (@) b9 z
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(@) (@10, c0s L+l 10,005 )

KJ et al JFM 2016



Linear Stability Theory: Sensitivity btw NS & SF BC'’s

Geostrophic solution incompatible with no-slip boundaries.

e Evidence for (Ekman) boundary layer solution s.t.

ul? = u{?(0) + (1)

zero on bnd exponentially decaying
into interior

Matches solution at bounding plate

e Coriolis viscous balance implies 0 ~ (1//2(2)1/2

Sc/H ~ E/? EBL solutions
u(()e)(:cb,u, t) = e Vs (u(()g)(ch,O,t) cos - — u(()g)(au,(),t) sin i)
. © V2 V2
2wy VO (@) e (@) b9 z
v (T, 1, t)=—e V2 (v (x,0,t)cos —= + vy (1 ,0,t)sin —
(@ ,t) (@10, c0s L+l 10,005 )
Ekman pumping and suction
E1/6 "
(©) _ (9) ( _ ——[ A LD
w (e, u,t) = x, ,0,t){1—e v2 |cos + sin
(1, p,1) 75 0 (€1,0,t) G 7

KJ et al JFM 2016



Linear Stability Theory: Sensitivity btw NS & SF BC'’s

Q e (Geostrophic solution incompatible with no-slip boundaries.

e Evidence for (Ekman) boundary layer solution s.t.

ul? = u{?(0) + (1)

zero on bnd exponentially decaying
into interior

Matches solution at bounding plate

e Coriolis viscous balance implies 0 ~ (1//2(2)1/2

/

b/H ~ EY/? EBL solutions

Uée)(mb,% t) = —e V2 (u(()g)(ch,O,t) cos - — u(()g)(au,(),t) sin i)

V2 V2

CZQ% X 'u,(f) ~ V@MM’U,S_GD

(e) —4=( (9) H (9) .M
vy (L, t)=—e V2 vy (x,0,t)cos — + vy ' (€ ,0,%)sin —
(@ ,t) (@10, c0s L+l 10,005 )
As in atmos. and ocean applications filter
Ekman layers by pumping/suction BC Ekman pumping and suction
El//6 E1/6 o L L
w (), Zo,t) = F=——C @), 24,0 w'(x ), u,t) = 9) (2, 0,¢ (1—6 e [cos—+sin—])
R (@2s1) =~ (2,01 5 +sin

KJ et al JFM 2016



Linear Stability Theory: Sensitivity btw NS & SF BC'’s

Q theoretical Ekman layer

simulated velocities

0.005
0.004
0.003
0.002
0.001

/

Sc/H ~ E/? EBL solutions
u(()e)(:cb,u, t) = —eVa (u(()g)(ch,O,t) cos - — u(()g)(au,(),t) sin L)
(202 < u? © V2 V2
202 X u zuﬁwuL) “ » p » p
N CTINTR — e v [0z ,0,t)cos —= + v (21,0, sin—)
o (L, p,1) (O(L ) ﬁo(L )\/5
As in atmos. and ocean applications filter
Ekman layers by pumping/suction BC Ekman pumping and suction
E//6 E1/6 7
w (), Zo,t) = F=——C @), 24,0 w'(x ), u,t) = 9) (2, 0,¢ (1—6_W [cosi—ksin L])
R (@sot) =~ (21,0.0) 5 +sin

KJ et al JFM 2016



Convergence to Asymptotic Limit

100 -

Ra E*/3

10 1

e Ekman pumping/suction accounts for the slow convergence

e Complete asymptotic picture for linear dynamics.

J. et al JFM ‘16




Linear Stability Theory: Sensitivity btw FT-FF BC'’s

e Evidence for thermal (wind) boundary layer solution s.t.

0:0'9 = 926'9(0) + 9, 6 (1) ~ O(E'?), 9% (n) ~ E*/°

zero on bnd exponentially decaying
into interior

e Correction drives thermal wind BL

bw/H ~ FE1/3

202 x u(j”) ~ —Vp) 4+ gad®) 2
VJ_ . ’U,Ij ~ 0

J. et al JFM ‘16




Suggestion of a NL Asymptotic Theory




Q@G Derivation - Unified View



QG System (Ro << 1) Unified View

Hydrostatic-QG Hydrostatic-QG Non-Hydrostatic-QG

H

14 14 14

A= —>1 — ~ 1 — K1
H H H
Charney (1948) Embid & Majda (1998) ~ Julien et al (2006)

All cases must satisfy a leading order geostrophic balance

1
22 x u~ -V = 3 ~ — = Euy — —
ZXu D Roz X U EuVp U= o

p=1v, uy =—-Vx9pz, (=Viy



Governing Equations (dimensional)

Incompressible Navier-Stokes Equations (INSE): buoyantly driven

(qutwﬁz)/uLJrQQﬁqu:—%VLplnLV(ViJrﬁzz)uL h. mtm
(DtL + w(?z), w = —%C{L«p’ +gad' 2 + v (Vi + azz) W v.mtm
Vi v, +0,w=0 mass cons.
(DtL + w@z)/ V' +wd, T =k (V] 4+0,.)9  fluct. temp
0;T + 0. (w?') = k9., T  mean temp
Horizontal material advection: D = 8, +u, - V1
Assume anisotropy btw horizontal & vertical Characteristic Thermodynamic scales

'U;J_N[U], wj_N[g]
w~ W], z~ |H]

p~[Pl, T~IAT], o ~[J7]



Governing Equations (non-dimensional)

Non-dimensional INSE:

(DtL + Adwwﬁz)/fui + —02 Xxu)] =——V . p + ie (Vi + A28zz) u |

1
b (D + Adpwd,) w = —BuAd.p + T2 + = (Vi +4%0..) w
Vi-uy + Abyd.w =0

S (D + Aw.) 0 + wd.T = 20 (V3 + A%0..) o

T + Abybu0 (w') = 5-0..T
Non-dimensional parameters:

~ gaATY

~ 200 Pe=

Rossby

poU?’

Buoyancy Peclet

Reynolds

Anisotropy parameters:

h. mtm

V. mtm

Mass cons.

fluct. temp

mean temp



Governing Equations (non-dimensional)

Non-dimensional INSE:

(DtL + Adwwﬁz)/uL + —02 Xxu)] =——V . p + ie (Vi + A28zz) u |

1
b (D + Adpwd,) w = —BuAd.p + T2 + = (Vi +4%0..) w
Vi-uy + Abyd.w =0

S (D + Aw.) 0 + wd.T = 20 (V3 + A%0..) o

T + Abybu0 (w') = 5-0..T
Non-dimensional parameters:

~ gaATY

A
Rossby

poU?’

Buoyancy Peclet

W
Sy = —, Oy =

Reynolds

Anisotropy parameters: A= —

h. mtm

V. mtm

Mass cons.

fluct. temp

mean temp



Non-dimensional INSE:

1
(DtL +A5ww(9z)/uL + —Zxu, =——V 9+
Ro 0

b (D + Abywd.) w

8y (DiF + Adpwd,) 9 + Ab,wd. T =

Governing Equations (Energetic Scales)

———0,p" + Ty 2 + o

Re

! (Vi —+ Azé’zz) u |

(Vi + A28zz) w

Vi -ug + Ad0,w=0

8tT + Adyd, 0, (W)

0y

Pe

(V4 + 4%0,.)

A _
= —0,.T
Pe

h. mtm

V. mtm

Mass cons.

fluct. temp

mean temp

Aspect ratio of energetic scales:

Tl ~

14
— 1
I7] <




Governing Equations (Energetic Scales)

Non-dimensional INSE:

1 1 1
(DtL + A(Swwa“o‘)/uJ_ +@02 Xu| = —OVL23+ = (Vi T Azazz) U]

R Re
0w (Di” + AS wa)’w:—ia p’+r5m9’2+i(v2 + A%0,.) w
w t w z RO z RB | zZz

Vi -ug + Ad0,w=0

0y

Pe

5 (DiF + Adpwd,) 9 + Ad,wd, T = == (V2 + A%0,.) v’

2
0T + A3,8,0. (wl) = 5-0..T

€

h. mtm

V. mtm

Mass cons.

fluct. temp

mean temp

Aspect ratio of energetic scales:

= | |

14 14 14
— 1 1 — 1
I7] > <

A— =~ =

?? For arbitrary A determine the criteria for which the dynamics remains rotationally constrained!!!



Governing Equations (Geostrophy)

Non-dimensional INSE:

1 1 1
(DE + A,wd.) uy +@02 Xu, = _ovla+ — (V2 + A%0,,)uy  h.mtm

R Re
A 1
bw (D + A0pwd.) w = —=—0.p' + T890'% + — (V3 + A%0..)w ~ V-mtm
Ro Re
Vi -uy + Ad,0,w =0 mass cons.

0y

Pe

5 (D + Abywd.) ¥ + Ab,wd, T = == (V2 + A%9,,) 9’ fluct.temp

_ P R
T + Abyd,0, (W) = ﬁﬁzzT mean temp

Geostrophy enforced as the dominant balance”

?? For arbitrary A determine the criteria for Quasi-Geostrophic dynamics!!!

Find the distinguished limits - (relationship to Ro)

Assess the hallmark characteristics of QG dynamics



Return to Governing Equations (dimensional)

Incompressible Navier-Stokes Equations (INSE): buoyantly driven

(DtLqu(?Z)/uLJrQQ,%xul :—pivip’qLV(ViJrﬁzz)uL
0

(DtL + w(?z), w = —pi(?zp’ +gad' 2 + v (Vi + 8zz) w
0

Vi -u +0,w=0

(DtL -+ w@z)/ WV 4+ wo, T = k (Vi — (7zz) 4

o T + 0, (wﬁ’) = KO, T

Horizontal material advection: D = 8, +u, - V1

Assess the hallmark characteristics of QG dynamics

h. mtm

V. mtm

Mass Ccons.

fluct. temp

mean temp



Hallmarks of QG Theory

Coriolis-Inertia-Archemedean (CIA) balance

Aurnou, Julien & Horn PRR 2020



Hallmarks of QG Theory (Ro<<1)

Coriolis-Inertia-Archemedean (CIA) balance

a) C~I: Axial planetary vortex stretching balanced by vortical advection

Vx(Djuy)~Vx (202 xu,) Ro
U2 20w — ow ™~
(2 H

Aurnou, Julien & Horn PRR 2020



Hallmarks of QG Theory

Coriolis-Inertia-Archemedean (CIA) balance

a) C~I: Axial planetary vortex stretching balanced by vortical advection

Vx(Djuy)~Vx (202 xu,) Ro
U2 20w — ow ™~
(2 H

b) C~A: Axial planetary vortex stretching balances buoyant forcing

Vx222xu,)~V X (gai2) A

H =~ ¢ ¢

Aurnou, Julien & Horn PRR 2020



Hallmarks of QG Theory

Coriolis-Inertia-Archemedean (CIA) balance

a) C~I: Axial planetary vortex stretching balanced by vortical advection

Vx(Djuy)~Vx (202 xu,) Ro
U2 20w — ow g
(2 H

b) C~A: Axial planetary vortex stretching balances buoyant forcing

Vx222xu,)~V X (gai2)

A
H / ¢
c) buoyant tendencies driven by advection of mean temperature
D9 ~ wd, T
Uy* WAT —> 09 ~ 0w A ~ Ro

14 H

Aurnou, Julien & Horn PRR 2020



Hallmarks of QG Theory

Coriolis-Inertia-Archemedean (CIA) balance

a) C~I: Axial planetary vortex stretching balanced by vortical advection

Vx(Djuy)~Vx (202 xu,) Ro
U2 20w — ow g
(2 H

b) C~A: Axial planetary vortex stretching balances buoyant forcing

Vx222xu,)~V X (gai2)

A
H / ¢
c) buoyant tendencies driven by advection of mean temperature
D9 ~ wd,T
Uy* WAT —> 09 ~ 0w A ~ Ro
/ H
d) ** buoyancy flux feedback to mean temperature **
0, (') ~ k0, T 505 A
wd* kAT — vw T P

Y

H H?

Aurnou, Julien & Horn PRR 2020



Hallmarks of QG Theory (Distinguish limits determined)

Coriolis-Inertia-Archemedean (CIA) balance

a) C~I: Axial planetary vortex stretching balanced by vortical advection

Vx(Djuy)~Vx (202 xu,) Ro
U2 20w — ow g
(2 H

b) C~A: Axial planetary vortex stretching balances buoyant forcing

Vx222xu,)~V X (gai2)

A
20U gav” — I'~ Ro2
H / ¢
c) buoyant tendencies driven by advection of mean temperature
D9 ~ wd,T
Uy* WAT —> 09 ~ Ro
/ H

d) ** buoyancy flux feedback to mean temperature **

0, (') ~ k0, T 12

wd* KAT —> Pe, Re ~ —
~ Ro?

H H?
Aurnou, Julien & Horn PRR 2020




QG Observations for arbitrary Aand Ro << 1

Geostrophy: p=1, u, = -V xyz, (=Viy

Non-dimensional INSE:

N / 1 1 1 Ro?
(Dt -+ Row@z) u | +@02 XU = ROVLQ-F = Vel (VQ A28zz) u | h. mtm

R ~ 1 R
AO2 (DJ_ —|— RO w@ ) —_— — zp/ —|_ Fﬁ/ RZ—AOLL (VQ A28ZZ) w V. mtm
(&
Vi - u, +Roo,w=0 mass cons.
D+ + Rowd.) ¥ + wd. T = L Ro® oo 42 Yy
(D} + Rowd.) ' +w 5 A2 (V1+4%0..) fluct. temp

1 —
WatT + 0. (wﬁ’) = PxeazzT mean temp

Vertical advection subdominant



QG Observations for arbitrary Aand Ro << 1

Geostrophy: p=1, u, = -V xyz, (=Viy

Non-dimensional INSE:

1 1 1 R
D#uL +G02 X U| ~ ROVL@—F = A02 (V2 Azﬁzz) u | h. mtm
e

Ro? ~ 1 R
A—OQD#_’UJ ~ —(9Zp’ + FQ?I R AO4 (VQ AQ@zz) w V. mtm
(&
Vi -u, +Roo,w=0 mass cons.
_ 1 Ro?
DY + wd, T ~ 5 A% (VL +A%0..) fluct. temp
(&

1
0. (W) = Px@zzT mean temp
(&

Vertical advection subdominant

Mean dynamics evolves on slow timescale



QG Observations for arbitrary Aand Ro << 1

Geostrophy: p=1, u, = -V xyz, (=Viy

Non-dimensional INSE:

1 1 1 R
D#uL +G02 X U| ~ ROVL@—F = A02 (V2 Azﬁzz) u | h. mtm
e

Ro? ~ 1 R
A—OQD#_’UJ ~ —(9Zp’ + FQ?I R AO4 (VQ AQ@zz) w V. mtm
(&
Vi -u, +Roo,w=0 mass cons.
_ 1 Ro?
DY + wd, T ~ 5 A% (VL +A%0..) fluct. temp
(&

1
0. (W) = Px@zzT mean temp
(&

Vertical advection subdominant
Mean dynamics evolves on slow timescale

Project onto geostrophic manifold - curl mtm egn



QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1, uy =-Vx9yz, ( =V

Non-dimensional INSE:

1 Ro?
D¢ — dw ~ =~ (VI +4%0..) ¢
(&
e
1 Ro?
DY +wd.T = — T (V3 +A%0..)
(A
L 0T o, (@) = —0..T
R02 t z — ?@ zz

Vertical advection subdominant
Mean dynamics evolves on slow timescale

Project onto geostrophic manifold - curl mtm egn

Z.vort

Z.mtm

fluct. temp

mean temp



QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1, uy =-Vx9yz, ( =V

Non-dimensional INSE:

1 1 Ro*> _, 2
Di¢(—0.wr =—5 (V1 +A4%0:.)¢ Z. vort
Re A
Ro? ~ 1 Ro*
?wa ~ -0, + T + = Al (Vi — A28zz) w Z.mtm
1 g/ - 1 Ro*> _, 2 / fl
DY +wo, T =~ — 5 (VL + A 822) v uct. temp
Pe A
L(%T—F 9, (wi') = é@ T mean temp
R02 zZ Pe zZZ
Vertical advection subdominant Hydrostatic Hydrostatic Non-Hydrostatic
Mean dynamics evolves on slow timescale
H i
Project onto geostrophic manifold - curl mtm egn

A >1 A ~1 A~ Rok1




QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1, u, = -V xyz, (=Viy

Non-dimensional INSE:

il 1 Ro* _, 2
Dt C_azw%ﬁ A2 (VJ_+A822)C Z.vort
e
R 1 Ro*
A02 Di-w ~ N( 0, + Fz?}# = A04 (V3 + A%0,.) w Z.mtm
e
1 g 1 Ro® _, 2 / fl
Dt v, —|—’U]8 TN /ﬁ/ A2 (VJ_"‘A 5zz)29 UCt.temP
e
L(‘9,5T + 0, (wd') = é@ T mean temp
Ro? Pe
Vert , , Dynamics of energetic scales:
ertical advection subdominant Hydrostatic Hydrostatic Non-Hydrostatic
Mean dynamics evolves on slow timescale
H i
Project onto geostrophic manifold - curl mtm egn

A >1 A ~1 A~ Rok1




QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1v, up =-Vxu¢z, =V
Non-dimensional INSE:

D¢ —0.w~ 0

0 z[_(w + fﬁj

DY +wd. T = (

Z.vort

Z.mtm

fluct. temp

Dynamics of energetic scales:

Vertical advection subdominant .
Hydrostatic

Mean dynamics evolves on slow timescale

H

Project onto geostrophic manifold - curl mtm egn

A >1

Hydrostatic

A ~1

Non-Hydrostatic

A~ Rok1




QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1, uy =-Vx9yz, ( =V

Non-dimensional INSE:

Potential Vorticity t= 0.05

Weiss & McWilliams 1994



QG Observations for arbitrary Aand Ro << 1

Geostrophy: p=1, u, = -V xyz, (=Viy

Non-dimensional INSE:

1 1 1 R
D#uL +@02 X U| ~ ROVL@—F = A02 (V2 Azﬁzz) u | h. mtm
e

R02 J_ / -~ / 1 RO 2 2
Vi -u, +Rod,w=0 mass cons.
_ 1 Ro?
1 q/ 2 2 /
Dy +wd. T =~ 5 AT (Vi +A%0..) 9 fluct. temp
L Tl o, (W) = ~9,.,T  mean temp
Ro? Pe
, , , Dynamics of energetic scales:
Vertical advection subdominant Hydrostatic Hydrostatic Non-Hydrostatic
Mean dynamics evolves on slow timescale
H

Project onto geostrophic manifold - curl mtm egn
A >1 A ~1 A~ Rok 1




QG Equations for arbitrary Aand Ro << 1

Geostrophy: p=1, uy~-V XYz

Non-dimensional INSE:

1
Di¢ = 9w~ =Vi( Z.vort
Re
L 7.9/ 1 2
Dyw= —-0¢+TI'V + = Viw Z.mtm
Re
DY + wd, T ~ éViﬂ’ fluct. temp
Pe
Laﬁ+ 9, (wi') = é(? T mean temp
Ro? © Pe

Dynamics of energetic scales:
Hydrostatic Hydrostatic Non-Hydrostatic

Mean dynamics evolves on slow timescale i i

Project onto geostrophic manifold - curl mtm egn

Vertical advection subdominant

A >1 A ~1 A~ Rok1




Balance:

p

Vert. Vorticity

Vert. Velocity

Temp. Fluct.

Mean. Temp.

NH-Quasi-Geostrophic (RRBC) Ro — 0 limit

U, w=(-0,V,0,V,w),

(8t+UJ_'VJ_)C—

(=2Vxu=V20, T=T(Z)+EY39.

2
dzw = Vi ( Two control parameters

N Ra = RaE*/3, Pr
Ra

(8t+uJ_’VJ_)w+8Z¢:Viw+_9

(O +uy - V1)0 +wdzT =

— 1

Pr

1

2
Prvle

Oz7T




Balance:

p

Vert. Vorticity

Vert. Velocity

Temp. Fluct.

Mean. Temp.

NH-Quasi-Geostrophic (RRBC) Ro — 0

U, w=(-0,V,0,V,w),

(O +uy -V1)(—

limit
(=2Vxu=V20, T=T(Z)+EY39.

2
dzw = Vi ( Two control parameters

N Ra = RaE*3, Pr
Ra

(O +u, -V )w+0z0=Viw+ — 0

(O +uy - V1)0 +wdzT =

— 1

Pr

1

2
Prvle

Oz7T




Balance:

p

Vert. Vorticity

Vert. Velocity

Temp. Fluct.

Mean. Temp.

NH-Quasi-Geostrophic (RRBC) Ro — 0

u=(—-0,V,0,V,w),

0+ I, (] — Ozw = V¢

limit
(=2Vxu=V20, T=T(Z)+EY39.

Two control parameters

N Ra = RaE*3, Pr
Ra

Oyw + J[,w] + Oz = V3w + — 6

0,0 + J[, 0] + wd, T =

1 _
82 (w@) — E@zzT

Pr

1

2
0
PrvL

* Isotropic velocity magnitudes (non-hydrostatic dynamics)



NH-Quasi-Geostrophic (RRBC)

Ho — 0 limit

Balance: p=0, u=(-0,9,0,V,w), (=2Vxu=V20 T=T(Z)+EY3.

Vert. Vorticity ¢ + J, (] — Ozw = vj_(
. Fa
Vert. Ve|OCity 8tw + J[w, ’w] + azw — VJ_TU + P_T v,
— 1
Temp. Fluct. 0:0 + J|, 0] + wo;T = P—Vi@
r
Mean. T 97 (W0) = — 05, T
ean. lemp. Z(w ) ~ Do VA

* Isotropic velocity magnitudes (non-hydrostatic dynamics)

* No vertical inertial advection (hallmark of QG theory)

Two control parameters

Ra = RaE*Y3, Pr



NH-Quasi-Geostrophic (RRBC) Ro — 0

limit

Balance: p=0, u=(-0,9,0,V,w), (=2Vxu=V20 T=T(Z)+EY3.

Vert. Vorticity ¢ + J[, (] — Ozw = viC Two control parameters

N Ra = RaE*/3, Pr
Ra

Vert. Velocity Oyw + J[, w| + 0z¢ = Viw + o 6
_ 1
Temp. Fluct. 0:0 + J|, 0] + wo;T = P—Vi@
r
Reduced BCs.
_ 1 __ _ _ _
Mean. Temp. Oz (wh) = P_aZZT w=0, T(0)=1 T(1)=0
T —

* Isotropic velocity magnitudes (non-hydrostatic dynamics)
* No vertical inertial advection (hallmark of QG theory)

* Horizontal dissipation only (no vertical dissipation - filtered mtm. Ekman bl’s)



limit

NH-Quasi-Geostrophic (RRBC) Ro — 0

Balance: p=0, u=(-0,9,0,V,w), (=2Vxu=V20 T=T(Z)+EY3.

Vert. Vorticity ¢ + J[, (] — Ozw = viC Two control parameters

N Ra = RaE*/3, Pr
Ra

Vert. Velocity Oyw + J[, w| + 0z¢ = Viw + o 6
_ 1
Temp. Fluct. 0:0 + J|, 0] + wo;T = P—Vi@
r
Reduced BCs.
_ 1 __ _ _ _
Mean. Temp. Oz (wh) = P_aZZT w=0, T(0)=1 T(1)=0
T —

* Isotropic velocity magnitudes (non-hydrostatic dynamics)
* No vertical inertial advection (hallmark of QG theory)
* Horizontal dissipation only (no vertical dissipation - filtered mtm. Ekman bl’s)

* Vertical diffusion for mean temperature only (TBL can develop)



NH-Quasi-Geostrophic (RRBC) Ro — 0

limit

Balance: p=0, u=(-0,9,0,V,w), (=2Vxu=V20 T=T(Z)+EY3.

Vert. Vorticity ¢ + J[, (] — Ozw = viC Two control parameters

N Ra = RaE*/3, Pr
Ra

Vert. Velocity Oyw + J[, w| + 0z¢ = Viw + o 6
_ 1
Temp. Fluct. 0:0 + J|, 0] + wo;T = P—Vi@
r
Reduced BCs.
_ 1 __ _ _ _
Mean. Temp. Oz (wh) = P_aZZT w=0, T(0)=1 T(1)=0
T —

* Isotropic velocity magnitudes (non-hydrostatic dynamics)
* No vertical inertial advection (hallmark of QG theory)
* Horizontal dissipation only (no vertical dissipation - filtered mtm. Ekman bl’s)
* Vertical diffusion for mean temperature only (TBL can develop) .
2

* Slow inertial waves only. No fast (unbalanced) waves Wipave = k—QZ e (c,00)
1



NH-Quasi-Geostrophic (RRBC) Ro — 0

limit

Balance: p=0, u=(-0,9,0,V,w), (=2Vxu=V20 T=T(Z)+EY3.

Vert. Vorticity ¢ + J, (] — Ozw = vj_(

., Ra
Vert. Velocity Orw + J[Y, w] + 0z = V5w + o 0

— 1

Temp. Fluct. 0:0 + J|, 0] + wo;T = P—Vi@

r

Reduced BCs.
_ 1 __ _ _ _

Mean. Temp. Oz (wh) = EaZZT w _O_’_T(O) =1 T(1)=0

Conserved quantities: Energy (volume averaged) and Potential Vorticity (pointwise)

_ Lotz 42 _ Ra, (0
E—§<\V I? +w?),,, QPV_(C+PT82 (8ZT>>+J[U%9]

@nstrophy not conserved. Forward cascade”? )




Quasi-Geostrophic RBC

Ho — 0 limit

p,:\Ij’ U = (_8y\Paax\Ij7w)7 C:’/Z\v Xu:viqj7 T:T(Z)—I—€19

0 ¢ + JfipsC] — Ozw = V3 ¢

Ra
Opw + Jhbstw] + 9710 = V2w + P—a o
r Quasilinear PDE
_ 1 5

1 __
82 (w@) = EazzT

Single-Mode solutions:

A

Pose: w=W(Z t)hz,y), Vih+kih=0 J[h,h] =0



Quasi-Geostrophic RBC

p=Y, u=(-0,V,0,¥, w),

Single-Mode solutions:

A

Pose:

w=WI(Z,t)h(x,y),

(=2-Vxu=ViVU, T=T(2Z)+ e

0 — Ozw = V3 (

Ra

8tw+azwzviw+P—T6’
0,0 + wd,T = 1v29
¢ woz Py

1 __
(92 (w@) = P_?“82ZT

Vih+kih=0

limit

Ro — ()

Quasilinear PDE

Jlh,h] =0



Quasi-Geostrophic RBC

Ho — 0 limit

p,:\Ij’ U = (_8y\Paax\Ij7w)7 C:’/Z\v Xu:viqj7 T:T(Z)—I—€19

k200 4+ 9,W = k1 0

) ) . Ra -
W + 079 = —k3W + 5= 6
4 Quasilinear PDE
N _ 1 o5 A
&g@ —+ w(?ZT — _P_TkJ_@

AN A

1 _
8Z(W@) — P—TE?ZZT

Single-Mode solutions:

A

Pose: w=W(Z,t)h(z,y), Vih+kih=0 Jlh,h] =0



Quasi-Geostrophic RBC

Ho — 0 limit

p,:\Ij’ U = (_8y\Paax\Ij7w)7 C:’/Z\v Xu:viqj7 T:T(Z)—I—€19

k20RU 4+ 0,W = k1 0

A A o RN A
O + 0,0 = k2 W + 2 &
Pr
Steady convection
N __ 1 N
8t@ -+ w(?ZT = _P_Tki@

AN A

1 _
8Z(W@) — P—TE?ZZT

Single-Mode solutions:

A

Pose: w=W(Z,t)h(z,y), Vih+kih=0 Jlh,h] =0



Nonlinear Solutions - Exact Coherent Structures (ECS)

A

Pose: w=W(Z)h(z,y), Vih+kih=0

822W — ki [%azT —+ kjl_} W = 0.

B 12 S .2 11
0,T = — - | Nu Ny = / L |dz
ki + Pr2W?2 0 ki + Pr2W?2

h(z,y) top view : ol advection!
consequence or no vertical advection! w, -Vih=0



Nonlinear Solutions - Exact Coherent Structures (ECS)

A

Pose: w=W(Z)h(z,y)e“! +cc., Vih+kih=0
Find: iw (K —iw) ~ . —| .
Oz W — k2 k — + kK | T =
v (30 [(312) ]
L 2 k4
82T — — il L = Nu
w? + k1 + Pr2kS |W|?2

Spatlally Extended (SE)

h(z,y) top view : ol advection!
consequence or no vertical advection! w, -Vih=0
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Eigenfunction, [4]

Sinusoidal vertical structure
For both steady and oscillatory convection
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Eigenfunction, [4| Mean Temperature, T
Sinusoidal vertical structure Development of TBL +Isothermal Interior

For both steady and oscillatory convection
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Dynamics - Exact Coherent Structures (ECS)

Global
state

| ™

Localised
state

Unstable solutions form a skeleton that impact the terrain of phase space

(open questions) potential to use as basis functions for further reduction



